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Preface

Neuroscience, like many other areas of biology, has experienced a data
explosion in the last few years. Many remarkable findings have been triggered
since and have undeniably improved our understanding of many aspects of
the nervous system. However, the study of the brain and its inner workings is
an extraordinarily complex endeavor; undoubtedly it requires the collective
effort of many experts across multiple disciplines to accelerate the science of
information management that neuroscience data have invigorated.

Signal processing and statistics have a long history of mutual interaction
with neuroscience, going back to the Hudgkin-Huxley circuit models of mem-
brane potential and leading up to statistical inference about stimulus–response
relationships using Bayes’ rule. Classical signal processing, however, quickly
erodes in the face of dynamic, multivariate neuroscience and behavioral data.
Realizing the immediate need for a rigorous theoretical and practical analysis
of such data, this book was written by experts in the field to provide a compre-
hensive reference summarizing state-of-the-art solutions to some fundamental
problems in neuroscience and neurotechnology. It is intended for theorists
and experimentalists at the graduate and postdoctoral level in electrical, com-
puter, and biomedical engineering, as well as for mathematicians, statisticians,
and computational and systems neuroscientists. A secondary audience may
include neurobiologists, neurophysiologists, and clinicians involved in basic
and translational neuroscience research. The book can also be used as a supple-
ment in a quantitative course in neurobiology or as a textbook for instruction
on neural signal processing and its applications. Industry partners who want
to explore research in and clinical applications of these concepts in the context
of neural interface technology will certainly find useful content in a number
of chapters.

This book was written with the following goals in mind:

• To serve as an introductory text for readers interested in learning how
traditional and modern principles, theories, and techniques in statistical
signal processing, information theory, and machine learning can be applied
to neuroscience problems.

• To serve as a reference for researchers and clinicians working at the
interface between neuroscience and engineering.
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• To serve as a textbook for graduate-level courses within an electri-
cal engineering, biomedical engineering, or computational and systems
neuroscience curriculum.

Readers are expected to have had an introductory course in probability and
statistics at the undergraduate level as part of an engineering or neuroscience
course of study. The book is organized so that it progressively addresses
specific problems arising in a neurophysiological experiment or in the design
of a brain-machine interface system. An ultimate goal is to encourage the
next generation of scientists to develop advanced statistical signal processing
theory and techniques in their pursuit of answers to the numerous intricate
questions that arise in the course of these experiments.

I owe a considerable amount of gratitude to my fellow contributors and
their willingness to spare a significant amount of time to write, edit, and help
review every chapter in this book since its inception. I am also very thankful
to a number of colleagues who helped me in the review of early versions of
the manuscript.

Developing the tools needed to understand brain function and its relation
to behavior from the collected data is no less important than developing the
devices used to collect these data, or developing the biological techniques to
decipher the brain’s anatomical structure. I believe this book is a first step
towards fulfilling an urgent need to hasten the development of these tools and
techniques that will certainly thrive in the years to come.

Karim G. Oweiss
East Lansing, Michigan
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CHAPTER

1Introduction

Karim G. Oweiss

1.1 BACKGROUND
Have you ever wondered what makes the human brain so unique compared
to nonhuman brains with similar building blocks when it comes to the many
complex functions it can undertake, such as instantaneously recognizing faces,
reading a piece of text, or playing a piano piece with seemingly very little
effort? Although this long-standing question governs the founding principles
of many areas of neuroscience, the last two decades have witnessed a paradigm
shift in the way we seek to answer it, along with many others.

For over a hundred years, it was believed that profound understanding of
the neurophysiological mechanisms underlying behavior required monitoring
the activity of the brain’s basic computational unit, the neuron. Since the
late 1950s, techniques for intra- and extracellular recording of single-unit
activity have dominated the analysis of brain function because of perfection in
isolating and characterizing individual neurons’ physiological and anatomical
characteristics (Gesteland et al., 1959; Giacobini et al., 1963; Evarts, 1968;
Fetz and Finocchio, 1971). Many remarkable findings have fundamentally
rested on the success of these techniques and have largely contributed to the
foundation of many areas of neuroscience, such as computational and systems
neuroscience.

Monitoring the activity of a single unit while subjects perform certain
tasks, however, hardly permits gaining insight into the dynamics of the under-
lying neural system. It is widely accepted that such insight is contingent
upon the scrutiny of the collective and coordinated activity of many neu-
ral elements, ranging from single units to small voxels of neural tissue, many
of which may not be locally observed. Not surprisingly, there has been a
persistent need to simultaneously monitor the coordinated activity of these
elements—within and across multiple areas—to gain a better understanding

Statistical Signal Processing for Neuroscience and Neurotechnology. DOI: 10.1016/B978-0-12-375027-3.00001-6
Copyright © 2010, Elsevier Inc. All rights reserved.
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of the mechanisms underlying complex functions such as perception, learning,
and motor processing.

Fulfilling such a need has turned out to be an intricate task given the
space-time trade-off. As Figure 1.1 illustrates, the activities of neural ele-
ments can be measured at a variety of temporal and spatial scales. Action
potentials (APs) elicited by individual neurons—or spikes—are typically
1–2ms in duration and are recorded intra- or extracellularly with penetrat-
ing microelectrodes (McNaughton et al., 1983; Gray et al., 1995; Nicolelis,
1999) or through voltage-sensitive dye-based calcium imaging at shallow
depths (Koester and Sakmann, 2000; Stosiek et al., 2003). These spike trains
are all-or-none representations of each neuron’s individual discharge pattern.
Local field potentials (LFPs) can also be recorded with penetrating micro-
electrodes and are known to represent the synchronized activity of large
populations of neurons (Mitzdorf, 1985). Recent studies suggest that they
reflect aggregated and sustained local population activity within ∼ 250µm of
the recording electrode (Katzner et al., 2009), typical of somato-dendritic cur-
rents (Csicsvari et al., 2003). Electrocorticograms (ECoGs)—also known as
intracranial EEG (iEEG)—are intermediately recorded using subdural elec-
trode grids implanted through skull penetration and therefore are considered
semi-invasive as they do not penetrate the blood-brain barrier. Originally
discovered in the 1950s (Penfield and Jasper, 1954), they are believed to
reflect synchronized post-synaptic potentials aggregated over a few tens of
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1.2 Motivation 3

millimeters. Noninvasive techniques include functional magnetic resonance
imaging (fMRI), magnetoencephalography (MEG), and electroencephalog-
raphy (EEG). The latter signals are recorded with surface electrodes patched
to the scalp and are thought to represent localized activity in a few cubic
centimeters of brain tissue, but they are typically smeared out because of the
skull’s low conductivity effect (Mitzdorf, 1985).

Despite the immense number of computing elements and the inherent dif-
ficulty in acquiring reliable, sustained recordings over prolonged periods of
time (Edell et al., 1992; Turner et al., 1999; Kralik et al., 2001), information
processing at the individual and population levels remains vital to understand
the complex adaptation mechanisms inherent in many brain functions that can
only be studied at the microscale, particularly those related to synaptic plas-
ticity associated with learning and memory formation (Ahissar et al., 1992).
Notwithstanding the existence of microwire bundles since the 1980s, the 1990s
have witnessed some striking advances in solid-state technology allowing
microfabrication of high-density microelectrode arrays (HDMEAs) on single
substrates to be streamlined (Drake et al., 1998; Normann et al., 1999). These
HDMEAs have significantly increased experimental efficiency and neural
yield (see for example Nicolelis (1999) for a review of this technology). As
a result, a paradigm shift in neural recording techniques has been witnessed
in the last 15 years that has paved the way for this technology to become a
building block in a number of emerging clinical applications.

As depicted in Figure 1.2, substantial progress in invasive brain surgery,
in parallel with the revolutionary progress in engineering the devices just
discussed, has fueled a brisk evolution of brain-machine interfaces (BMIs).
Broadly defined, a BMI system provides a direct communication pathway
between the brain and a man-made device. The latter can be a simple elec-
trode, an active circuit on a silicon chip, or even a network of computers. The
overarching theme of BMIs is the restoration/repair of damaged sensory, cog-
nitive, and motor functions such as hearing, sight, memory, and movement
via direct interactions between an artificial device and the nervous system.
It may even go beyond simple restoration to conceivably augmenting these
functions, previously imagined only in the realm of science fiction.

1.2 MOTIVATION
The remarkable advances in neurophysiology techniques, engineering
devices, and impending clinical applications have outstripped the progress
in statistical signal processing theory and algorithms specifically tailored to:
(1) performing large-scale analysis of the immense volumes of collected
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FIGURE 1.2

Timeline of neural recording and stimulation during invasive human brain surgery.
Source: Modified from Abbott (2009).
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neural data; (2) explaining many aspects of natural signal processing that
characterize the complex interplay between the central and peripheral nervous
systems; and (3) designing software and hardware architectures for practical
implementation in clinically viable neuroprosthetic and BMI systems.

Despite the existence of a growing body of recent literature on these top-
ics, there does not exist a comprehensive reference that provides a unifying
theme among them. This book is intended to exactly fulfill this need and
is therefore exclusively focused on the most fundamental statistical signal
processing issues that are often encountered in the analysis of neural data for
basic and translational neuroscience research. It was written with the following
objectives in mind:

1. To apply classical and modern statistical signal processing theory and
techniques to fundamental problems in neural data analysis.

2. To present the latest methods that have been developed to improve our
understanding of natural signal processing in the central and peripheral
nervous systems.

3. To demonstrate how the combined knowledge from the first two objectives
can help in practical applications of neurotechnology.

1.3 OVERVIEW AND ROADMAP
A genuine attempt was made to make this book comprehensive, with special
emphasis on signal processing and machine learning techniques applied to
the analysis of neural data, and less emphasis on modeling complex brain
functions. (Readers interested in the latter topic should refer to the many
excellent texts on it.1) The sequence of chapters was structured to mimic
the process that researchers typically follow in the course of an experiment.
First comes data acquisition and preconditioning, followed by information
extraction and analysis. Statistical models are then built to fit experimental
data, and goodness-of-fit is assessed. Finally, the models are used to design
and build actual systems that may provide therapeutic benefits or augmentative
capabilities to subjects.

In Chapter 2, Oweiss and Aghagolzadeh focus on the joint problem of
detection, estimation, and classification of neuronal action potentials in noisy
microelectrode recordings—often referred to as spike detection and sorting.

1See for example, Dayan and Abbott, Theoretical Neuroscience: Computational and Mathematical
Modeling of Neural Systems; Koch and Segev, Methods in Neuronal Modeling: From Ions to Net-
works; Izhikevich, Dynamical Systems in Neuroscience:The Geometry of Excitabilityand Bursting;
and Rieke, Warland, van Steveninck and Bialek: Spikes: Exploring the Neural Code.
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The importance of this problem stems from the fact that its outcome affects
virtually all subsequent analysis. In the absence of a clear consensus in the
community on what constitutes the best method, spike detection and sort-
ing have been and will continue to be a subject of intense research because
techniques for multiunit recordings have started to emerge. The chapter pro-
vides an in-depth presentation of the fundamentals of detection and estimation
theory as applied to this problem. It then offers an overview of traditional
and novel methods that revolve around the theory, in particular contrasting
the differences—and potential benefits—that arise when detecting and sort-
ing spikes with a single-channel versus a multi-channel recording device.
The authors further link multiple aspects of classic and modern signal pro-
cessing techniques to the unique challenges encountered in the extracellular
neural recording environment. Finally, they provide a practical way to per-
form this task using a computationally efficient, hardware-optimized platform
suitable for real-time implementation in neuroprosthetic devices and BMI
applications.

In Chapter 3, Johnson provides an overview of classical information the-
ory, rooted in the 1940s pioneering work of Claude Shannon (Shannon, 1948),
as applied to the analysis of neural coding once spike trains are extracted
from the recorded data. He offers an in-depth analysis of how to quantify the
degree to which neurons can individually or collectively process information
about external stimuli and can encode this information in their output spike
trains. Johnson points out that extreme care must be exercised when ana-
lyzing neural systems with classical information-theoretic quantities such as
entropy. This is because little is known about how non-Poisson communica-
tion channels that often describe neuronal discharge patterns provide optimal
performance bounds on stimulus coding. The limits of classical information
theory as applied to information processing by spiking neurons are discussed
as well. Finally, Johnson provides some interesting thoughts on post-Shannon
information theory to address the more puzzling questions of how stimulus
processing by some parts of the brain results in conveying useful information
to other parts, thereby triggering meaning ful actions rather than just com-
municating signals between the input and the output of a communication
system—the hallmark of Shannon’s pioneering work.

In Chapter 4,Song and Berger focus on the system identification problem—
that is, determining the input-output relationship in the case of a multi-input,
multi-output (MIMO) system of spiking neurons. They first describe a non-
linear multiple-input, single-output (MISO) neuron model consisting of a
number of components that transform the neuron’s input spike trains into
synaptic potentials and then feed back the neuron’s output spikes through non-
linearities to generate spike-triggered after-potential contaminated by noise
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to capture system uncertainty. Next they describe how this MISO model is
combined with similar models to predict the MIMO transformation taking
place in the hippocampus CA3-CA1 regions, both known to play a central
role in declarative memory formation. Song and Berger suggest that such a
model can serve as a computational framework for the development of mem-
ory prostheses which replaces damaged hippocampus circuitry. As a means to
bypass a damaged region, they demonstrate the utility of their MIMO model
to predict output spike trains from the CA1 region using input spike trains to
the CA3 region. They point out that the use of hidden variables to represent
the internal states of the system allows simultaneous estimation of all model
parameters directly from the input and output spike trains. They conclude
by suggesting extensions of their work to include nonstationary input-output
transformations that are known to take place as a result of cortical plasticity—
for example during learning new tasks—a feature not captured by their current
approach.

In Chapter 5, Eldawlatly and Oweiss take a more general approach to iden-
tifying distributed neural circuits by inferring connectivity between neurons
locally within and globally across multiple brain areas, distinguishing between
two types of connectivity: functional and effective. They first review tech-
niques that have been classically used to infer connectivity between various
brain regions from continuous-time signals such as fMRI and EEG data. Given
that inferring connectivity among neurons is more challenging because of the
stochastic and discrete nature of their spike trains and the large dimensionality
of the neural space, the authors provide an in-depthfocus on this problem using
graphical techniques deeply rooted in statistics and machine learning. They
demonstrate that graphical models offer a number of advantages over other
techniques, for example by distinguishing between mono-synaptic and poly-
synaptic connections and in inferring inhibitory connections among other
features that existing methods cannot capture. The authors demonstrate the
application of their method in the analysis of neural activity in the medial
prefrontal cortex (mPFC) of an awake, behaving rat performing a working
memory task. Their results demonstrate that the networks inferred for similar
behaviors are strongly consistent and exhibit graded transition between their
dynamic states during the recall process, thereby providing additional evi-
dence in support of the long withstanding Hebbian cell assembly hypothesis
(Hebb, 1949).

In Chapter 6, Chen, Barbieri, and Brown discuss the application of a
subclass of graphical models—the state-space models—to the analysis of
neural spike trains and behavioral learning data. They first formulate point
process and binary observation models for the data and review the framework
of filtering and smoothing under the state space paradigm. They provide a
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number of examples where this approach can be useful: ensemble spike train
decoding, analysis of neural receptive field plasticity, analysis of individual
and population behavioral learning, and estimation of cortical UP/DOWN
states. The authors demonstrate that the spiking activity of 20 to 100 hip-
pocampal place cells can be used to decode the position of an animal foraging
in an open circular environment. They also demonstrate that the evolution
of the 1D and 2D place fields of hippocampus CA1 neurons reminiscent
of experience-dependent plasticity can be tracked with steepest descent and
particle filter algorithms. They further show how the state space approach
can be used to measure learning progress in behavioral experiments over a
sequence of repeated trials. Finally, the authors demonstrate the utility of
this approach in estimating neuronal UP and DOWN states—the periodic
fluctuations between increased and decreased spiking activity of a neuronal
population—in the primary somatosensory cortex of a rat. They derive an
expectation maximization algorithm to estimate the number of transitions
between these states to compensate for the partially observed state variables.
In contrast to multiple hypothesis testing, their approach dynamically assesses
population learning curves in four operantly conditioned animal groups.

In Chapter 7, Yu, Santhanam, Sahani, and Shenoy discuss the problem
of decoding spike trains in the context of motor and communication neu-
roprosthetic systems. They examine closely two broad classes of decoders,
continuous and discrete, depending on the behavioral correlate believed to
be represented by the observed neural activity. For continuous decoding, the
goal is to capture the moment-by-moment statistical regularities of move-
ments exemplified by the movement trajectory; for discrete decoding, a fast
and accurate classifier of the desired movement target suffices. The authors
point to the existence of a trade-off between accuracy in decoding and com-
putational complexity, which is an important design constraint for real-time
implementation. To get the best compromise, they describe a “probabilistic
mixture of trajectory models” (MTM) decoder and demonstrate its use in
analyzing ensemble neural activity recorded in premotor cortex in macaque
monkeys as they plan and execute goal-directed arm reach movements. The
authors compare their MTM approach to a number of decoders reported in
the literature and demonstrate substantial improvements. In conclusion, they
suggest the need for new methods for investigating the dynamics of plan and
movement activity that do not smear useful information over large temporal
intervals by assuming an explicit relationship between neural activity and arm
movement. This becomes very useful when designing decoding algorithms
for closed-loop settings where subjects continuously adapt the neuronal firing
properties to attain the desired goal.
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In Chapter 8, Paiva, Park, and Principe develop a novel theory of inner
products for representation and learning in the spike train domain. They
motivate their work by considering the effect of binning spike trains—a com-
monly used method to reduce a signal’s dimensionality and variance—on the
information loss in precise spike times. This lossy binning is seen as a trans-
formation of the randomness in time typically observed in spike trains into the
randomness in amplitude of firing rate functions that may be correlated with
a stochastic, time-varying stimulus. The authors build on the earlier frame-
work of Houghton and colleagues (Houghton and Sen, 2008) to develop a
functional representation of the spike trains using inner product operators for
spike train outputs of a biophysical leaky integrate and to fire neural models.
They show that many classes of operations on spike trains such as convolu-
tion, projection for clustering purposes, and linear discriminant analysis for
classification all involve some form of an inner product operation. Because
inner products are deeply rooted in reproducing kernel Hilbert spaces (RKHS)
theory (Aronszajn, 1950), the authors highlight the potential benefit of using
this representation in the development of a multitude of analysis and machine
learning algorithms. For example, they demonstrate how known algorithms
such as principal component analysis (PCA) and Fisher linear discriminant
(FLD) analysis can be derived from this representation. They include some
results of this approach applied to synthetic spike trains generated from a
number of homogeneous renewal point processes, and show that spike trains
can be analyzed in an unsupervised manner while discerning between intrinsic
spike train variability and extrinsic variability observed under distinct signal
models. They conclude with some suggestions on how these inner products
can be useful in the development of efficient machine learning algorithms for
unsupervised and supervised learning.

The next two chapters emphasize noninvasive neural signal processing. In
Chapter 9, Sajda, Goldman, Dyrholm, and Brown present an elegant approach
to investigating the relationship—and potentially fusing the information—
between simultaneously acquired EEG and fMRI signals. The motivation is to
combine the superior temporal resolution of EEG and the spatial resolution of
fMRI in a multimodal neuroimaging technique. This may provide more insight
into the relationship between local neural activity exemplified by EEG signals
and hemodynamic changes exemplified by fMRI signals to permit capturing
trial-to-trial variations in these signals that are hypothesized to underlie many
aspects of perception and cognition. In this realm, the authors emphasize a
number of issues related to hardware design, such as MR-induced artifacts
in the EEG and lead-induced artifacts in the MR images. They also address
issues related to the extraction of task-relevant discriminant components using
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supervised learning. Their results for an auditory detection paradigm show
how single-trial analysis of the EEG/fMRI data provides evidence of novel
activations reminiscent of latent brain states such as attention modulation.The
latter cannot be measured by traditional event-related regressors in standard
fMRI analyses. The chapter concludes with a discussion of the challenges and
future directions of EEG/fMRI, particularly those related to direct modulation
of EEG activity (for example using transcranial magnetic stimulation (TMS))
to infer causal changes between EEG patterns and BOLD signals.

In Chapter 10, Rao and Scherer provide an overview of the utility of nonin-
vasive or semi-invasive signals in brain-computer interface (BCI) applications.
The motivation is to compare ECoGs and EEGs; in BCI control, both have
similar temporal resolution but their spatial resolution differs significantly
(ECoGs are ∼100 times larger than EEG signal amplitudes). Techniques for
enhancing the signal-to-noise ratio of EEGs are therefore of paramount impor-
tance, as are those for feature extraction and classification. All are reviewed
and their performance is evaluated in the context of BCI applications. As
would be expected, nonstationarity and the inherent variability of EEG and
ECoG signals are by far the major challenges to overcome.

Rao and Scherer also discuss the problem of detecting event-related
potentials (ERPs) and event-related desynchronization/synchronization
(ERD/ERS) potentials occurring with different types of motor imagery.
These form the foundations of the two major paradigms in EEG/ECoG
BCI: cue-guided and self-paced. While cue-guided BCIs are easier to train
because of pattern robustness and repeatability, self-paced BCIs require
analysis and interpretation of the signals throughout the entire period
of BCI operation. The authors point out that signal processing in these
applications is subject-specific, meaning that optimization of the system for
each subject is essential. Therefore, the trade-off between cost, practical-
ity, and reliability becomes a governing factor when optimizing variables
such as the number of electrodes, the level of sophistication of the sig-
nal processing algorithm used, and the amount of time needed to train the
systems.

In Chapter 11, Oby, Ethier, Bauman, Perreault, Ko, and Miller provide an
application-driven framework for employing some of the concepts introduced
in earlier chapters to provide therapeutic benefit to spinal cord-injured patients
through a BMI system. In contrast to predicting movement intent from plan
activity, as Yu and colleagues demonstrated in Chapter 7, their objective is to
develop a neuroprosthesis that predicts certain movement attributes such as
grip force, joint torque, and muscle activity (EMG signals) from primary motor
cortex (M1) activity in real time to provide voluntary control of hand grasping
following a peripheral nerve block (temporary paralysis). The rationale is the
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wide range of grasping behaviors that can be represented in a low-dimensional
space, permitting only a few principal components to account for ∼80% of
the variance in hand shape. Voluntary control of hand grasp is achieved by
direct functional electrical stimulation (FES) of flexor muscles of the forearm
and hand using the predicted EMG signals from M1 activity.

Electrical stimulation, however, has important limitations. One is that
muscle fibers are activated synchronously, opposite to the normal order, so
the large, fatiguing fibers are recruited first. Despite this, Oby and colleagues’
use of simple, linear decoders of M1 activity has been quite successful, in part
because it allows them to harness cortical plasticity to allow the monkey to
adapt its control commands to accommodate the unnatural mapping to mus-
cle activation. They suggest future investigation of this adaptation process to
determine whether adaptive algorithms may also improve control, particularly
when more complex and naturalistic limb movements with multiple degrees
of freedom are desired. They also intend to study how task dependence in
the relationship between motor cortex activity and muscle activation patterns
may be minimized by identifying a “muscle space” in the cortical neural space
and by selectively activating groups of muscle synergies (as opposed to indi-
vidual muscles in the current approach). This may lead to simpler yet more
robust control. Techniques for blind source separation are very relevant in this
context.

Despite the diversity of problems treated throughout this book, all chapters
revolve in whole or in part around the following fundamental issues: pattern
recognition, system identification, and information processing.

• Pattern recognition refers to the clustering and classification of multiple
patterns, whether in the input or in the output of a given system.

• System identification refers to the establishment of an input-output
relationship through full or partial knowledge of system structure.

• Information processing refers to the system’s ability to filter out “irrele-
vant” information to guide desired transformations/actions.

In each of the problems addressed, some important questions are, What
constitutes a pattern? Given a pattern, how can its recognition be carried out?
If this is feasible, how can the system be identified for a better understanding
of the natural signal and information processing taking place in it, and what is
its role in shaping an entire behavior? The answers to these questions, among
many others, will fundamentally rest on quantum advances in methods for
analyzing neural and behavioral data.

The pace of research in this area is so rapid that new theories and techniques
continue to swiftly emerge. Nevertheless, this book should provide a good
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starting point for readers to get a first grip on the many different aspects
of statistics, signal processing, machine learning, and information theory as
applied to neural and behavioral data processing and analysis, as well as on
how these aspects may highlight important considerations in designing actual
systems for improving human welfare.
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2Detection and Classification
of Extracellular Action
Potential Recordings
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Michigan State University, East Lansing, Michigan

2.1 INTRODUCTION
The theories of detection and estimation play a crucial role in processing neu-
ral signals, largely because of the highly stochastic nature of these signals and
the direct impact this processing has on any subsequent information extrac-
tion. Detection theory is rooted in statistical hypothesis testing, in which one
needs to decide which generative model, or hypothesis, among many possi-
ble ones, may have generated the observed signals (Neyman and Pearson,
1933). The degree of complexity of the detection task can be viewed as
directly proportional to the degree of “closeness” of the candidate genera-
tive models (i.e., the detection task becomes more complex as the models
get closer together in a geometrical sense). Estimation theory can then be
used to estimate the values of the parameters underlying each generative
model (Kay, 1993). Alternatively, one may estimate the parameters first
and then, based on the outcome, make a decision on which model best fits
the observed data. Therefore, detection and estimation are often carried out
simultaneously.

In this chapter, we focus exclusively on the discrete-time detection and
classification of action potentials (APs)—or spikes—in extracellular neural
recordings. These spikes are usually recorded over a finite number of time
instants in the presence of noise. At each time instant, we assign a hypothesis
to each signal value. We may then build an estimate of individual spikes sample
by sample, testing the presence of each. Estimation can thus be viewed as a
limiting case of detection theory in which an estimate of the spike is built
from a continuum of possible hypotheses (Poor, 1988). Alternatively, we may
restrict our estimation to a subset of spike parameters—or features—for the

Statistical Signal Processing for Neuroscience and Neurotechnology. DOI: 10.1016/B978-0-12-375027-3.00002-8
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purpose of classifying spikes elicited by multiple neurons—a process often
termed as spike sorting—because the primary information in the spikes resides
in the timing of their individual occurrences and not in their actual shapes,
making estimation of their exact shapes of secondary importance relative to
their actual labels.

2.2 SPIKE DETECTION
Spikes typically fall within the category of transient signals. A transient signal
is known to be nonzero only for a subset of samples, L, within an observation
interval of length N . Detecting a transient presence involves estimating three
variables: the arrival time, k0, the support (or time scale), L, and the waveform
shape, s, as illustrated in the neural trace of Figure 2.1. The most important
parameter is the spike arrival time, k0, as it is believed to carry all of the
information needed by neurons to encode external covariates. Therefore, k0
needs to be estimated with high reliability. The other two parameters are
believed to play no role in encoding these covariates and are mainly used to
sort the spikes when multiple neurons are recorded simultaneously.

Knowledge of the transient parameters is important to formulate a test
statistic, T , from the observations, y. T is used to solve a binary hypothesis
testing problem in which the goal is to determine which of the following two
models is consistent with the data:

Null hypothesis: H0 : y = n

Alternative hypothesis: H1 : y = s + n
(2.1)

We focus exclusively on spikes for a number of reasons. First, their
origins—the neurons—are the fundamental computational units of the brain.
Second, spikes fired by a given neuron tend to be highly stereotypical, at
least over short intervals, permitting to model their shapes with probability
distributions that have relatively few parameters and thus facilitating their clas-
sification. Third, spike trains carry an affluent amount of information about
the neurons’ encoding of external covariates—that is, their tuning character-
istics to stimuli. This permits modeling the dynamics of brain function at very
high temporal and spatial resolutions, as well as decoding the spike trains,
for example to drive a neuroprosthetic device (e.g., Serruya et al., 2002).
Fourth, spike occurrence from multiple neurons in a certain order is known
to mediate plastic changes in synaptic connectivity between them—a widely
accepted mechanism that underlies many of the brain’s complex functions
such as learning and memory formation.
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FIGURE 2.1

Sample neural trace recorded with a penetrating microelectrode in the rat somatosensory
cortex with different time and magnitude scaling. (a) Top panel: 2.6 seconds of raw data;
middle panel: local field potential (LFP) signal after passing through a fifth-order
Butterworth filter with frequency range 5–300 Hz; bottom panel: spike data obtained after
filtering the raw data in the top panel with the same Butterworth filter with frequency range
300–5000 Hz. (b) Expanded time and amplitude scale display of the data segment in
(a): top: LFP signal; bottom: spike data showing a number of spikes (highly transient) with
distinct waveforms. Each spike presumably represents the extracellular action potential
from a nearby neuron. Please see this figure in color at the companion
web site: www.elsevierdirect.com/companions/9780123750273

Here s denotes the L-dimensional spike to be detected and n is an additive
noise term. The observations y can be a single sample or a vector (block detec-
tion) of length N . The models H0 and H1 are called simple hypotheses when the
distribution of y can be determined under perfectly known signal parameters.

http://www.elsevierdirect.com/companions/9780123750273/
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In this case, Bayesian analysis yields the optimal test: the likelihood ratio test
(LRT), which is of the form (Poor, 1988)

T (y)≡ ln
p (y|H1)

p (y|H0)

H1
>

<

H0

ln
p (H0)(c10 − c00)

p (H1)(c01 − c11)
≡ γ (2.2)

where cij is the cost of deciding model i when model j is in effect (typically
cij > cii for i �= j), and p (Hi) is the probability of model Hi. These quantities
can be lumped in one threshold value, γ , chosen by the user to fulfill a constant
probability of false positives, PF (otherwise known as the power of the test).
The probabilities of the models, p (H0) and p (H1), may be known a priori
from knowledge of the neuron’s firing characteristics—for example, tuning
to a specific input stimulus.

The assumptions we make about the contaminating noise, n, play a crucial
role in assessing how far apart the two models are. A firm understanding of the
noise process in extracellular recordings reveals the following categorization
of its possible sources:

• Thermal and electrical noise due to electronic circuitry in the electrode data
acquisition system. This includes amplifiers and filters in the headstage as
well as quantization noise introduced by the analog-to-digital conversion
(ADC). This noise type can be modeled as a stationary, zero-mean, Gaus-
sian white noise process, n ∼ N

(
0,σ 2I

)
, where I is the identity matrix.

The only unknown parameter in this model is the noise variance σ 2.

• Background neural noise caused by activity from sources far from the
recording electrode. This noise type is typically colored and may often
be regarded as the context that can inherently drive a neuron to fire (or
not fire) depending on the intensity of the population’s driving input. This
in turn depends on the behavioral context under which the neural data
was collected. Spike detection (and consequently sorting) can be greatly
complicated when this noise component is high.

In the sections that follow, we discuss a few possible scenarios and
formulate the detector in each case.

2.2.1 Known Spike
Here we assume that the spike waveform is fully known; in other words, we
have complete knowledge of the spike support L and the shape s. This may
be the case when spike templates are available from training data. The goal
is to determine k0, the time of arrival of the waveform. Assume that the noise
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is colored and Gaussian-distributed with zero mean and covariance � (i.e.,
n ∼ N (0,�)). Although the Gaussian assumption may not be realistic, it
facilitates the mathematical tractability of the problem to a large extent and
is a reasonable assumption for sufficiently large observation intervals. Under
the alternative hypothesis, H1, the distribution of the observations is

pY |H1,s (y|H1,s) = 1√
2π |�| exp

(
−1

2
(y − s)T �−1 (y − s)

)
(2.3)

where |.| denotes the matrix determinant, (.)T denotes a transpose, and (.)−1

denotes the matrix inverse. The optimal test in this case is

sT�−1y

H1
>

<

H0

γ (2.4)

This is a block LRT test because it computes the test statistic using the N
observations to detect the presence of the spike. Note here that this is not a
real-time detector because it has to wait for N samples to be collected before
it computes the test statistic. One way to interpret this detector is to spectrally
factor the kernel matrix� using singular value decomposition (SVD) to yield
the form � = UDUT (Klema and Laub, 1980), where U is an eigenvector
matrix and D is a diagonal matrix of eigenvalues arranged in decreasing order
of magnitude. The detector in this case takes the form

(
D−½U−1s

)T (
D−½U−1y

) H1
>

<

H0

γ (2.5)

Since � is a square positive definite covariance matrix, the eigenvector
matrix inverse U−1 is simply its transpose UT. This factorization illustrates the
role of the noise kernel�−1. The transformation D−½U−1 is lower triangular
and has the effect of whitening the observation vector with respect to the noise.
Because it is assumed that s is known a priori, the detector becomes a two-
stage system, where the first stage is a whitening filter that tries to minimize
the effect of the noise and the second is a matched filter that measures the
degree of correlation of the observations with the known spike. Clearly, a
key factor in this detector is the ability to obtain a good estimate of the spike
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s and the noise covariance �, which can diminish performance if the noise
assumptions are violated or if the spike waveform becomes nonstationary.

The trade-off in selecting the detection threshold γ is clear: When γ is set
too high, the probability of false positives, PF , decreases at the cost of increas-
ing the probability of missed events, PM . On the other hand, low thresholds
increase PF but simultaneously decrease PM . Typically, γ is set by the user to
satisfy a constant PF . Figure 2.2 demonstrates the performance of this detec-
tor under various SNRs as a function of the number of samples N . In the first
graph, the observations are used in the test of Eq. (2.4), assuming the inner
product kernel to be the identity matrix. This corresponds to the white noise
case. In the second graph, the observations have been decorrelated using the
whitening filter D−½U−1. It can be clearly seen that when the noise is colored,
the whitening approach leads to substantial performance gain compared to the
case when the noise is assumed white but is not. For example, by fixing N = 10
samples, an increase in PD of more than 20% can be seen at SNR=4dB.

We can assess the performance of the detector in Eq. (2.4) by noting that
the test statistic is a linear function of a Gaussian variable and hence is also
Gaussian. We can determine the distribution of the test statistic T for the two
hypotheses in terms of the means and variances:

Under H0 : E [T ] = E
[
sT�−1y

] = 0

E
[(

T − T
)2

]
= E

[(
sT�−1y

)T (
sT�−1y

)] = sT�−1s

Under H1 : E [T ] = E
[
sT�−1y

] = sT�−1s

E
[(

T − T
)2

]
= sT�−1s

(2.6)

The probabilities of detection PD and false alarm PF can be calculated
using the tail probability of a unit normal Q(.) (Van Trees, 2002):

PD = PH1 (T > γ )=
1

2

[
1 − Q

(
γ − sT�−1s

sT�−1s
√

2

)]

PF = PH0 (T > γ ) = 1

2

[
1 − Q

(
γ

sT�−1s
√

2

)] (2.7)

Hence, for a Gaussian-distributed test statistic, the distance between
the two hypotheses is simply sT�−1s. It is straightforward to show that this
distance is maximized when the noise is uncorrelated with the signal (Poor,
1988).
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FIGURE 2.2

Performance of the spike detector in the known signal case in the presence of colored
noise. (a) Observations are used in the test statistic without whitening. (b) Observations are
used in the test statistic with whitening using the eigendecomposition of the inner product
kernel �−1.
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It is easy to interpret the distance term in the case where the observation
interval contains only a single sample (N = 1). In such a case, we obtain a
detector that can be implemented in real time. The expressions for PD and PF
reduce to

PD = PH1 (T > γ ) = 1

2

⎡
⎢⎣1 − Q

⎛
⎜⎝
γ − s2

k
σ 2

k

s2
k
σ 2

k

√
2

⎞
⎟⎠

⎤
⎥⎦

PF = PH0 (T > γ )=
1

2

⎡
⎢⎣1 − Q

⎛
⎜⎝ γ

s2
k
σ 2

k

√
2

⎞
⎟⎠

⎤
⎥⎦

(2.8)

where σ 2
k is the noise variance. In this case the distance between the two

hypotheses becomes
s2

k
σ 2

k
, which is the energy of the signal divided by the

variance of the noise, or the signal-to-noise ratio (SNR). Figure 2.3 illustrates
the receiver operating characteristics (ROC) under different SNRs.
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Receiver operating characteristics of the known signal detector (matched filter) as a
function of SNR.
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When the observations contain more than one sample—for example, when
we have an N-sample time interval from a single electrode, or a single-sample
interval from an array of N electrodes, we obtain a block detector that will
result in better performance over the sequential test if the following condition
is satisfied:

sT�−1s>
s2

k

σ 2
k

When the noise samples are independent and identically distributed (iid) (in
either time or space), the covariance � is diagonal. The term sT�−1s reduces

to d2 = ∑N
k=1

s2
k
σ 2

k
, or the SNR average power multiplied by the number of

samples N . In this case, the block test performs better because the sum of the
individual SNRs is larger than any one SNR. In the more general case, the
effect of noise correlation on performance will depend on the sign of the noise
correlation coefficient.

2.2.2 Unknown Spike
Prior knowledge of the deterministic spike shape, s, or its parameters if
stochastic, greatly simplifies the analysis. In practice, however, this infor-
mation may not be fully available. Spikes may also be nonstationary over
short time intervals, for example during bursting periods (Harris et al., 2000;
Csicsvari et al., 2003). The shapes can also change over prolonged periods, for
example as a result of electrode drift or cell migration during chronic record-
ings with implanted electrodes (Buzsaki et al., 2004; Gold et al., 2006). In this
case, the models H0 and H1 may involve some nuisance (unknown) parameters
for which performance depends on how close a chosen signal model is to the
real spike waveform. The optimal detector here selects the maximum value
of the distribution pY |H1,s (y|H1,s) with respect to the unknown parameters.
This happens when y = s, or

max
s

pY |H1,s (y|H1,s)= 1√
2π |�| (2.9)

The other hypothesis does not depend on the signal, and the LRT becomes
a generalized LRT (GLRT), often termed the square law or incoherent energy
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detector; it takes the form

yt�−1y

H1
>

<

H0

γ (2.10)

Similar interpretation of the noise kernel applies, but now the product
involves a whitened observation vector, y′ = D−½U−1y. The test statistic
in this case becomes a blind energy detector, where the observations are
whitened, squared, and then compared to a threshold.

Performance of this detector can be easily derived by noting that the test
statistic becomes the sum of the squares of statistically independent Gaussian
variables and is chi-square–distributed (Papoulis et al., 1965). Similar to the
analysis in Eq. (2.7), it can be shown that this distribution has the following
form under the null hypothesis:

pH0
(T ,0) = T

N
2 −1e− T

2

�
(N

2

)
2

N
2

(2.11)

Where �(.) is the gamma function. Under H1, the test statistic has the
noncentrality parameter α = sT�−1s (Urkowitz, 1967).

PH1

(
T ,sT�−1s

) = T
N
2 −1e− T+α

2

2
N
2

∞∑
k=0

(αT)k

22kk!�
(
k + N

2

) (2.12)

If we denote by F
( T

N ,α
)

the cumulative distribution function of a noncen-
tral chi-square–distributed random variable T with N degrees of freedom and
noncentrality parameter α, these results can help us calculate the performance
of the detector in terms of PD and PF as follows:

PD = PH1 (T > γ ) = 1 − FH1 (γ )= 1 − FH1

(
γ |N ,sT�−1s

)
PF = PH0 (T > γ )= 1 − FH0 (γ ) = 1 − FH0 (γ |N ,0)

(2.13)

Figure 2.4 illustrates the performance of this detector. As in the known sig-
nal case, the performance improves when the number of samples N increases
and/or the ratio of the average spike power to the average noise power
increases.



26 CHAPTER 2 Detection and Classification

0.9

1

0.8

0.7

0.4

0.3

0.2

0.1

0

P
D

0.6

0.5

50 10 15
Number of Samples

20 25 30 35 40

� 5 0.25
� 5 0.5
� 5 1
� 5 1.5
� 5 2

FIGURE 2.4

Performance of the GLRT energy detector versus the number of samples for different
values of the noncentrality parameter α.

2.2.3 Practical Limitations
We have summarized how detecting a spike waveform should be carried out
within the framework of statistical hypothesis testing. In most experimen-
tal neural recording applications, however, a much simpler, suboptimal but
robust, approach is used. The raw data is first bandpass-filtered to eliminate
low-frequency signals such as local field potentials (LFPs) that are much larger
in magnitude than the spikes depicted in Figure 2.1. Spike detection follows
by comparing the filtered data to a voltage threshold, usually computed as
two to three times the standard deviation of the noise (Gozani and Miller,
1994). A pair of thresholds may also be used to detect the rising and falling
edges of the spike (Guillory and Normann, 1999). Once the observations sur-
pass this threshold, a spike vector is extracted around the detection point. The
length of that vector is empirically set to be approximately 0.5 ms before the
detection point and approximately 1 ms after that point (Obeid et al., 2004).
This approach assumes that the unknown support of the spike, L, is typically
around 1.5 ms to match that of many extracellular AP waveforms observed in
mammalian nervous systems (Kandel et al., 2000).
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Many studies suggest, however, that the scale parameter (i.e., the support of
the spike) varies considerably depending on cell-specific intrinsic properties,
such as the morphology of the cell’s dendritic tree and the ion channels’
distribution (e.g., fast spiking interneurons versus regular spiking pyramidal
neurons (Buzsaki et al., 2004)), in addition to some extrinsic properties, such
as the degree of inhomogeneity of the extracellular space and the distance
relative to the recording electrode (Gold et al., 2006). A poor choice of the scale
parameter can either discard useful information from the spike or introduce
spurious samples in the extracted spike vector. Both can significantly degrade
the performance of the spike sorting step that follows. The spike shape may
also be affected by the preprocessing bandpass filters (Quiroga, 2009). These
considerations have led some recent studies to argue against the use of spike
waveform shape in spike detection and sorting (Ventura, 2009).

The simple threshold-crossing method is appealing because it is very sim-
ple to implement in hardware and therefore enables spike detection to take
place in real time (Bankman, 1993; Obeid et al., 2004). This is particularly
useful in cortically controlled neuroprosthetic and brain–machine interface
(BMI) applications (Isaacs et al., 2000; Hochberg et al., 2006; Oweiss, 2006),
where spike detection and sorting needs to be implemented with (or close
to) real-time performance to permit instantaneous decoding of the neural
signals. However, as one would expect, this method relies on very strong
simplifying assumptions about the signal and noise processes which are often
violated, such as the absence of correlation between the signal and noise and
the noise being white and Gaussian-distributed. A spike alignment step is
usually needed to center the detected waveforms around a common reference
point, usually the peak (McGill and Dorfman, 1984; Wheeler and Smith,
1988). This step increases the reliability of the threshold-crossing method to
a certain extent, as it uses some interpolation techniques (e.g., cubic splines)
to minimize errors from asynchronous sampling of the spikes. The spike
alignment task is computationally intense (Jung et al., 2006), and multiple
alternative methods have been proposed to mitigate this effect (Hulata et al.,
2002; Bokil et al., 2006; Kim and McNames, 2007).

Detection thresholds of time domain detectors vary from being too con-
servative, with a high probability of misses, to being too relaxed, with high a
probability of false positives. As stated earlier, changes to waveform shapes
have been consistently observed across multiple sessions of chronic record-
ings (Kralik et al., 2001; Buzsaki et al., 2004) and even within the same
recording session (Wolf and Burdick, 2009). Systematic variations in sig-
nal amplitude and time scale of these variations are consistent with many
physiological cycles of the subject (Chestek et al., 2007). This inherent non-
stationarity mandates that spike detection be minimally supervised because
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unrealistic assumptions about signal and noise characteristics can make the
detection susceptible to changes in experimental conditions. Assuming prior
knowledge of spike parameters, such as duration and shape, limits detec-
tion performance to experimental conditions in which these assumptions are
valid. This may be temporary, and the trade-off between supervision and blind
detection becomes dependent on the anticipated neural yield—the number of
detected cells per electrode–for the intended application.

2.2.4 Transform-Based Methods
As stated before, when the signal parameters are unknown, usually no Uni-
formly Most Powerful (UMP) test exists and the estimates depend on the
chosen signal model. If the model is not appropriate, a transform domain
representation may be adequate. Transforms that yield the most compact rep-
resentation of the signal (i.e., those that are inherently localized) are the most
desirable because of the transient nature of spikes. Most of the early work on
transient detection schemes used transforms that are well localized in time
and frequency (Frisch and Messer, 1992; Del Marco et al., 1997; Kulkarni
and Bellary, 2000; Liu and Fraser-Smith, 2000). The most popular by far are
wavelet-based techniques (Letelier and Weber, 2000; Oweiss and Anderson,
2000, 2001a,b, 2002a,b; Hulata et al., 2002; Oweiss, 2002c; Kim and Kim,
2003; Quiroga et al., 2004; Nenadic and Burdick, 2005; Oweiss, 2006). We
briefly review wavelet theory and then discuss wavelets’ application to spike
detection and later spike sorting. We focus on the discrete case for practical
implementation purposes.

2.2.4.1 Theoretical Foundation
The wavelet transform is an efficient tool for sparse representation of signals
on an orthonormal basis {ϕn}; that is,

s =
N∑

n=1

cnϕn (2.14)

The sparsity condition implies that k 	 N of the coefficients cn are
nonzero, which enables the transform to compress the spike energy into very
few coefficients. In matrix form,

s =	c (2.15)
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where 	 is the N × N matrix of bases (stacked as column vectors) and c is a
k-sparse vector. Computing the transform coefficients amounts to computing

c =	T s (2.16)

or, in the noisy case,

c =	T y =	T (s + n) =	T s +	T n = ys + yn (2.17)

The detection in the transform domain becomes

H0 : c = yn

H1 : c = ys + yn
(2.18)

The sparsity of the transformed signal implies that few large coefficients are
typically in the neighborhood of sharp signal transitions, which usually occur
near the spike’s zero crossing. This feature permits denoising by discarding
coefficients below a predetermined threshold (Donoho, 1995) because the
noise becomes a low-level “signal” scattered across all of the coefficients.
The resulting above-threshold coefficients are used for spike detection and
possibly reconstruction. Mathematically, the thresholded observations can be
expressed as

y = c.I (|c|> TH) (2.19)

I (.) is an indicator function, and the threshold is typically estimated as
TH = σ

√
2logN , where σ 2 is the noise variance (in each subband) calculated

as

σ 2 = MAD(c)
/

0.6745 (2.20)

MAD denotes median absolute deviation. Noise coefficients typically
spread out across many scales, making them relatively easier to isolate (Oweiss
and Anderson, 2000). The GLRT energy detector in this case takes the form

yT y

H1
>

<

H0

γ (2.21)
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Because the basis is fixed, this unsupervised detection scheme falls under
the category of “unknown signal” for which the test in Eq. (2.21) is optimal,
depending on how well the basis sparsifies the observations (Oweiss and
Anderson, 2002a,b).

2.2.4.2 Performance
Here we demonstrate some performance examples of transform-based spike
detection and compare them to detection schemes discussed earlier. Figure 2.5
illustrates a qualitative example of the denoising ability of the transform
as well as its ability to preserve the spikes faithfully for a sample neural
trace.

Figure 2.6 illustrates quantitatively the performance of the transform-based
detector over the time domain threshold-crossing detector under a moderately
high SNR for a sufficiently large data set. It can be seen that in both the known
and unknown cases, the transform-based detector performs significantly better
than the time domain detector.
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FIGURE 2.5

Sample spike data (upper trace) and its sparse discrete wavelet transform representation
(using the symlet 4 basis (Coifman and Wickerhauser, 1992)) across four decomposition
levels. Approximation coefficients are denoted by ‘A’, while details are denoted by ‘D’ in
each level. The reconstructed waveform is obtained using the above threshold coefficients,
preserving most of the details of the spikes while substantially reducing the contaminating
noise. Please see this figure in color at the companion web site: www.elsevierdirect.com/
companions/9780123750273
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FIGURE 2.6

Performance of the transform domain and time domain detectors in the known (a) and
unknown (b) spike cases SNR = 3 dB.



32 CHAPTER 2 Detection and Classification

2.3 SPIKE SORTING
The process of segregating the activity of each recorded neuron from the
observed mixture is often referred to as spike sorting. The objective is to
characterize the ability of each neuron to encode, in isolation or as part of a
population, one or more of the external covariates. Spike sorting has been one
of the most extensively studied problems since techniques for extracellular
recordings began to emerge (McNaughton et al., 1983; Abeles and Gerstein,
1988; Gray et al., 1995). The need for more sophisticated spike sorting tech-
niques continues to grow apace with the ability to simultaneously sample large
populations of neurons, particularly with high-density microelectrode arrays
being regularly implanted in awake, behaving subjects (Normann et al., 1999;
Wise et al., 2004).

We distinguish here between two approaches that have been proposed to
solve this problem: (1) the pattern recognition approach, which operates on the
individual spikes extracted after the spike detection step; (2) the blind source
separation (BSS) approach, which operates on the raw data without the need
for a priori spike detection. Each approach has a number of advantages and
disadvantages, as will be shown next.

2.3.1 Pattern Recognition Approach
Historically, spike sorting has been categorized as a pattern recognition prob-
lem (Jain et al., 2000). This is the most common approach and it relies on the
sequence of steps illustrated in Figure 2.7.

After spikes are detected and extracted, they are aligned relative to a com-
mon reference point. This step is important because spikes may be translated
and potentially scaled from previous occurrences relative to the detection
point, especially when the extraction window length N is empirically chosen
by the user. The feature extraction step extracts the most discriminative d
features from each spike waveform and uses them to represent the spike as a
single point (vector) in a d-dimensional space. The criterion for choosing the
features should allow the corresponding pattern vectors from different spike
classes to occupy compact and disjoint regions in this d-dimensional space.

The clustering step attempts to find these regions by partitioning the feature
space into distinct clusters, as shown in the 2D projection of the feature space
in Figure 2.7. This is done by identifying statistical decision boundaries based
on perceived similarity among the patterns. Because clusters can have very
different shapes and their number is unknown beforehand, this is the most
complex step. The final step is labeling the waveforms in each cluster as
belonging to a single neuron (or unit). These steps constitute the training
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mode of the pattern classifier. Supervision by the user allows optimizing the
preprocessing and feature extraction/selection strategies (e.g., determining the
number of clusters). Similar preprocessing and feature extraction take place
in the test mode for the incoming unlabeled spike. A decision-making step
compares the features of the unlabeled spike to the set of stored features and
assigns it to the closest pattern class using some distance metric.

The effectiveness of the representation space (feature set) is determined
by how well patterns from different classes can be separated, whereas orig-
inal details about spike waveform shapes become less important once these
patterns are reasonably separable. For this reason, most of the work in spike
sorting has focused primarily on the feature extraction and clustering steps.
Initial work relied on extracting simple features of the waveform shape such
as amplitude and duration (Dinning and Sanderson, 1981). Because these
are highly variable features, cluster separability was often poor unless the
SNR was considerably high and the waveforms were stationary. Template
matching, on the other hand, relies on determining the degree of similarity
between stored template spike waveforms and incoming spikes (Wheeler and
Heetderks, 1982). The templates are obtained by averaging many occurrences
of labeled spikes during the training mode. This method is computation-
ally demanding because the comparison needs to take place for all possible
translations and rotations of the waveforms; it is also vulnerable to spike
nonstationarity unless the stored templates are regularly updated.

Principal component analysis (PCA) is the most popular method of pattern
recognition because it attempts to alleviate these limitations. If the detected
spike waveforms are stacked as rows of the matrix S, each spike can be
represented as a weighted sum of orthonormal eigenvectors of S:

s =
N∑

n=1

λnun (2.22)

Typically, the PCA feature space uses d = 2 features (sometimes d = 3
depending on how separable the clusters are) to represent each spike. The
features, or PCA scores, are computed as (Fee et al., 1996)

si = uT
i s, i = 1,2, . . . ,d (2.23)

These features are subsequently clustered using algorithms such as
expectation-maximization (EM) (Dempster et al., 1977), fuzzy c-means (Pal
and Bezdek, 1995), or superparamagnetic clustering (Blatt et al., 1996).
Figure 2.8 illustrates an example PCA feature space with two scores
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FIGURE 2.8

PCA for feature extraction and EM for unsupervised cluster cutting of 6469 spike events.
(a) Unlabeled spikes projected onto the two dominant eigenvectors of the data matrix.
(b) Five distinct units can be separated using this approach as indicated by the EM contour
plots. More units could be separated with user supervision—for example, by breaking the
lightest gray cluster into two or three smaller clusters. Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273

representing each spike. In this case, we have a number of clusters with various
degrees of separability. An unsupervised EM algorithm was able to separate
five distinct spike shapes that indicate the presence of five putative single units
in the observed ensemble activity.

http://www.elsevierdirect.com/companions/9780123750273/
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Despite being a reasonable approach to spike sorting, pattern recognition
has some limitations. One is the uncertainty in the number of neurons being
simultaneously recorded. The clustering step has to determine the number
of clearly isolated clusters; this depends on how compact these clusters are,
which often requires user supervision. A clear example is the large clus-
ter centered around the (0,1) coordinate in the feature space illustrated in
Figure 2.8. This cluster could be broken down to two or three smaller clusters,
depending on the anticipated cluster variance. The compactness of the clusters
relies to some extent on how well spikes were detected and extracted in the
previous step as this can significantly minimize the number of outliers in
the data.

The pattern recognition approach relies entirely on the shape of s to dis-
criminate spikes. There are a number of cases where ambiguity might occur,
such as when a large cell far away from the electrode tip yields a spike
waveform similar to that of a smaller nearby cell. Nonstationarity of spike
waveforms during chronic recording can also make clusters gradually overlap
over time because cell migration, electrode drift, and/or tissue encapsulation
can significantly alter waveform shapes (Fee et al., 1996; Lewicki, 1998;
Gerstein and Kirkland, 2001; Wood et al., 2004).

When spike clusters from different neurons have disjoint, oval-like shapes
in the feature space, reminiscent of multivariate Gaussian distributions of
their underlying pattern, they are often attributed to clearly isolated multiple
single-unit activity (MSUA) and can be efficiently sorted using likelihood-
based methods such as the EM algorithm (Lewicki, 1998). Even if these cluster
shapes are not typical of Gaussian distributions (for example, when they are
heavy-tailed and thus more indicative of multivariate t-distributions (Shoham
et al., 2003)), cluster cutting can be achieved with a variety of clustering
algorithms. In a typical extracellular recording experiment, however, MSUAs
often constitute only 20–40% of the detectable signals (Gerstein, 2000). The
rest are either complex overlapping spikes resulting from a few of the clearly
isolated cells firing simultaneously in the vicinity of the electrode tip or they
are superimposed spikes from numerous cells that are not adjacent to the
electrode tip, often referred to as multi-unit activity (MUA).

Studying the spike overlap case is important because it indicates the degree
of synchrony in local populations that has been widely hypothesized to under-
lie certain aspects of stimulus coding (Perkel et al., 1967; Eggermont, 1993;
Gerstein and Kirkland, 2001; Goldberg et al., 2002; Jackson et al., 2003;
Dzakpasu and Zochowski, 2005; Sakamoto et al., 2008; Yu et al., 2008). It
is also useful when studying the synaptic plasticity that is widely believed
to accompany learning and memory formation (Caporale and Dan, 2008;
Feldman, 2009). To date, there is no consensus on a reliable method to resolve
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complex spikes. Nevertheless, under certain conditions, this problem can be
reasonably solved with the BSS approach discussed next.

2.3.2 Blind Source Separation Approach
The blind source separation (BSS) approach assumes that P signal sources
(neurons) impinge on an array of Msensors (electrodes) to form an observed
mixture Y (snippet), as illustrated in Figure 2.9. The signal mixture can be
expressed as

X =
P∑

p=1

AT
p Sp (2.24)

where Ap represents the columns of the M × P mixing matrix A, and Sp denotes
the 1 × N signal vector from neuron p within the observation interval. Note
here that this signal vector may comprise any number of spike waveforms sp.
For P neurons, the observation model is

Y = AS + Z = X + Z (2.25)

where the signals from the P neurons are stacked as rows of the P × N matrix
S, and Z denotes an additive noise M × N matrix with arbitrary temporal and

�

�

�

�

�

�

N

N

N

S X � AS Y

W

Ŝ

FIGURE 2.9

BSS approach to spike sorting. Spikes from different units form the signal matrix S and are
linearly mixed using the matrix A to produce the noise-free observation matrix X. The data
matrix Y is obtained by adding noise to the X matrix. When the number of sources P < the
number of channels M, the BSS estimates the matrix S directly from Y by finding the
matrix W that optimizes an objective function (for example it maximizes the independence
between the rows of S in the ICA approach). When P >M, sparsifying the S matrix first
through a transform-based representation (e.g., a discrete wavelet transform with basis 	)
helps reduce the dimensionality of the signal subspace along the direction of selected
bases to permit reconstruction of S. These bases are determined by their ability to preserve
the array manifold—the space spanned by the columns of the mixing matrix A. Please
see this figure in color at the companion web site: www.elsevierdirect.com/companions/
9780123750273

http://www.elsevierdirect.com/companions/9780123750273/
http://www.elsevierdirect.com/companions/9780123750273/
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spatial covariance. The mixing matrix is sometimes called the array manifold
(Comon, 1994).

2.3.2.1 Fewer Sources Than Mixtures
Source separation algorithms attempt to solve the cocktail party problem—
that is, to recover the signal matrix S from Y . Therefore, they can, in principle,
recover the entire spike train of each neuron from the observed mixture. When
knowledge of the mixing matrix A is available, a least squares solution exists
in the form of a minimum-variance best linear unbiased estimate (MVBLUE)
(Henderson, 1975). This estimate is obtained when the mean square error
(MSE) between the signal matrix S and its estimate Ŝ is minimized. In such a
case we obtain

Ŝ =
(

AT R−1
Z A

)−1
AT R−1

Z Y (2.26)

where R−1
Z is the inverse of the noise spatial covariance. When the noise is

uncorrelated across the electrodes, RZ becomes a diagonal matrix with indi-
vidual noise variances along the diagonal elements. The MVBLUE solution
requires knowledge of the signal and noise subspaces (i.e., the mixing matrix
A and the noise covariance RZ ), and is therefore not considered “blind.”

BSS algorithms, on the other hand, attempt to recover S from Y when
knowledge of the mixing matrix A is unavailable. Many BSS algorithms have
been proposed to estimate S (Cardoso, 1998). A popular approach is indepen-
dent component analysis (ICA) (Comon, 1994; Bell and Sejnowski, 1995;
Hyvärinen and Oja, 2000). In the absence of noise, ICA can recover S by
iteratively finding a linear transformation W such that

Ŝ = WX = WAS (2.27)

The matrix W is selected to “optimize the independence” between the vari-
ables Ŝp by maximizing the mutual information between the input X and the
output Ŝ. In the absence of noise and for generalized Gaussian distributions
(GGDs) of the form p(x)= Kexp(−α|x|γ ) with γ �= 2, ICA or any of its
variants (Hyvärinen, 1999; Hyvärinen and Oja, 2000) can be used to exactly
recover S when W asymptotically approaches the pseudo-inverse of A up to a
permutation and a scale factor. An example application of BSS-ICA to spike
sorting is illustrated in Figure 2.10 (Oweiss and Anderson, 2002a,b).

Figure 2.11 illustrates another example of a slow wave with synchronized
spike trains A and B to it but not to each other. The coincident firing was
resolved efficiently with MVBLUE and ICA (with some artifacts).
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FIGURE 2.10

Comparison of ICA and MVBLUE estimates. (a) Four traces of synthetic neural data
simulated with two units and a slow wave represented by different weights across an array
of four electrodes. (b) Three components extracted by MVBLUE. (c) The three components
obtained by ICA. Except for the sign in the bottom two components, the distributions across
the array are very similar to the original. In the ICA case, the information was recovered
with no prior knowledge of mixing matrix A.
Source: Adapted from Oweiss and Anderson (2002b).

Both methods demonstrate that source signals can be effectively recovered
from the mixture even when spike overlap occurs in the data. MVBLUE esti-
mates are less noisy but require knowledge of the signal and noise subspaces.
ICA does not require this information.

ICA, however, has a number of limitations: First, the number of sources
P has to be less than or equal to the number of electrodes M; typically, a
dimensionality reduction algorithm such as PCA is applied before ICA. Sec-
ond, the signals (rows of S) have to be independent so that the matrix X is
full-rank, and there are situations where this requirement may not be ful-
filled. For example, X would be rank-deficient when S is rank-deficient, and
this might happen when a subset of the signals is perfectly coherent (i.e.,
at least one of the signals is just a scaled and delayed version of another).
This might happen when two cells with similar spike waveforms are per-
fectly synchronized, possibly with a time lag. In this case, one of the signals
will not be recovered. The matrix X will also be rank-deficient when A is
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Two spike trains are synchronized to the slow wave but not to each other. For a more
strenuous evaluation, the simulation includes some spikes that overlap in time (top right).
The sine wave simulates a low-frequency LFP. In the top left, a cluster of spikes has been
separated from the slow wave and shown on an expanded time base. The two plots in the
top left demonstrate that the two extracted spike channels can be separated from each
other even when the spikes overlap (the third spike in the top right is two spikes that
overlap in time), producing the complex spike waveforms. The bottom plot is the extracted
slow wave. The white waveform inside the noisy one is the wavelet-denoised version of the
slow wave.

rank-deficient, yielding an unmixing matrix W that is almost singular. This
might happen when spike waveforms from two (or more) cells impinge on the
array with approximately equal power. Then the corresponding columns of
A will be linearly dependent, making it rank-deficient. Although these situa-
tions are rarely encountered in practice, inhomogeneities of the extracellular
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medium may affect spike amplitude roll-off, and consequently spike power,
as a function of the distance from the electrode (Plonsey, 1974). ICA also
requires at most one of the sources to be normally distributed and only allows
very small noise levels for faithful signal recovery (Comon, 1994).

2.3.2.2 More Sources Than Mixtures
In practice, the number of theoretically recordable neurons is larger than the
number of actually recorded ones, and the numbers of both are typically
larger than the number of electrodes (Buzsaki et al., 2004). In the latter case,
separating the spike train of each neuron from the observed mixture becomes
an undetermined system of equations in the BSS model. More important,
examination of the observed signals reveals that the contaminating noise is
predominantly neural with considerable temporal and spatial correlation, even
for spontaneous activity. An example can be seen in Figure 2.12 in which a
snippet of spontaneous activity recorded using an array of four electrodes in
the dorsal cochlear nucleus (DCN) of an anesthetized guinea pig is illustrated
(Figure 2.12(a)). Figure 2.12(b) demonstrates that channels with an apparent
lack of detectable spiking activity (e.g., channel 1) exhibit power spectra that
are typical of colored noise processes and that significantly overlap with the
signal spectrum (e.g., channel 4). In Figure 2.12(c), evidence of spatial noise
correlation among channels can be clearly seen for both spontaneous and
stimulus-driven activity.

In general, it is impossible to recover a P-dimensional vector from an M-
dimensional mixture when M < P. However, it is interesting to study the case
when each of the spike trains Sp is kp-sparse. As before, the spike train of
neuron p can be expressed in terms of basis vectors as

Sp =
K∑

k=1

ckpϕk (2.28)

where now the ϕk’s are elements of an overcomplete dictionary of size K > N .
In matrix form,

S = C	 (2.29)

C is the P × K coefficient matrix. We note here that the size of the dictionary
K is much greater than N or P but that 	 is selected to make C as sparse as
possible.

An estimate of the noise-free observations can be expressed (using
Eqs. (2.19) and (2.20)) as follows:

Y = X̂ = AC	 (2.30)
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It is worth examining the M × K product matrix AC in the case where C
is sparse. From the formulation in Eq. (2.29), each of the P rows of C will
have only kp 	 K entries that are nonzero. This observation can be used
to sequentially estimate the signal subspace spanned by the columns of the
mixing matrix A. More precisely, assume

{
kp

}
to denote the set of nonzero
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FIGURE 2.12

(a) Sample 100-ms trace of spontaneous 4-electrode recordings in the dorsal cochlear
nucleus of an anesthetized guinea pig. (b) Estimated power spectrum of the data in
(a) using Welch’s averaged periodogram method. (c) Spike amplitude roll-off and noise
correlation along the array for the data in (a). Stimulus-driven data were collected under
white noise stimuli.
Source: Adapted with modifications from Oweiss (2006).

entries of the kp-sparse vector cp. For each entry in this set, the eigenvectors
of Y can be calculated using SVD:

Y k = UkDkV T
k =

M∑
i=1

λk
i uk

i vkT

i k ∈ {
kp

}
(2.31)

The columns of the eigenvector matrix Uk span the column space of
Yk , which is the same space spanned by the columns of the M × K outer
product matrix ApcT

p , while the columns of V T
k span the row space of Yk . An

important condition is to have kp <M.
To separate the sources, we can formulate a search algorithm that first sorts

the sparse entries in each row of C in descending order of magnitude and then
uses these to select the bases from	 that best model the signal Sp. These bases
are subsequently rank-ordered based on the degree to which they are able to
preserve the signal subspace spanned by columns of A. For example, when
P = 1, A is a single-column matrix. We therefore need to select a set of best
bases, �p ⊂	, where the dominant eigenvector set uk

1, k ∈ {
kp

}
, computed

using Eq. (2.31) is “the closest” to the single-column matrix A for each k.
This amounts to finding the nearest manifold to the true one expressed by
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the matrix A. The associated dominant eigenvalue set, λk
1, k ∈ {

kp
}
, is sorted

in decreasing order of magnitude to rank-order the basis set �p. We refer to
this approach as the multi-resolution analysis of signal subspace invariance
technique, or MASSIT. It was proposed in brief form in Oweiss and Anderson
(2001a,b), and detailed in Oweiss (2002c) and Oweiss and Anderson (2007).

We demonstrate the ability of the MASSIT algorithm to separate spike
trains from multiple neurons through a number of examples. In each exam-
ple, the dominant eigenvalue was calculated according to Eq. (2.31). The
eigenvalues were assembled in a single K-dimensional vector, λ1, and sorted
in descending order of magnitude. A threshold was selected based on a statis-
tical significance test calculated from the difference between adjacent entries
in that vector. Basis indices corresponding to λ1 entries above the threshold
were selected as candidates for the best basis set �p ⊂	. Each candidate basis
was included in �p if the �2 norm

∥∥uk
1 − Ap

∥∥
2, k = 1, . . . ,K was minimized.

An initial estimate of Ap was obtained from k = 0 in Eq. (2.31) which is guar-
anteed to span the signal subspace if at least one spike event is present in the
observation interval.

Figure 2.13 illustrates an example of this strategy for the case where M = 4,
P = 1. Here Y = X̂1 = A1ST

1 and therefore it was sufficient to examine the
principal eigenmode to estimate the signal vector.
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(a) Data snippet from a single source distributed across four channels (M = 4, P = 1).
(b) Dominant eigenvalue vector, λ1, sorted in decreasing order of magnitude. Significant
entries are illustrated above the threshold (dashed line). (c) Distribution of the eigenvector
uk

1 across bases (projected onto its dominant principal component, n = 100 samples).
(d) True and estimated mixing matrix (A is single column). (e) (bottom): True and
reconstructed waveform using Eq. (2.26) (with the noise covariance inverse being the
identity matrix); (top): True and reconstructed waveform using the second eigenvector.
In this case, the second eigenvector spans the noise subspace.

Figure 2.14 illustrates the case where M = 4, P = 2. The distribution of
the dominant eigenvector across nodes shows two distinct clusters, indica-
tive of the presence of two sources. The reconstructed waveforms are clearly
distinguishable from each other, even though one of them has a relatively
higher MSE.

In Figure 2.15, an example with M = 4, P = 3 is illustrated. The distribu-
tion of the dominant eigenvector across nodes demonstrates the existence of
three clusters, albeit one of them is not as highly probable as the other two.
This contributes to a larger MSE in its estimate as shown in the middle panel
of Figure 2.15(f). Additional information about this source is extracted by
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(a) Data snippet from two sources distributed across four channels (M = 4, P = 2).
(b) Dominant eigenvalue vector λ1 sorted in decreasing order of magnitude. Significant
eigenvalues are illustrated above the threshold (dashed line). (c) Distribution of the
dominant eigenvector uk

1 across bases (projected onto its dominant principal component,
n = 100 samples). (d) and (e) True and estimated mixing matrix. (f) True and
reconstructed spike waveforms using the two clusters of dominant eigenvectors.

repeating the analysis for the second dominant eigenvector. The estimate of
that source can be obtained with a high degree of fidelity (Figure 2.15(i)).

Figure 2.16 demonstrates the more complex case of an undetermined
system with M = 2 and P = 3. Here the principal eigenvectors are clus-
tered into three disjoint clusters. Two sources were reasonably recovered
(Figure 2.16(g)), while the first source was not. A possible explanation is
the significant correlation that exists between spike waveform shapes and the
fact that the basis used (symlet4) was not optimally selected to sparsify all of
them simultaneously. Despite this diminished performance, the reconstructed
waveforms can be reasonably distinguished from each other, which is our
ultimate objective.
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Compared to other BSS approaches, the MASSIT algorithm has a number
of advantages: First, it can be generalized to any number of sources as long as
the dictionary K is large enough. In theory, an upper bound on the number of
sources that can be separated using this approach is P ≤ M × K . In practice,
the quality of separation depends on the noise level and the degree of corre-
lation between spike waveforms. The MASSIT algorithm can be viewed as a
BSS algorithm that separates the subset of sources with the most sparse repre-
sentation along the direction of a particular basis (fixed k). Alternatively, for a
given source (fixed p), it can be viewed as a pattern recognition algorithm that
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(a) Data snippet containing three events from three sources distributed across four
channels (M = 4, P = 3). (b) Dominant eigenvalue λ1 sorted across nodes in decreasing
order of magnitude. Significant eigenvalues are illustrated above the threshold (dashed
line). (c) Distribution of the dominant eigenvector uk

1 across bases (projected onto its
dominant principal component, n = 100 samples). (d) and (e) True and estimated mixing
matrix. (f) True and reconstructed waveforms using the two most probable clusters of
principal eigenvectors in (c). (g) Distribution of the second dominant eigenvector uk

2 across
bases (projected onto its dominant principal component, n = 100 samples). (h) True and
estimated mixing matrix (i) True and reconstructed waveforms using the most probable
cluster of second principal eigenvectors in (g). The first source was successfully recovered.

extracts source features along the direction of a specific set of bases, �p ⊂	,
for which the signal subspace spanned by the corresponding columns of A
remains invariant. These features are the set of eigenvalues

λ
�p{1}
1 > λ

�p{2}
1 > · · ·> λ�p{kp}

1 such that k = argmin
p

∥∥∥uk
p − Ap

∥∥∥ (2.32)
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FIGURE 2.16

(a) Data snippet containing three events from three sources distributed across two
channels (M = 2,P = 3). (b) Dominant eigenvalue λ1 sorted across nodes in decreasing
order of magnitude. Significant eigenvalues are illustrated above the threshold (dashed
line). (c) Distribution of the dominant eigenvector uk

1 across bases (projected onto its
dominant principal component). (d), (e), and (f) Estimate of the mixing matrix. (g) True and
reconstructed waveforms using the most probable clusters of principal eigenvectors in (c).
Despite that waveforms were recovered with variable degrees of accuracy, a considerable
degree of separability between the waveforms is preserved, given the complex waveform
shape in (a).

The sparsity introduced by the overcomplete basis representation in the N-
dimensional space leads to a considerable dimensionality reduction of the
observed mixture in the M-dimensional space. This compensates for the fact
that M 	 N , which does not permit the use of 2D bases to sparsify both space
and time as in image processing applications. It also permits enlarging the
separation between the signal and noise subspaces by separating the signal
coefficients from the noise coefficients. Because the representation of the
spikes is not unique in an overcomplete basis, the ultimate goal is selecting
the representation that maximizes the separability between spike classes by
learning the data manifold in the selected basis (as opposed to selecting the
ones that best reconstruct the spike).

2.4 PRACTICAL IMPLEMENTATION
Algorithms for spike detection and sorting have been in existence for over
20 years. Despite being already extensively studied, recent advances in large-
scale neural recording using chronic implantable microelectrode arrays have
renewed interest in exploring new algorithms. This is particularly the case
for cortically controlled neuroprosthetic and BMI applications in which spike
detection and sorting must be carried out in real time to permit instantaneous
decoding of spike trains (Isaacs et al., 2000; Wessberg et al., 2000; Serruya
et al., 2002; Hochberg et al., 2006; Velliste et al., 2008) and neuromodula-
tion and neurostimulation (Kringelbach et al., 2007; Lehmkuhle et al., 2009;
Nagel and Najm, 2009; Lega et al., 2010). In a pristine lab environment, com-
putational resources with close to real-time performance are readily available
to perform these tasks. However, many of these applications are intended for
clinical use in which these tasks have to be implemented in fully implanted
hardware platforms that process an ever-increasing number of data channels.

Here we are faced with yet another challenge to spike detection and sorting
in clinically viable BMI systems. First, to be implantable these systems have
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to be very small, dissipate very low power in the surrounding brain tissue, and
feature wireless communication to the outside world to minimize any risk
of infection and discomfort to the patient. State-of-the-art systems, however,
fall short of fulfilling these requirements because spike sorting on chip is
computationally prohibitive while the alternative of transmitting the high-
bandwidth spike data for off-chip sorting requires hardware platforms that do
not conform to the strict constraints of implantable systems and that incur
significant latency in the system as a whole.

In exploring the numerous techniques for extracting this information from
the sparse spike representation, one important constraint is that the com-
putational complexity of obtaining this representation has to scale linearly
or sublinearly with the number of electrode channels and the length of the
observation interval. Fortunately, the lifting approach for discrete wavelet
transform computation fulfills this requirement because efficient architectures
can be designed using size/power-optimized computational engines that can
be sequentially reused to process a number of electrode channels in real time
(Oweiss et al., 2007).

Sparse models of neural spikes, as in equation Eq. (2.15), can be extended
to sensible signal models when the coefficients in the K × 1 vector c are sorted
in decreasing order of magnitude and are observed to follow a power law. If
this is the case, one key design principle is to extract the minimum amount of
information sufficient to classify the spikes by retaining only the coefficients
that provide maximum separability between spike classes (Oweiss, 2006;
Aghagolzadeh and Oweiss, 2009).

To explore this idea further, we define a set of thresholds, THp for p =1,… ,
P, for the sensible signal models that we want to discriminate.These thresholds
(referred to herein as sensing thresholds) enable expressing the classification
problem as a series of P binary hypothesis tests similar to Eq. (2.1). More pre-
cisely, neuron p is declared present in subband k if the alternative hypothesis
Hk

1 is in effect (i.e., the corresponding entry in c surpasses THp). For adequate
selection of THp, coefficients representing spikes from other neurons have to
fall under the null hypothesis Hk

0 . It can be shown that the distance between
the P hypotheses under the sparse representation is preserved based on the
Johnson-Lindenstrauss lemma (Johnson and Lindenstrauss, 1984).

To quantitatively assess the performance of this strategy, we define spike
class separability as a function of the number of coefficients retained per
event:

� = Between Cluster Separability

Within Cluster Separability
= �B

�W
(2.33)
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for a set of clearly isolated clusters χk , where χk ≤ P. The between-cluster
separability is given by

�B =
K∑

k=1

∑
x∈χk

∑
y�∈χk

‖ x − y ‖

|χk| ∑
k �=j

|χj| (2.34)

where |χk| equals the number of elements in cluster χk , and x and y are ele-
ments from the data. The quantity in Eq. (2.34) provides a factor proportional
to the overall separation between clusters. For improved separability, a large
�B is desired. On the other hand, the within-cluster separability is defined as

�W =
K∑

k=1

∑
x∈χk

∑
y∈χk

‖ x − y ‖
|χk|(|χk| − 1)

(2.35)

and is proportional to the overall spread within individual clusters. For
improved separability, a small �W is desired. Therefore, a large � indicates a
greater overall separability.

An example of this approach is illustrated in Figure 2.17. Here we used a
complete basis set for which K = N (overcomplete basis, for example using
the discrete wavelet packet transform DWPT (Coifman and Wickerhauser,
1992; Oweiss and Anderson, 2007), can also be used). Sensing thresholds
were set to allow only ‖c‖∞ = max

k
|ck| to be retained. Based on this criterion,

node 6 is an ideal candidate node for classifying events from neuron B. Its
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FIGURE 2.17

Strategy for using sensible signal models for sorting spikes from three units A, B, and C on
a single channel. Sparse representation of the spikes in the (a) noiseless and (b) noisy case
illustrated for the five wavelet decomposition levels (symlet4 basis) indicated by the binary
tree on the left. First-level high-pass coefficients (node 2) are omitted as they contain no
information in the spectral band of the spikes. Sensing thresholds are set to allow only one
coefficient/event to be retained in a given node. Any of nodes 4, 6, 8, and 10 can be used
to mark events from unit B, yet node 6 provides the largest overall separability from other
units’ spikes. A similar argument can be made for node 9 and unit A. When single-feature
separation is not feasible, joint features across nodes can be used, as illustrated by the
2D histogram in (c) for three units. When noise is present, the sensing threshold also
serves as a denoising threshold. Please see this figure in color at the companion web site:
www.elsevierdirect.com/companions/9780123750273
Source: Adapted from Aghagolzadeh and Oweiss (2009).

threshold is labeled THB because this particular node provides the largest
relative separation between this neuron’s events and events from the two
other neurons. Another example can be seen in which node 9 can be used to
mark events from unit A as it has the largest coefficient relative to those of
other units within this particular node.

http://www.elsevierdirect.com/companions/9780123750273/
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For a more strenuous evaluation, we applied this strategy to the exper-
imental data of Figure 2.7. We compared it to two types of analyses: (1)
manual, extensive offline sorting using hierarchical clustering of all features
in the data—this mimics a pristine lab environment with relatively unlimited
computational power; (2) automated, online pattern recognition using two
PCA scores with EM cluster cutting. The latter mimics online spike detection
and sorting with minimal user supervision. We computed a separability ratio
(SR), defined as the ratio of separabilities computed using Eq. (2.33) for a
binary hypothesis test, �{2}, along the direction of each basis. An SR ratio of
1 indicates equal degree of separability in both domains, while ratios larger
than 1 indicate superior separability in the sparse representation domain. This
later case implies that at least one unit can be separated in that node’s feature
space better than in the time domain’s feature space. We compared these SRs
to those of the PCA/EM features computed from the time domain.

The results of this analysis are illustrated in Figure 2.18. It can be seen
that there are four putative units (units 1, 2, 3, and 5) occupying clusters that
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FIGURE 2.18

(a) (left): Events from five experimentally recorded units, aligned and superimposed on top
of each other for comparison; (right) corresponding spike templates obtained by averaging
all events from each unit in the left panel. (b) PCA 2D feature space: Dimensions represent
the projection of spike events onto the two largest principal components: (left): unlabeled
feature space; (middle): clustering result of manual, extensive offline sorting using
hierarchical clustering with all features in the data; (right): clustering result using the two
largest principal components and online sorting using EM cluster cutting with Gaussian
mixture models (GMM). (c) Unit isolation quality of the data in (a). Each feature space in
columns A and C shows the separation in the 2D feature space obtained using the binary
hypothesis test in each node. The highest-magnitude coefficient that survives the sensing
threshold for each event in a given node is marked with the dark gray cluster in each panel.
The feature space of the sorted spikes using the manual, extensive offline spike sorting in
(b) is redisplayed in columns B and D (illustrated with the same grayscale color code as in
(b)) for comparison. For each node in the two class feature spaces (columns A and C) if
the dark gray cluster matches a single cluster from the corresponding panel in columns B
and D, respectively, this implies that the corresponding unit is well isolated in that node.
Using this approach, three out of five units (units 1, 2, and 4) were isolated with one sweep
in nodes 4, 6, and 9, respectively, leaving two units to be isolated with one additional
sweep on node 9’s second-largest coefficients. A sweep is obtained by cycling through all
nodes once, eventually removing the largest coefficients corresponding to a single isolated
cluster in a given node. In the first sweep, node 2 shows weak separation (SR = 0.45)
between units. Unit 4 has larger separability in node 4 (SR = 1.07). Units 1 and 2 are
isolated in nodes 6 and 9 with SR =1.15 and 1.51, respectively. Units 3 and 5 are
separated in node 9 with SR = 1.14. Please see this figure in color at the companion
web site: www.elsevierdirect.com/companions/9780123750273

A B C D

http://www.elsevierdirect.com/companions/9780123750273/
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largely overlap. In addition, there are significant differences in the cluster
shapes of these units between the manual, extensive offline sorting result and
the automated online PCA/EM result. The sparse representation approach,
on the other hand, permits each spike class to be identified in at least one
node. For example, cluster 1 appears poorly isolated from cluster 5 in the
time domain feature space, yet it is well separated from all the other classes
in node 6.

Another rather surprising result is illustrated in Figure 2.19, where it can
be seen that cluster separability monotonically increases as fewer signal coef-
ficients are retained per spike. This demonstrates that basis selection based
on optimizing classification outcome rather than optimal spike reconstruction
is more effective. In theory, this strategy enables separating a maximum of
M × K neurons if the L∞ norm criterion is satisfied (i.e., there is a sufficiently
large separation of coefficient magnitudes between spikes from different
units). Uniform distribution of neurons across channels also helps attain this
upper bound.

Figure 2.20 illustrates the performance for various SNRs, comparing sort-
ing based on sparse representation features to sorting based on time domain
features. Again, the performance demonstrates increased robustness of the
sparse representation approach to spike sorting compared to the time domain
approach.
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Quantitative analysis of spike class separability in the transform domain relative to that of
the time domain versus the number of coefficients retained (i.e., degree of sparsity). The
shaded area represents the standard deviation.
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Comparison of the ROC curves obtained for spike sorting performance using time domain
features (dotted lines) versus features obtained from the wavelet transform (solid lines) at
various SNRs.

2.5 DISCUSSION AND FUTURE DIRECTIONS
In this chapter, a genuine attempt was made to provide an in-depth presentation
of the problem of spike detection and sorting in extracellular neural record-
ings. Our main emphasis was to link the theoretical foundation that underlies
detection and classification of signals in noisy observations to the practical
considerations encountered in actual neurophysiological experiments.

For spike detection, we showed that the problem can be categorized based
on the availability of prior information about the spike waveform to be detected
and whether it is deterministic or stochastic. When the waveform is deter-
ministic, the detection problem relies completely on the characterization
of the probability distribution of the contaminating noise or, more specifi-
cally, on knowledge of its parameters (e.g., noise power). The matched filter
detector was shown to be optimal under these conditions. When the wave-
form is stochastic, the detection problem becomes more complicated because
knowledge of more parameters is needed. Specifically, we need to know the
parameters that individually characterize the spike and noise distributions.
Also needed is knowledge of the parameters governing how the spike and the
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noise covary together. We showed that, in the absence of prior knowledge,
the coherent energy detector provides a near-optimal solution. Performance
limits in each case were derived and compared to classical detection
methods.

We then provided an in-depth discussion of the spike sorting problem, how
it can be categorized, and the implications this categorization has on algorithm
design. In particular, we demonstrated that, when viewed as a pattern recog-
nition problem, an important condition for adequate separation of multiple
units is the presence of clear disjoint clusters that can be identified in the fea-
ture space with minimal user supervision, which in turn depends on a number
of factors such as unit stability, experimental SNR, and the effectiveness of
the preceding spike detection step. Such conditions, however, are rarely satis-
fied in practice, particularly in long-term chronic recordings with implanted
microelectrodes. Alternatively, spike sorting can be viewed as a blind source
separation problem, particularly when an array of electrodes (a minimum of
two are needed) is used to record the spikes. For the most part, this is useful
when clusters in the feature space do not have clear separation, reminiscent
of complex overlapping spikes that often result when two or more units fire
nearly simultaneously. The BSS approach was shown to be capable of sepa-
rating these complex events in a number of cases, provided that the individual
and joint statistics of the signal and noise are known.

When addressing both problems, we focused explicitly on the sparse rep-
resentation of spikes, as we believe this approach offers a good compromise
between often incompatible algorithm design goals. In particular, sparse repre-
sentation was shown to enhance the separation between the signal and noise
subspaces, permitting effective denoising and subsequent detection to take
place. It also allows reducing the dimensionality of the spike models in the N-
dimensional space to a much smaller k-dimensional subspace, where k 	 N
determines the degree of sparsity. This strategy also permits formulating the
classification problem of P neural sources as a nested series of P binary
detection problems. This feature is particularly desirable when streamlining
of the analysis is highly desired—for example, in BMI applications, where
real-time neural decoding is needed. In such a case, the suitability of imple-
mentation in low-power, miniaturized electronics that can be easily implanted
adds more appeal to this approach,particularly with an ever-increasing number
of electrode channels.

Spike sorting is of fundamental importance to neural decoding algo-
rithms that rely on simultaneously observed spike trains to estimate/predict
an underlying behavior from the collective ensemble activity. Some recent
work suggests that the inherent uncertainty and complexity of spike sorting
may preclude its use in decoding, and that tuning of individual neurons
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to behavioral correlates can be an alternative approach—or an additional
information channel—to neural decoding with or without waveform-based
spike sorting (Ventura, 2008; Fraser et al., 2009). The idea is that tuning
functions (or receptive fields) provide information about the tendency of a
particular neuron to modulate its firing rate above or below its baseline level
depending on the concurrent behavior. This approach is founded on a large
body of experimental studies demonstrating neuronal specific tuning to a myr-
iad of movement parameters such as direction (Georgopoulos et al., 1986),
velocity (Moran and Schwartz, 1999), acceleration (Serruya et al., 2003),
and endpoint (Carmena et al., 2003; Churchland et al., 2006). We note, how-
ever, that these tuning functions are typically obtained by averaging a large
number of responses collected over multiple repeated trials. In these trials,
animal subjects are operant-conditioned on specific tasks that require them
to “optimize” the shape of these tuning curves over repeated trials to trigger
reward actions. In contrast, single-trial responses in subjects performing voli-
tional motor control during naturalistic behavior are typically very “noisy,”
with significant variability over a multitude of time scales (see for example
Churchland et al. (2006) and Shadlen and Newsome (1998)).

While tuning functions may provide useful information about expected
firing rates (Ventura, 2009), there is growing evidence that the noisiness of
single-trial responses—also known as trial-to-trial variability—may reflect a
context-dependent encoding mechanism that is less predictable (Cohen and
Newsome, 2008, 2009; Kemere et al., 2008). This may be the result of, for
example, the presence of unobserved inputs (to the observed neurons) that
encode some other attention and cognitive aspects of the underlying behavior
that are hard to measure (Shadlen and Newsome, 1994; Rolls et al., 1997;
Chestek et al., 2007). On a global scale, these aspects may reflect not only
movement execution but also the involvement of motor cortical areas in higher
functions such as sensory-motor transformations, decision making, and motor
planning related to action execution (Rizzolatti and Luppino, 2001). On a
local scale, it may be the result as well of “recruiting” certain neurons with
no specific tuning preferences but which are necessary to shape the collective
response of the local population (Truccolo et al., 2010).

This provides an alternative account for the functional role of each neuron
as being more dynamic than what is overtly implied by the neuronal tuning
theory. In this account, the trial-to-trial variability rather reflects how the
neuron orchestrates task encoding in cooperation with other elements of the
ensemble (Eldawlatly et al., 2009; Aghagolzadeh et al., 2010), which is more
consistent with the Hebbian cell assembly hypothesis (Hebb, 1949). This may
explain the variability as being more dependent on the intrinsic and extrinsic
contexts that govern neuronal excitability (experience with the task, level
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of fatigue, and so forth) (Cohen and Newsome, 2008; Sorger et al., 2009).
An assessment of decoding results using a multivariate spiking model of
motor population encoding with mixed tuning characteristics suggests that
decoding without spike sorting maintains some information about movement
parameters on average, but it is fraught with large decoding errors in the
instantaneous case (Aghagolzadeh and Oweiss, 2009). It remains to be seen
how robust this method is to plastic changes in neuronal tuning over prolonged
periods of time.

With long-term, stable, chronic neural recording for which fully unsu-
pervised spike detection and sorting are ultimate objectives, one key to a
better understanding of the dynamics of trial-to-trial variability in a myr-
iad of experiments—whether spike-dependent or tuning-dependent—is the
ability to continuously record neural activity associated with a specific task
across a broad range of conditions. Such capability does not currently exist, as
most experiments provide only intermittent recording sessions because of the
need to tether the subject to the recording equipment for finite periods. The
practical implementation issues discussed in this chapter permit wireless con-
tinuous neural recording, and this should provide multiple avenues—in basic
neuroscience experiments as well as in clinical applications—for adequate
judgment of which spike sorting method is the best choice.

In summary, detection and classification of neuronal spikes is a very
important, yet very challenging, problem in the analysis of microelectrode
extracellular recordings. Its importance stems from the fact that all subse-
quent analysis of the neural data relies heavily on the reliability and accuracy
of both steps. Despite being invasive, microelectrode extracellular record-
ings still remain the gold standard for examining cellular resolution neural
activity, particularly in deep brain structures that cannot be assessed with non-
invasive methods such as two-photon imaging of calcium dynamics (Stosiek
et al., 2003). In contrast, other brain signal modalities such as surface elec-
troencephalographic (sEEG) signals that are much easier to collect are more
obscure in terms of the signal sources they originate from and are far more lim-
ited in terms of their spatial and temporal resolutions; moreover, their precise
encoding of external covariates is not well understood. This makes them hard
to model and consequently hard to detect or discriminate in a statistical sense.
Nevertheless, the theory and techniques reviewed here for spike detection
and sorting may be applicable to other neural signal modalities, perhaps with
a different set of constraints. More robust and autonomous spike detection
and sorting will probably be the overarching theme of next-generation algo-
rithms and associated hardware platforms, particularly in clinical applications
of brain–machine interface systems.
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CHAPTER

3Information-Theoretic
Analysis of Neural Data

Don H. Johnson
Department of Electrical and Computer Engineering Rice University, Houston, Texas

3.1 INTRODUCTION
Shannon’s classic work (Shannon, 1948) founded the field we know today
as information theory. His foundational work and enhancements made over
the years determine the ultimate fidelity limits that communication and sig-
nal processing systems can achieve. It is the generality of his results that
hallmarks information theory: No specific cases need be assumed or special
constraints imposed for information theory to apply, as the theory establishes
clear benchmarks for optimal performance behavior. Shannon’s work con-
centrated on digital communication, determining how well a signal can be
represented by a sequence of bits and how well bit streams can be commu-
nicated through a noisy channel. This chapter summarizes this well-known
theory. Most important for neuroscience, however, is Shannon’s more gen-
eral viewpoint that encompasses all communication and processing systems
regardless of whether the signals involved are bit streams, analog signals, or
spike trains.

Despite the unquestioned importance of Shannon’s ideas and results in
establishing performance limits, extending them to the analysis of real sys-
tems, which are probably operating suboptimally, is fraught with difficulties.
How does one examine measurements to determine how close to the limits
some particular system is operating? For man-made systems, such empirical
questions have limited utility: Instead of measuring, design the system cor-
rectly from the outset. However, for natural systems like the brain, how well
a system works is very relevant and for systems as overwhelmingly complex
and adaptive as the brain, there are no design guidelines other than evolu-
tion’s selective pressures. The somewhat vague question of how information
is encoded, can, in an information theory context, be refined into “What is the
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most effective way of representing acoustic or visual stimulus?” To analyze
an existing system, Shannon’s work suggests the quantities that can be used
to assess effectiveness but not how to interpret them or how they can be
measured. The latter issue is not a question of finding good measurement
techniques; a much deeper problem surfaces. The key information-theoretic
quantities—capacity and the rate-distortion function—are asymptotic solu-
tions to mathematical optimization problems where the givens are signal
and system models. How can we solve these problems when we don’t have
sufficiently detailed models? Furthermore, information theory is silent on
how to judge a given system’s performance on a general basis relative to
these milestones. Despite this quandary, information-theoretic tools have been
developed that can help interpret neural coding and processing.

Figure 3.1 shows the fundamental model underlying classic information
theory and how it can be translated to the neuroscience context. An informa-
tion source produces an information-bearing signal S that, from a neuroscience
perspective, is the stimulus. Note that we can take S to express some aspect of
the actual stimulus that results from previous neural processing. Consequent
of encoding, transmission and decoding are represented by Ŝ, the stimulus
estimate viewed here as the estimated information or percept. The signal
X represents—encodes—the stimulus to preserve the pertinent information
contained in the stimulus. Mathematically, we assume the encoder’s trans-
formation is invertible; otherwise, the information could never be accurately
inferred. In neuroscience, the encoder represents neural coding: how the stim-
ulus is represented in the firing pattern of one or more neurons. Note that the
encoder can involve preprocessing that removes some aspects of the stimulus,
thereby allowing the encoder to focus its resources.

Encoder

Information-Theoretic Model for Communications

Information-Theoretic Model for Neuroscience

Channel DecoderSource

S X Y

Encoder Neuron(s)
Stimulus
Decoder

Stimulus
Generator

�0

�1

S

FIGURE 3.1

The classic information theory model ubiquitously applied to communications problems is
shown as well as its translation to a neuroscience context. The extraneous signals χ0 and
χ1 represent a difference in the two models. In neuroscience, more than the signal of
interest is frequently also encoded and must be removed by subsequent processing.
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In the auditory system, for example, the cochlea serves as a bandpass filter,
which means that relatively narrowband acoustic signals are represented by
individual auditory-nerve fibers. In the visual system, receptive fields gather
visual signals from a specific region of visual space spatially filtered by the
receptive field. We can also have the situation wherein signals extraneous to
estimating the stimulus are encoded as well. The encoder’s output X we take
to be the instantaneous rate λ(t) of the neural discharges produced by a single
neuron or a population.

The encoded signal passes through the channel, which disturbs the signal
in such a way that the channel’s input X cannot be precisely determined from
its output Y . In neuroscience, the channel represents the conversion of an
instantaneous discharge rate into spikes, wherein “channel disturbances” arise
from the stochastic behavior of neural responses. A distinct difference between
communication systems and neural systems is that the channel may involve
processing of its own, suppressing irrelevant information (such as the signals
χ0 and χ1 in Figure 3.1) that helps subsequent processing systems focus on
important stimulus features. Current thinking is that attention mechanisms
are at work here, meaning that the focus attention is often adaptive. Here, Y
represents spike train(s), sometimes represented in neuroscience papers as the
response R (Borst and Theunissen, 1999). The decoder, which represents the
final processing stage, produces Ŝ, an estimate of the stimulus. Unfortunately,
whether Ŝ can be measured or not is unclear in the neuroscience context. In
neural recordings, how does one show that the recordings represent a percept
and not some intermediary? Can Ŝ be gleaned only from psychophysical
measurements? Despite not having Ŝ available, information theory can make
statements about the ultimate achievable quality of the signal estimate.

This chapter defines the fundamental quantities of classic information the-
ory and discusses some of the empirical and philosophical problems that
occur. The dominant theme is that, while Shannon’s entropy, mutual informa-
tion, and capacity define fundamental communication and processing limits,
these quantities have limited utility in analyzing neural data. We then turn
to a somewhat different way of looking at neural systems that embraces new
information-theoretic quantities, not the classic ones.

3.2 THE ENCODER
The first stage in the basic model (Figure 3.1) is the encoder that, in a well-
designed system, presumably represents an effective (and efficient) way of
converting the stimulus into a signal that can be transmitted through the
channel. A fundamental assumption of information theory is that all stimulus
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signals are stochastic and described by their probability distribution pS(s).
Furthermore, this signal is the information, which means that information is
a stochastic quantity. At first look, this assumption would seem to be accept-
able, but does it impact experimental design? Does the experimenter need
to “randomize” the sequence to apply information-theoretic results? More
on this issue once information theory’s viewpoint becomes clearer. What
is already clear is that an encoder, when faced with representing its input
as it comes, cannot depend on whether the stimulus is randomized or not.
Encoders do depend on stimulus complexity: More complex signals require
more encoder resources to represent them accurately. In classic information
theory, complexity is directly related to the entropy of the stimulus probability
distribution.

Let S be a stimulus that can be one of M values, S ∈ {s1, . . . ,sM }, and let
P(sm) denote the probability with which each stimulus occurs. The entropy
of the stimulus, H(S), is defined according to

H(S)
�= −

∑
m

P(sm) log2 P(sm) (3.1)

By using base-two logarithms, we express entropy in units of bits. Entropy
must be non-negative: It equals zero when one stimulus has unit probability
and achieves its upper bound—log2 M—when all stimuli are equally likely.
Also, when Shannon defined entropy as a measure of stimulus complex-
ity in his classic work, he sought a formula that had the so-called additive
property: If a source consists of two statistically independent random vari-
ables, the complexity should equal the sum of the individual complexities.
He showed that the entropy formula (Eq. (3.1)) uniquely satisfies this and
other properties. Entropy generally characterizes stimulus uncertainty: The
greater the entropy, the greater the uncertainty (the more uniform the stimulus
probabilities) in a logarithmic fashion. But because discrete-valued stimulus
sets usually consist of a predetermined selection of continuous-valued signals
(such as a series of sinusoidal gratings at several distinct spatial frequencies,
orientations, and contrasts), entropy does not in fact express stimulus com-
plexity. Stimulus set entropy depends only on stimulus probabilities, not on
the nature of the component stimuli. This discrepancy illustrates the first (but
not the last) mismatch in translating information theory into neuroscience’s
domain.

Shannon showed that entropy provides an operational bound on the mini-
mum length (number of bits) of any binary code needed to accurately represent
the stimulus index.
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Source Coding Theorem. The smallest number of bits B required to represent a
discrete-valued stimulus S without incurring decoding errors satisfies

H(S)≤ B< H(S)+ 1 (3.2)

The lower bound in the source coding theorem defines a fundamental limit:
If fewer bits than stimulus entropy are used, at least one stimulus having
a nonzero probability cannot be correctly decoded, even if communicated
via a noiseless channel. The upper bound means that no more than one bit
beyond entropy need be used to have a decodable source coding algorithm.
In this way, entropy has taken the role of assessing the demands a stimulus
set makes on an encoder, which in turn must be related to stimulus uncer-
tainty. For the reasons just outlined, this interpretation has little application in
neuroscience. First of all, this result assumes that the decoder knows a priori
what the stimulus set is, allowing it to decode the index and relate that index
to the correct stimulus component. Second, sensory system encoders, such as
the cochlea in the auditory system and the eye in the visual system, do not
change their characteristics depending on the experimental situation. Instead,
their representational abilities are honed to the complexity of naturally occur-
ring signals, not to the uncertainty of particular stimulus sets. Consequently,
the way entropy is used in information theory does not measure stimulus
complexity from a neuroscience viewpoint.

Unfortunately, extending the definition of entropy to the case of
continuous-valued stimuli (a piece of music, for example) proves problem-
atic, so much so that the revised definition has a different name and symbol
to distinguish it from the definition for discrete stimulus sets. The so-called
differential entropy is defined for continuous-valued random variables anal-
ogously to the definition of entropy given above for discrete-valued ones.

h(S)
�= −

∫
pS(s) log2 pS(s)ds (3.3)

While the entropy of a discrete-valued random variable is always non-
negative, differential entropy can assume any real value, positive or negative.
For example, the differential entropy of a Gaussian random variable (having
mean m and variance σ 2) equals 1

2 log2 2πeσ 2. Depending on whether 2πeσ 2

is greater than or less than one, the differential entropy can be positive or
negative, even zero if the variance precisely equals 1/2πe. Moreover, when
the stimulus is continuous-valued, the source coding theorem cannot apply:
The number of bits required to encode a continuous-valued quantity without
error must be infinite, regardless of the underlying probability distribution.



80 CHAPTER 3 Information-Theoretic Analysis of Neural Data

Consequently, the differential entropy has decidedly less importance in
information theory and, as we shall show, introduces ambiguity in using
entropy in neuroscience problems.

Several potential roles for entropy have been sought in neuroscience. For
example, can we use entropy to determine when a neural signal is represent-
ing information and, by extension, can we determine the complexity of the
represented stimulus by measuring the entropy of the response? For efficient
information-theoretic encoders—those that encode a discrete-valued stimu-
lus and obey the source coding theorem—this idea works: The entropy of an
encoder’s output comes within a bit of the source entropy. However, spike
trains are not bit sequences, which brings to the fore an even more basic
dilemma: How do we calculate the entropy of a spike train?

Neural discharges recorded from sensory systems can be well described
as stochastic point processes (Johnson, 1996), which are complicated mathe-
matical objects, described by the joint distribution of event times (continuous
variables) and the number of events that occur (a discrete random variable).
The entropy of a point process can be defined (McFadden, 1965), but issues
arise because of the mixed continuous-discrete random variable character of
joint probability distribution. First of all, since spike times are continuous
variables, the source coding theorem certainly does not apply to encoders that
vary spike times to represent stimuli.But even applying entropy to spike trains
encoded by rate codes, wherein the number of spikes occurring in some time
interval is all that matters, is problematic. Consider a Poisson process having
a constant rate λ over the interval [0,T). The probability distribution of this
process can be written two ways, both of which express the fact that, in a rate
code, event times do not matter.

• The probability distribution of the number of events that occur, N{0≤t<T},
is given by

pN{0≤t<T}(n) = (λT)ne−λT

n!
(3.4)

The event count is a discrete-valued random variable and its entropy is
non-negative. Using Eq. (3.1) to calculate the entropy yields

H(N{0≤t<T})= λT(1 − lnλT)− E [lnN! ]

ln2

The expected value E [lnN! ] has no closed-form expression but is easily
computed numerically. According to this result, the greater the event rate,
the greater the entropy regardless of what the spike train represented.
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• The joint probability distribution of the number of events and the event
times equals

pw,N{0≤t<T}(w,n)= λne−λT (3.5)

Here, w = [w1, . . . ,wN{0≤t<T} ], 0 ≤ w1 ≤ w2 ≤ ·· · ≤ wN{0≤t<T} ≤ T , is the
vector of event times. The fact that the joint distribution does not depend on
event times indicates that they do not matter. Because this joint distribution
contains both discrete- and continuous-valued random variables, we must
use both entropy (Eq. (3.1)) and differential entropy (Eq. (3.3)) formulas.
Accordingly,

h(w,N{0≤t<T})= λT(1 − lnλ)

ln2

which is an expression significantly different from the first.

Because these two models describe the same stochastic process but cannot
be described by the same entropy function, entropy cannot be defined unam-
biguously for Poisson processes and, for that matter, any point process. Thus,
entropy stands out from other common manipulations of probability distri-
butions: Regardless of which model is used, the same results obtain for the
expected number of events, the variance, the maximum-likelihood estimate
of λ, and the accompanying Cramér-Rao bound.

Measuring entropy from spike train recordings encounters a similar prob-
lem. The standard approach to spike train analysis is to segment the time axis
into a sequence of abutting bins of duration �t and count how many events
occur in each bin (Johnson, 1996). This approach amounts to an analog-
to-digital converter for spike trains. Assuming a small bin duration, either
one or zero spikes occur in each bin, which means that the spike train has
been converted into a Bernoulli (binary-valued), discrete-time random pro-
cess. Under a Poisson model for the spike train, the probability of a spike in
a bin equals λ�t. Since a Bernoulli random variable is discrete-valued, its
entropy can be computed according to (Eq. (3.1)). Moreover, since the event
occurrence in each bin is statistically independent of the others under the
Poisson model, the entropy of the spike train can be found by simply adding
the entropies of the individual bins. Accordingly, for small values of λ�t, we
obtain

H(N{0≤t<T})≈ λT(1 − lnλ)− λT ln�t

ln2
. (3.6)
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This result most closely resembles the differential entropy consequent of the
second model, but it is always positive since it is the entropy of a discrete-
valued variable. However, the dangling ln�t term means that the result
depends on bin width and diverges in the small bin width limit, becoming
infinite asymptotically. Note that this bin width term cannot be removed
by normalization. Similar results emerge when non-Poisson processes are
considered.

With three different answers for the entropy of a simple point process, we
must question the utility of using entropy alone to characterize the “infor-
mation” conveyed by neural responses. More fundamentally, when analyzing
information flow, no rule governs how the entropy of a signal changes as it
passes through a system: Examples show that entropy can increase, decrease,
or stay the same.1 Thus, when entropy changes do occur, they cannot be
interpreted to mean that information has been extracted or inserted.

One viable application of entropy to spike train analysis is testing for statis-
tical independence of simultaneous recordings. If Y = [Y1, . . . ,YN ] represents
recordings from N neurons, the joint entropy can be no larger than the sum
of the component entropies, the result that obtains when the recordings are
statistically independent.

H(Y) ≤
∑

n

H(Yn)

This holds for differential entropy as well and, regardless of how the spike
trains are digitized, this property summarizes statistical dependence. Another
way of stating this property is that statistical dependence reduces entropy. The
result is quite powerful: Joint entropy equals the sum of individual entropies
if and only if the underlying quantities are statistically independent. However,
one should not conclude that statistically independent responses best represent
stimuli. As shown subsequently, more penetrating analyses using measures
other than entropy show that such simple interpretations are not correct.

The most commonly used entropy estimation method is the “direct
method,” in which the number of spikes that occur in each bin are taken
to be the values of discrete-valued random variables. The method then forms
“words”—a sequence of bits—from these values both over time and across
jointly recorded neurons. The probability of a word occurring is estimated with

1 Consider a Gaussian process passing through an amplifier. Passing a signal through a noiseless
amplifier should not affect its information content. However, since the amplifier’s gain affects the
variance, the expression for a Gaussian random variable’s entropy given earlier shows that it can
increase or decrease.
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a simple histogram, and the quantity of interest is calculated by “plugging” the
estimated distributions into the desired formulas (Strong et al., 1998). Many
of these estimators have significant bias and variance. We have seen that the
choice of bin width directly affects the measured entropy value, which means
that comparing one response’s entropy with another must be done carefully.
Several lines of work have attempted to reduce these effects. Paninski (2003)
provides a nice discussion of estimator quality. A number of methods devised
by the neuroscience community to estimate entropy are generally customized
to deal with different experimental scenarios (repeated trials versus many
single trials, for example) and types of signals (binned spike times versus
continuous spike times or nonspike waveforms). Victor (2006) provides a
thorough review of the many different estimation methods.

3.3 THE CHANNEL
Much more interesting to neuroscience is the way information theory char-
acterizes the channel, especially its ability to convey information despite the
disturbances it introduces. The channel’s input-output relation is defined by
the conditional probability distribution pY |X(y|x). Shannon’s characterization
of a channel begins by defining the mutual information between two jointly
defined random quantities, X and Y . It has similar forms for both discrete-
and continuous-valued versions, exemplified here in integral form.

I(X;Y)=
∫∫

pX ,Y (x,y) log2
pX ,Y (x,y)

pX(x)pY (y)
dx dy (3.7)

The discrete version can be obtained by replacing the integration by sum-
mation over the values taken by the channel’s input and output.2 Again,
mutual information has units of bits because of the base-two logarithm. In
both discrete and continuous versions, mutual information is non-negative
and its properties are much less sensitive to the nature of the random vari-
ables. This expression can be simplified by writing it as the difference of
two entropies, which also has the effect of making explicit the channel’s

2 In this and subsequent expressions, we are deliberately vague as to what kind of entities x and y
represent. These expressions and the properties of the information-theoretic quantities thus defined
do not depend on such details: They could represent scalars, vectors, or stochastic processeswithout
affecting the results.
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input-output relationship.

I(X;Y)=
∫∫

pY |X(y|x)pX(x) log2
pY |X(y|x)

pY (y)
dx dy = h(Y)− h(Y |X) (3.8)

Here, the so-called conditional entropy h(Y |X) is defined to be

h(Y |X) �= −
∫

pX(x)

(∫
pY |X(y|x) log2 pY |X(y|x)dy

)
dx

Writing mutual information as the difference of entropies (Eq. (3.8)) shows
that it depends on both the channel’s input-output relationship and the proba-
bility distribution of the input. The dependence on the input is disguised: The
probability distribution of the output pY (y) equals

∫
pY |X(y|x)pX(x)dx, show-

ing that h(Y) depends on both the channel’s characteristics and the input’s
probability distribution. The mutual information can be interpreted as the
reduction of entropy (uncertainty) in the output because of its relationship to
the input via the channel. Loosely speaking, mutual information indicates how
much information is shared between the input and the output, an interpretation
that gives rise to its name.

Because of its dependence on the input, mutual information does not sum-
marize the behavior of the channel. The mutual information between the
stimulus and a response depends on neural processing, the stimuli, and the
stimulus probabilities. Especially when the stimulus set is chosen accord-
ing to probabilities determined by the experimenter, mutual information does
not constitute an objective measure of information processing relevant to the
organism’s ecological behavior. Returning to the mathematics, if the output
does not depend on the input, which makes the output statistically independent
of the input, h(Y |X) = h(Y), this case becomes one that minimizes mutual
information. If the output equals the input (the input and output are maxi-
mally dependent), maximum mutual information results. Aside from these
information-theoretic interpretations, mutual information is a powerful mea-
sure of statistical dependence between two random variables. I(X;Y) = 0 only
when X and Y are statistically independent, and it achieves its maximal value
when X = Y : I(X;X) = H(X) in the discrete-valued case and I(X;X) = +∞
in the continuous-valued case. Thus, mutual information completely charac-
terizes the degree of similarity between the statistical properties of two random
quantities.

The difficulties in reconciling entropy between discrete- and continuous-
valued cases do not carry over to mutual information. To illustrate, perhaps
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the simplest model for a rate code has a constant rate λ serving as the input to
a Poisson process generator. To calculate the mutual information, we assume
that the event rate is a random variable having the probability distribution
pλ(λ). We can interpret both mathematical descriptions for the neuron’s
input-output relationship (Eqs. (3.4) and (3.5)) as being pN{0≤t<T}|λ(n|λ) and
pw, N{0≤t<T}|λ(w,n|λ), respectively, with λ now a random variable. In contrast
to entropy, the same, but difficult to evaluate, result emerges from using either
description.

I(λ;N{0≤t<T})=
∞∑

n=0

∫
(λT)neλT

n!
pλ(λ) log2

λne−λT∫
αne−αT pλ(α)dα

dλ

This result can also be derived from the Bernoulli approximation used to
derive Eq. (3.6) as the inherent bin width–related error that plagues entropy
estimates does not carry over to mutual information: The offending bin width–
related term in Eq. (3.6) cancels because mutual information equals the
difference of entropies (Eq. (3.8)). When the rate is allowed to vary with
time as a stochastic process, the expression for mutual information is much
more complicated (Brémaud, 1981).

Shannon sought a fundamental quantity that characterized the channel
regardless of the input. One way to eliminate the dependence of mutual
information on the input’s probability distribution is to optimize mutual infor-
mation over all input probability distributions. Maximizing in this way yields
the channel capacity, a fundamental quantity that characterizes any channel.

C = lim
T→∞ max

pX (·)∈C

1

T
I(X;Y) (3.9)

As mutual information usually increases proportionally with the length of the
observation interval, we divide by T , which results in capacity having units of
bits/second. The maximization is usually restricted to probability distributions
for the channel input that has characteristics defined by the constraint class C .
For example, in neuroscience we might want to constrain the spike rate to lie
within some range.

In his landmark 1948 paper, Shannon showed that the channel capacity
captures everything required to determine when a digital communications
channel conveying an encoded source sequence at a rate of R bits/second can
reliably communicate information.
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Noisy Channel Coding Theorem. If the data rate produced by a discrete-valued
source and its encoder is less than capacity ( R< C), there exists a channel
coding scheme so that all errors incurred in the transmission of information
can be corrected. Furthermore, the converse is true: If R > C, no scheme can
prevent errors from occurring.

The converse makes capacity a fundamental quantity: Capacity uniquely
defines a sharp boundary between reliable (error-free) and unreliable digital
communication. In conjunction with the source coding theorem, Shannon’s
result completely determines (theoretically) when a discrete source can be
communicated over a digital channel without error. Results like this typify the
fundamental nature of information theory: that it defines the achievable limits
for communication and processing in general scenarios. Shannon’s proof of
the noisy channel coding theorem and the other proofs that followed are not
constructive: The channel coding scheme that results in reliable communica-
tion over an unreliable channel is not known to this day. The noisy channel
coding theorem is restricted to digital communication, which limits its gen-
erality. Later, we will show that capacity proves to be the important quantity
in a much broader range of circumstances.

As we shall see, to capture how well any neural code can express a
stimulus set, we need to know the capacities of a single neuron and of a
population. To calculate capacity for situations relevant to neuroscience, we
must model discharge patterns. The most common mathematical model is the
point process (Johnson, 1996), wherein the occurrence of a spike depends on
the stimulus and on when previous events from the same or other neurons
occurred. Considering first a single neuron, the point process’s intensity has
the general form μ(t;Ht), where Ht denotes the neuron’s discharge pattern
history (what occurred before time t). The intensity summarizes how dis-
charge rate at any moment depends on previous events and on the stimulus.
The simplest point process is the Poisson process, wherein the intensity does
not depend on previous events, allowing us to express it as an instantaneous
rate function: μ(t;Ht)= λ(t).

Despite the fact that most ecological stimuli are modeled by a continuous
probability distribution, laboratory experiments often (out of necessity) use
a finite set of test stimuli. Finding the capacity for a simple case illustrates
the problems induced by using such a random discrete-stimulus set. Again
consider the constant-rate Poisson channel model expressed by Eq. (3.4),
where the rate λ assumes one of M values. We can maximize mutual infor-
mation using a constraint set C that specifies the number of stimuli and
the rate range [λmin,λmax]. To maximize mutual information to find capac-
ity according to Eq. (3.9), we need to find the stimulus probabilities that
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achieve capacity. Stein (1967) solved this problem, finding that equally likely
stimuli are not optimal and that the rates should lie on an approximately
quadratic curve. However, his result depends on the number of stimuli (rate
levels) in a very nonlinear manner. Once the number of stimuli exceeds a
threshold number that depends on the rate range, the “extra” stimuli should
be assigned zero probability, which means that presenting them anyway
lowers mutual information from its maximal value (Johnson, 2002). Fur-
thermore, the capacity does not depend on which stimuli are selected. Thus,
just as with entropy considerations, imposing the discrete-stimulus model
on an information-theoretic analysis does not result in an approximation
to the more interesting and realistic situation with a continuous stimulus
distribution.

Fortunately, Kabanov (1978) derived the capacity of the single point pro-
cess channel, and Johnson and Goodman (2008) extended his result to the
multiple Poisson process case. Neither of these derivations restricted the prob-
ability distribution of the channel input to have any particular form (as was
done in Stein’s calculation). Kabanov imposed minimal and maximal con-
straints on the instantaneous rates: C = {μ(t;Ht) : λmin ≤ μ(t;Ht)≤ λmax}.
If the maximal rate were not constrained, the capacity would be infinite.
Note that this maximal rate equals the peak rate a given neuron can produce,
even though it may be only capable of doing so transiently. Otherwise, the
probability distribution of the input is not constrained: It could be discrete-
or continuous-valued and, more important, the input could be a stochas-
tic process. Kabanov found that C(1), the capacity of the single-neuron
channel, is attained by a Poisson process and is related to the constraints
according to

C(1) = λmin

ln2

[
1

e

(
λmax

λmin

) λmax
λmax−λmin − ln

(
λmax

λmin

) λmax
λmax−λmin

]

Typically, a neuron’s rate of discharge can dip to zero, making λmin = 0. In
this case, the expression for capacity simplifies greatly, and we frequently use
this result in subsequent expressions.

C(1) = λmax

e ln2
(3.10)

Frey (1991) showed that when the maximal rate varies with time, as it does
to describe a neuron’s response to a suddenly applied stimulus, Kabanov’s
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capacity result easily generalizes.

C(1) = 1

e ln2
lim

T→∞
1

T

T∫
0

λmax(t)dt

The input that achieves capacity is known as a random telegraph wave—that is,
a square wave that randomly switches between the minimal and maximal rates
in such a way that the probability of the input equaling λmax at any random
time is 1/e. This signal has infinite bandwidth, which may not be realistic for
neuroscience. Restricting the constraint class to band-limited rate variations
has only yielded capacity bounds without specifying the capacity-achieving
rate probability distribution (Shamai and Lapidoth, 1993).

Kabanov further showed that no non-Poisson process satisfying the
constraints can have a larger capacity. Our recent work elaborates this
result (Johnson, 2010), showing that more realistic point process models that
embrace refractory effects and other dependencies on previous events have a
strictly smaller capacity neatly given by the expression

C(1) = max
μ(t;Ht)∈C

E [μ(t;Ht)]

e ln2

where E [μ(t;Ht)] equals the expected value of intensity with respect to
all possible histories. For a Poisson process that has no history effects, this
quantity equals λmax. For more realistic models of single-neuron discharge
characteristics, the expected intensity is strictly less than λmax, thereby giving
a smaller capacity. For example, if absolute refractory effects occur (refrac-
tory interval �), the capacity under a maximal rate constraint of λmax is
given by

C(1) = 1

1 + λmax�
· λmax

e ln2
(3.11)

Capacity results are quite limited for multi-channel point processes that
describe the joint discharge characteristics of neural populations. In contrast
with Kabanov’s general single point process result, multi-neuron results are
confined to jointly Poisson process descriptions of a restricted type (Johnson
and Goodman, 2008). Two issues arise in an information-theoretic analy-
sis of a population’s capacity. The first is input innervation: Do the neurons
comprising the population have individual innervation, do they share a sin-
gle common input, or do they have a combination of the two? Secondly,
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are there lateral connections among the population’s members, inducing
connection-dependent statistical dependencies unrelated to the stimulus?
Interestingly, when no lateral connections exist, input innervation (at least
for the two extreme cases) does not affect the capacity result. For a popula-
tion of N neurons, each of which is modeled as a Poisson process having a
maximal firing rate ofλmax, the population capacity C(N) simply equals NC(1).
Thus, the capacity is simply proportional to the population size, which, we
will learn subsequently, makes a population far more capable than a single
neuron of encoding a stimulus to a high degree of fidelity. When lateral con-
nections among population members do exist, capacity depends on the degree
of connection-induced correlation and on the input innervation. If a common
input serves the population, increased coupling between neurons results in a
capacity smaller than NC(1). However, if each neuron has its own input, a dif-
ferent result emerges: Capacity increases with increased coupling, attaining
values that can double it from the uncoupled baseline.

This last result puts on a sound theoretical basis the empirical finding that
correlated populations can express information better than a population of
independently functioning neurons (Brenner et al., 2000; Reich et al., 2001;
Schneidman et al., 2003; Latham and Nirenberg, 2005): From an information-
theoretic perspective, the whole can be greater than the sum of its parts. In
neuroscience, “synergy” means that C(N)>NC(1); “redundancy” means that
C(N)<NC(1). For the Poisson population model, synergy and redundancy
depend on both innervation and lateral connections. Only these extremes
of innervation were considered by Johnson and Goodman (2008); whether
synergy can be sustained with partial sharing of inputs was not determined.
Another issue is the jointly Poisson assumption made in this work. It can
be shown that jointly Poisson processes cannot be negatively correlated, a
situation seen in many neural systems. Consequently, extrapolating the Pois-
son result to more realistic descriptions of population discharges may not be
justified.

But can capacity apply more directly to neuroscience problems? The
capacity-achieving input, which is equivalent to the neuron’s discharge rate,
in both the single Poisson process Poisson population cases, is the random
telegraph wave described earlier. Theory suggests that effective communica-
tions systems should have channel-input probability distributions mimicking
the capacity-achieving distribution (Shamai and Verdú, 1997). We know of no
measured firing rate resembling a stochastic square wave, which means that
neural systems viewed from an information-theoretic paradigm are operat-
ing inefficiently to some degree. When the input probability distribution does
not correspond to its capacity-achieving form, information theory is silent
about the resulting fidelity losses. Ignoring this issue, capacity seemingly can
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be estimated because it depends only on pY |X(y|x), the stimulus–response
characteristic of the neural system in question. However, to perform the
required maximization, this quantity is needed for all conceivable stimuli,
a daunting empirical task. If the stimulus–response characteristics were avail-
able, the Blahut-Arimoto algorithm (Cover and Thomas, 2006) could be used
to compute capacity. The primary difficulty arises because the quantities
of interest depend critically on the joint distribution pX ,Y(x,y) over very-
high-dimensional stimuli and responses spaces with limited observations of
pY |X(y|x) and highly restricted choices of pX(x).

One of the first mutual information estimation methods used in analyzing
neural data was the “reconstruction method.” In this approach, the best linear
predictor of the stimulus given the spike response is found and the mutual
information between the stimulus and the reconstruction is calculated (Bialek
et al., 1991). While this technique gives only a lower bound on capacity, it is
sometimes possible to derive upper bounds independently based on physiolog-
ical constraints, thereby reducing the uncertainty in estimating the true mutual
information. Several researchers have taken a different tack by decomposing
mutual information into quantities that express how much rate, timing, and
interneuronal correlations contribute to the overall value (Panzeri et al., 1999;
Panzeri and Schultz, 2001). This approach provides information-theoretic
insight into the contributions made by various components of a population
response to mutual information.

But, more fundamentally, neurons do not encode binary code words and
represent a discrete set of stimuli. The relevance of the noisy channel coding
theorem becomes problematic when the digital communication model does
not apply. Shannon had similar issues with analog communication schemes
prevalent in his day, such as AM and FM radio. Furthermore, the digital
communication framework discussed above addresses only communicating
information from point to point and does not encompass the information
processing that underlies the fundamental task of neural systems. We must ask
the question: “Is channel capacity relevant to neuroscience?” In response to
his own questions about generalizing the communication paradigm, Shannon
developed his all-encompassing result: rate-distortion theory.

3.4 RATE-DISTORTION THEORY
Together, the source coding and noisy channel coding theorems provide
fundamental limits on reliable communication for discrete-valued sources.
Rate-distortion theory embraces all situations—discrete- and continuous-
valued sources and channels—and provides a unifying theory of entire



3.4 Rate-Distortion Theory 91

communication systems. This theory begins by introducing a distortion
measure d(S, Ŝ) that expresses how to assess the fidelity of the communication
(or signal processing) system. As in Figure 3.1, S represents the stimulus and
Ŝ its “estimate.” Presumably, the distortion (error) increases as the stimu-
lus and its reconstruction become more disparate. Interestingly, Shannon’s
framework allows any reasonable distortion measure (d(S, Ŝ)≥ 0, equaling
zero when Ŝ = S). It can be chosen according to whatever criteria are used
to evaluate the meaning of effective communication or processing in any
situation. For example, the common distortion measure used in communi-
cations and signal processing is the squared error: d(S, Ŝ)= (̂S − S)2. More
relevant to sensory neuroscience would be a perceptual error measure, such
as one that reflects Weber’s law. The distortion measure could also incorpo-
rate some desired stimulus processing, such as feature extraction, in which Ŝ
is an estimate of some feature of S.

Next, Shannon defined the average distortion D as the expected value of
the distortion measure with respect to the joint distribution of the stimulus
and its estimate.

D
�= E

[
d(S, Ŝ)

] =
∫∫

d(s, ŝ)p Ŝ|S(ŝ|s)p S(s)dsdŝ

The conditional distribution p Ŝ|S(ŝ|s) depends on virtually everything in a
neural coding scenario: how the stimulus is encoded, the neuron’s spiking
characteristics, and how the decoder works. Recall that we rarely know (or
can measure) Ŝ, the estimated stimulus. Despite this difficulty, we will show
that Shannon’s rate-distortion theory is very relevant. Shannon proceeded by
defining the rate-distortion function R(D) to be the minimal mutual informa-
tion between the stimulus and its estimate over all possible channels, encoders,
and decoders that yield an average distortion smaller than D.

R(D)
�= lim

T→∞
1

T
min

pŜ|S(·|·):D≤D
I(S; Ŝ) (3.12)

Note that the minimization is calculated over all possible relationships
between a stimulus and its estimate, not just the one under study. In this
way, we do not need to specify the estimator. The rate-distortion function has
units (assuming base-two logarithms) of bits/second. It is not the bit rate of
some equivalent digital scheme; rather, it becomes the intermediate variable,
a universal unit of information, of evaluating how well communication and
processing systems can perform according to the specified distortion criterion.
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FIGURE 3.2

The key quantities in Shannon’s classic information theory—capacity and the
rate-distortion function—are defined in the context of the standard model shown in
Figure 3.1. Capacity (C) summarizes the channel that presumably introduces disturbances
into the communication process. The rate-distortion function R(D) depends solely on
stimulus characteristics. Shannon’s rate-distortion theorem relates these two quantities,
showing that the smallest possible distortion Dmin is determined by C = R(Dmin).

Rate-distortion functions are notoriously difficult to calculate, with only a
few results known. If the stimulus source is a band-limited Gaussian random
process having maximal power P and bandwidth W , and the distortion mea-
sure is squared error, the rate-distortion function equals (Cover and Thomas,
2006)

R(D)=
{

W log2
P
D , D ≤ P

0, D>P
(3.13)

This result, shown in Figure 3.2, illustrates the properties that all rate-
distortion functions satisfy.

• R(D) is a strictly decreasing and convex function.

• R(D) equals zero at some distortion, equaling zero for any larger val-
ues. This critical value is known as the maximal distortion Dmax, which
corresponds to the decoder’s best guess of what the stimulus might be
with no data. For example, in the Gaussian case, mean square distortion is
minimized by guessing Ŝ = E [S], which makes Dmax = P . In the binary
case, the minimum-probability-of-error decoder having no data to process
simply flips a coin biased to the stimulus probability p. Consequently, no
combination of encoder, channel and decoder should yield a distortion
larger than Dmax.

Shannon’s crowning result, the rate-distortion theorem, unifies all of his
findings.

Rate-Distortion Theorem. The distortion at which the rate-distortion function
equals the channel capacity defines the smallest possible distortion Dmin
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any encoder and decoder can obtain for a given source and channel (see
Figure 3.2): R(Dmin)= C.

The rate-distortion function depends only on stimulus characteristics and on
the desired level of distortion. Capacity summarizes the properties of the
channel and determines via the rate-distortion function the smallest possible
distortion that any encoder and decoder can achieve for a given source. The
value of Dmin defined by the source and the channel determines how well a
given system can perform, thereby serving as a benchmark.

The more one considers Shannon’s rate-distortion theorem and its impli-
cations, the greater one’s appreciation for how important and general it is.
Rate-distortion theory applies when no digital scheme is involved. Quite
surprisingly, “bits/second” is the fundamental unit of exchange in any com-
munication or signal processing system, whether it communicates discrete-
or continuous-valued signals. Information-theoretic rate (not to be confused
with spike rate) serves as the intermediary. First, the result applies to any dis-
tortion measure. Even though a neuroscientist does not know what Nature’s
measure of distortion might be, all rate-distortion functions look like the one
portrayed in Figure 3.2. Second, an important, general concept emerges that
highlights the importance of capacity: The larger the capacity, the smaller the
achievable distortion in all cases. Therefore, if capacity can be increased, by
increasing the population size for example, then the estimate can have smaller
error if the appropriate encoder and decoder can be found.

In our Gaussian stimulus example (Eq. (3.13)), the smallest possible
distortion decreases exponentially with capacity.

Dmin = Dmax2−C/W (3.14)

Note that this result applies no matter what channel intervenes between
encoder and decoder. It could be a radio channel, cable television, or a
group of neurons. We can determine the effectiveness of any single neu-
ron encoding/decoding scheme for Gaussian stimuli simply by plugging the
capacity formula from Eq. (3.10) into Eq. (3.14) to discover that Dmin =
Dmax exp{−λmax/eW}. Thus, the maximal rate needs to be several times the
bandwidth to obtain significant distortion reductions from the performance
Dmax provided by the intelligent but data-blind decoder. Even for signals
with a modest bandwidth (visual signals having a bandwidth of about 30 Hz,
for example), maximal firing rates would need to be well over 100 Hz for
a single neuron to represent temporal stimulus changes accurately. In the
auditory system, the situation is much worse. Auditory-nerve fibers having a
center frequency of 1 kHz have a bandwidth of about 500 Hz. Thus, a single
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neuron would need to be capable of a maximal discharge rate of several thou-
sand spikes/second to achieve a high-fidelity representation. At such high
rates, refractory effects would come into play and, as Eq. (3.11) shows,
higher rates may not suffice: Refractory effects limit capacity to no more
than 1/(�t · e ln2). We arrive at our first result directly applicable to neuro-
science: Only with population coding can measured perceptual distortions
be achieved. Using C(N) = Nλmax/(e ln2) for a population’s capacity, the
best possible distortion decreases exponentially in population size: Dmin =
Dmax exp{−Nλmax/eW}. Now, almost without regard to its input innerva-
tion pattern or to stimulus bandwidth, a sufficiently large population has the
capability to accurately render a stimulus. When synergy occurs, capacity
increases, which means that smaller distortions can occur with the same size
population.

As fundamental and general as these results are, they do not address all of
the information processing questions found in neuroscience. First of all, they
only define the limits to which a stimulus can be estimated. Real systems,
like the brain, probably operate less efficiently than the theoretical maximum,
yielding a distortion larger than Dmin. Furthermore, it is unclear (from an
information-theoretic viewpoint) how to assess information processing effi-
ciency unless the distortion can be measured. As we have repeatedly noted, Ŝ
is rarely available, making distortion measurements impossible. More telling
is the point that the result of neural processing is not just a reconstruction (esti-
mate) of the stimulus. A perceived stimulus could be a gestalt of features, not
a unified whole. Also, actions consequent of perception placed in the context
of environment and experience can be the result of information processing.
Information theory is silent on these more complicated, but pertinent, sce-
narios. A broader, more applicable framework is needed to examine how the
stimulus results in meaningful actions, not just how it is communicated and
processed.

3.5 POST–SHANNON INFORMATION THEORY
Despite the unquestioned importance of Shannon’s classic theory, how does
it concern “information”? Shannon equated information with the statistical
character of the signal produced by the source. He explicitly divorced mean-
ing from the definition of information. Consequently, classical information
theory concentrates on the conditions for reliably communicating signals, not
just the information that they might convey. Many cases, including neural
processing, go well beyond simple signal communication. For example, what
matters in transcribing a speech signal, for example, is the fidelity of the text in
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representing the meaning of what was said. The traditional approach would be
to consider the transcription as a channel: The input signal is the speech and the
channel is the transcription process. To find the transcription system’s capac-
ity, one needs the mutual information between the speech and its transcription,
which in turn requires their joint probability distribution, an impossible quan-
tity to capture in a formula. Furthermore, the primary quantities—capacity
and the rate-distortion function—cannot be measured; they are solution-of-
optimization problems wherein the results are examined over an exhaustive set
of inputs and transcription systems. Therefore, the transcription system cannot
be characterized using classical information theory. Even if one did measure
the mutual information, it is not clear what the result would mean: It would be
a lower bound on capacity without any notion of how the deficit would impact
performance.

One post-Shannon result is very important.

Data Processing Theorem. Consider a cascade of two systems symbolically
described by X → Y → Z that indicates the relationships the systems impose
on the signals X, Y and Z. Then I(X;Y)≥ I(X;Z) regardless of the kind of
signals involved.

Recalling that smaller mutual information means less statistical similarity,
this result indicates that any processing system, say the one that has Y as its
input and Z as its output, can maintain, but in most cases will lessen how
well signal X is expressed by Y . For example, the binning process reduces the
knowledge we have about spike timing and the transcription process cannot
enhance the expressivity of the speech signal’s content.

Inspired by the way experiments are conducted, we developed a new
approach to quantify how well any information processing system works
that uses the data processing theorem as its cornerstone. Our theory rests
on several fundamental assumptions (Johnson et al., 2001; Sinanović and
Johnson, 2007). We use a standard communication-like model as a backdrop
(Figure 3.1).

• Information can have any form and need not be stochastic.
In general, we make no assumption about what form information takes.
We represent it by the symbol α that we simply take to be a member of a
set (either countable or uncountable). Information is not assumed to result
from a probabilistic generative process.

• Signals encode information.
Information does not exist in tangible form; rather, it is always encoded
into a signal, such as text in the transcription example.Signals representing
the same information can take on very different forms.
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• What may or may not be information is determined by the information
sink.
The recipient of the information—the information sink—determines what
is informative about the signal it receives. Additional, often extraneous,
information χ0, χ1 is represented by signals as well; it is the information
sink that determines whether these are informative or not. An immediate
consequence of this assumption is that no single objective measure can
quantify the information contained in a signal. “Objective” here means
analysis of a signal out of context and without regard to the recipient.

• When systems act on their input signal(s) to produce output signal(s), they
indirectly perform information processing.
Systems map signals from their input space to their output space. Because
information does not exist as an entity, systems affect the information
encoded in their inputs by their input-output map. We assess the effect
a system has on information bearing signals by comparing how well the
input and output signals express information.

The immediate impact of these assumptions is that measures like entropy
and mutual information, which just measure the statistical property(s) of sig-
nals, are not as important. How do we determine whether a system, such as
the transcription system described previously, has modified the relevant infor-
mation? The key idea is to mimic the way neurophysiological experiments
are performed: We measure whether the system’s output signal changes when
some aspect of the encoded information changes. More concretely, if the stim-
ulus (information) changes fromα0 toα1, how well does a signal (or collection
of signals), no matter where it occurs in the system—the encoder, the decoder,
or the channel—represent that change? We do assume that the signals rep-
resenting information are stochastic, which means that they are completely
described by their probability distributions. Consequently, to measure how
much two signals differ in a general way, we need a measure of how two
probability distributions differ.

Much work in information theory has demonstrated the importance of the
Kullback-Leibler distance.

DX(α1‖α0)=
∫

pX(x;α1) log2
pX(x;α1)

pX(x;α0)
dx. (3.15)

The semicolons in the probability functions denote that α0 and α1 are param-
eters of the distribution, not random variables. While mutual information
defines how similar two random variables are, the Kullback-Leibler dis-
tance characterizes disparity: how much one random variable’s probability
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distribution changes when its parameters change from α0 to α1. Only when
the probability distributions are unchanged does this quantity equal zero; in
all other cases, the Kullback-Leibler distance is positive. This distance can be
infinite, expressing that the two distributions are maximally different. Note
that calling this quantity a “distance” is to misname it: It is not a symmetric
function of the two probability distributions, which is a technical requirement
for any quantity to be called a distance. Consequently, we don’t use “dis-
tance” in the strict sense here. Note that mutual information Eq. (3.7) can be
expressed as the Kullback-Leibler distance between a joint distribution and
the product of the marginals.

I(X;Y) = D
(
pX ,Y (x,y)‖pX(x)pY(y)

)

The Kullback-Leibler distance has emerged as the information-theoretic quan-
tity for assessing how two probability distributions differ. Furthermore, it can
be related to how well the parameters can be estimated and how well the
parameter change can be discerned with an optimal detector (Sinanović and
Johnson, 2007). The bigger the Kullback-Leibler distance for some param-
eter change, the smaller the error in estimating the parameter and the easier
that change is to detect. Thus, this single quantity characterizes how well
information could be extracted from a signal by an optimal system.

The importance of the Kullback-Leibler distance becomes evident when
we recast the data processing theorem. Doing so reveals how stimulus
fidelity—the ability to extract information—changes when a system acts on
an information-bearing signal.

Data Processing Theorem Redux. The Kullback-Leibler distance between two
inputs X(α0) and X(α1) to any system must exceed that between the cor-
responding outputs Y(α0) and Y(α1), regardless of what forms the input and
output signals may have.

DX(α1‖α0) ≥ DY (α1‖α0) or γX ,Y(α0,α1)
�= DY (α1‖α0)

DX(α1‖α0)
≤ 1

Successive stages of processing only maintain or, more likely, decrease
the fidelity to which information can be extracted. The closer the ratio
γX ,Y(α0,α1) is to one, the more the system has preserved in its output
the fidelity of the parameter encoding inherent in the input. Note that, as
opposed to classical information theory, which seeks the ultimate limits of
fidelity, the Data Processing Theorem can be used to assess whether exist-
ing systems are performing optimally with respect to any stimulus change.
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FIGURE 3.3

A population’s Kullback-Leibler distance ratio increases monotonically with the population
size N according to either of the formulas given in Eq. (3.16).

A system theory based on Kullback-Leibler distance analysis complements
classic information-theoretic considerations (Sinanović and Johnson, 2007).
In particular, a sequence of processing stages lessens the fidelity to which the
ultimate output reflects input information.

We have also shown that, for a population innervated with a common
input, the ratio γX ,Y(α0,α1) increases monotonically with population size N ,
regardless of what makes up the population (Johnson, 2004) (Figure 3.3).

γX ,Y(α0,α1)=
{

1 − k
N X continuous-valued

1 − k1 exp{−k2N} X discrete-valued
(3.16)

This result parallels the population capacity results described earlier—
C(N) = NC(1)—and the decreasing nature of all rate-distortion functions. The
Kullback-Leibler distance approach is more direct, indicating that once the
population size exceeds a critical value, say Ncritical, as in Figure 3.3, fur-
ther increases do not provide significant performance increases but do afford
redundancy. One application of this result occurs in the auditory periphery of
mammals, wherein about twenty auditory-nerve fibers innervate each inner
hair cell. Theoretically, this innervation pattern indicates both that the popu-
lation capacity is twenty times that of one fiber and that, even so, the fidelity
of the estimated acoustic stimulus does not increase proportionally.

The Kullback-Leibler distance and the input-output ratio of distances
was developed expressly for empirical studies. Many of the statistical tech-
niques developed for measuring entropy and mutual information apply to
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the Kullback-Leibler distance as well. In particular, an algorithm very sim-
ilar to the direct method described above has been successfully applied to
estimating Kullback-Leibler distances when paired with statistical resam-
pling techniques to reduce bias (Johnson et al., 2001; Rozell et al., 2004). In
Johnson et al. (2001), biophysical simulations of particular central-auditory-
system neurons and subsequent Kullback-Leibler analysis indicated that these
neurons encoded both stimulus amplitude and the direction from which the
sound came. The fidelity of this coding was determined from the distance
measured from the neuron’s output spike train. That analysis indicated that
location was encoded with constant fidelity—the Kullback-Leibler distance
was a constant—when measured during different temporal segments of the
response. The fidelity of amplitude was high during the initial response but
decreased rapidly afterwards. These results fostered the conclusion that these
neurons encoded the direction of the acoustic source and secondarily encoded
sound amplitude. In the second case, signal processing methods allowed the
analog input to sustaining fibers found in the crayfish visual system and their
spiking output to be teased apart from intracellular recordings (Rozell et al.,
2004). Across several different stimulus conditions, the largest measured value
of γX ,Y(α0,α1)was very small: on the order of 10−4 to 10−3. Theoretical anal-
ysis indicated that, because of the high input signal-to-noise ratio and the low
output spike rate, this was the largest ratio of Kullback-Leibler distances that
could be achieved. Consequently, the sustaining fiber system was performing
as well as possible under its physiological constraints. Stimulus fidelity could
be increased if additional, independently functioning sustaining fibers were
to be incorporated into a population.

3.6 DISCUSSION
Shannon’s information theory is one of the greatest technical achievements
of the twentieth century. In fact, once the power of Shannon’s results became
evident, the title of his work changed from “A mathematical theory of com-
munication” to “The mathematical theory…” (A good, modern reference for
information theory is Cover and Thomas (2006).) Shannon’s theory defines
the ultimate fidelity limits that communication and information processing
systems can attain under a wide variety of situations. Be that as it may,
how relevant such an approach is to understanding how the brain processes
information can certainly be questioned.

Information theory provides few answers when it comes to analyzing a pre-
existing system whose components and constraints are only vaguely known.
In neuroscience applications, the simple act of applying a stochastic stimulus
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does little to respond to the issues. More basic and interesting would be how to
assess how well a stimulus or its features are represented by a neural response
and how well a neural group extracts features from its input. The Kullback-
Leibler distance is the information-theoretic suggestion, but estimating it for
a population response can require much data: Producing accurate estimates
even for small populations could demand more data than could be reasonably
measured. The reason for the “data-hungry” nature of estimating this and
other information-theoretic quantities is also the same reason for employing
them: their generality. They can cope with any communication and processing
scenario, but this capability comes at an experimental price of demanding data
to fill in the details.

Do note that we have followed in the footsteps of many other authors in
ignoring the existence of feedback and its corollary adaptivity. Feedback is a
notoriouslydifficult concept to handle with the traditional tools of information
theory, but it would be foolish to discount the role of feedback connections
when they are so prominent anatomically even in the most peripheral sensory
pathways. Some recent work has sparked interest in feedback in the informa-
tion theory community (Massey, 1990; Venkataramanan and Pradhan, 2005);
however, none of it has yet been translated to a neural setting. Furthermore,
how can systems that adapt to their previous inputs (learn from them) fit into
the rather static formulation of classic information theory? If this could be
accomplished, it would be interesting to determine the performance limits
of adaptive systems. Information theorists are actively examining this topic.
Results on this front would help define the backdrop for appreciating the
brain’s performance capabilities, but may not shed light on how well it actually
works.
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4.1 INTRODUCTION
Brain regions underlying cognitive function, like the hippocampus and the
neocortex, are massively parallel, multiple-input, multiple-output (MIMO),
nonlinear dynamic systems. Communication between any two brain regions
is based on millions of axonal projections and synaptic connections. In a given
brain region, information is represented in the ensemble firing of populations
of neurons (Georgopoulos et al., 1986; Salinas and Abbott, 1994; Deadwyler
and Hampson, 1995; Pouget et al., 2003)—that is, spatio-temporal patterns of
electrophysiological activity. Brain regions process the information by trans-
forming the incoming spatiotemporal patterns into outgoing spatio-temporal
patterns, and this transformation depends on highly nonlinear dynamic mecha-
nisms, such as ligand-dependent synaptic transmission and voltage-dependent
conductance (Berger et al., 1988; Sclabassi et al., 1988). Thus, the information
processing underlying cognition involves transformations of neural represen-
tations that are dynamic, nonlinear, and often nonstationary (time-varying).
While recent advances in multi-electrode technology have made it possible to
record the simultaneous activities of populations of neurons in behaving ani-
mals, modeling such complex system behavior still remains one of the most
challenging tasks in computational neuroscience (Brown et al., 2004).

There are two main approaches to modeling a biological system: para-
metric and nonparametric. A parametric model is “internal” or “bottom
up.” It utilizes specific model structures defined by known or postulated
physiological mechanisms and associated parameters that can be related to
certain biological processes. Such a model seeks to uncover the underlying
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physiological mechanisms and their influences on system behavior. A good
example is the Hodgkin-Huxley ionic-channel-based, morphologically
realistic compartmental model of neurons (Carnevale and Hines, 2006). By
contrast, a nonparametric model is “external” or “top down.” It is obtained
directly from system input-output data collected under broadband experimen-
tal conditions or natural behaviors, with a general model structure that does
not rely on a priori knowledge or assumptions about the system. The main
purpose of a nonparametric model is to capture the linear/nonlinear dynamical
properties of the system and predict system output based on system input.
The process of developing a nonparametric model is termed system identi-
fication. Common nonparametric models include linear regression models,
Volterra-Wiener series, and artificial neural networks (Marmarelis, 2004).

Since parametric and nonparametric models emphasize different aspects of
the modeled system, they have different relative advantages and disadvantages
(Berger et al., 1994; Song et al., 2009a,b). The main advantage of a parametric
model is its biological interpretability, in the sense that the model parame-
ters can be related to biological mechanisms/processes and that the modeling
results may further lead to testable biological hypotheseis. Its main disadvan-
tage is its fixed model structure based on partial knowledge that is subject to
potential biases. When applied to complex systems such as a brain region,
parametric modeling also often involves a large number of open parameters
that cannot be sufficiently constrained by input-output data and thus results
in semi-quantitative models determined with multilevel data from different
experimental preparations and conditions. On the other hand, a nonparametric
model has a general but scalable model structure that can potentially capture
arbitrary system input-output properties. Its model parameters/coefficients
are selected and estimated directly from input-output data, and provide a
straightforward representation of a system’s input-output properties. The main
disadvantage of a nonparametric model is its lack of direct mechanistic inter-
pretation due to its descriptive nature. The particular modeling approach used
for any given case should be chosen based on modeling aims and experimental
limitations.

4.2 PROBLEM STATEMENT
The purpose of our modeling study of the hippocampus is twofold. First,
we aim to build quantitative models of neural population activity for the
development of hippocampal prostheses. In cortical regions, including the
hippocampus, information is represented in the ensemble spiking activity
of neuron populations (Georgopoulos et al., 1986; Schwartz et al., 1988;
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Deadwyler and Hampson, 1995; Pouget et al., 2003; Puchalla et al., 2005).
The hippocampus has long been known to be responsible for the for-
mation of declarative memories (Squire, 1992; Deadwyler and Hampson,
1995; Deadwyler et al., 1996; Eichenbaum, 1999; Burgess et al., 2002).
Damage to it disrupts the propagation of spatio-temporal patterns of activity
through hippocampal internal circuitry, resulting in severe anterograde amne-
sia. Developing a neural prosthesis for the damaged hippocampus requires
restoring this MIMO transformation of spiking activity. In other words, the
model needs to predict the output spike trains based on the ongoing input
spike trains of the modeled brain region.

Our second purpose is to gain a better understanding of the functional
organization of the hippocampal neuronal network. This requires the model
to provide interpretable representations of the neurons’ nonlinear dynamical
properties and the functional connectivity between neurons. Model variables
should be related to at least the principal biological processes of the system.

Because of the duality of our goal, we combined both parametric and
nonparametric modeling methods—spiking neuron modeling and Volterra
series—to build a nonlinear dynamical model of neural population activity
(Song et al., 2007, 2009c). The model not only captures the nonlinear dynam-
ics underlying the input-output spike train transformation but also provides
physiologically plausible variables that can be used for further in-depth inter-
pretations of the observed system dynamics. This chapter will focus on this
modeling strategy and describe issues about model configuration, parameter
estimation, model validation, and model prediction.

4.3 NONLINEAR MODEL OF NEURAL POPULATION DYNAMICS
The model has both parametric and nonparametric components. First, the
overall model structure is parameterized to be “neuron-like.” It captures the
stereotypical features of spiking neurons and explicitly includes variables that
can be interpreted as principal cellular processes, such as post-synaptic poten-
tial, spike-triggered after-potential, pre-threshold noise, and spike-generating
threshold. This configuration partitions the system dynamics in a physio-
logically plausible manner and thus facilitates comparison with intracellular
recording results. The more versatile features of spiking neurons (i.e., the
transformation from input spikes to post-synaptic potentials and the transfor-
mation from the output spike to the after-potential), on the other hand, are
modeled nonparametrically with the Volterra series, taking advantage of its
flexibility in capturing nonlinear dynamics. All model parameters/coefficients
are estimated from the timings of input-output spikes.
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4.3.1 Model Configuration
A MIMO model (Figure 4.1(a)) consists of a set of MISO models
(Figure 4.1(b)). Within each MISO model, the output spike train is predicted
based on the input spike trains considered. The MISO model structure is
inspired by the electrophysiological properties of single spiking neurons and
consists of five components (Figure 4.1(c)):

1. A feedforward block K transforming the input spike trains x to a continuous
hidden variable u that can be interpreted as the synaptic potential.

2. A feedback block H transforming the preceding output spikes to a
continuous hidden variable a that can be interpreted as after-potential.

3. A noise term ε that captures the system uncertainty caused by both the
intrinsic neuronal noise and the unobserved inputs.

4. An adder generating a continuous hidden variable w that can be interpreted
as pre-threshold potential.

5. A threshold function generating an output spike when the value of w crosses
θ (Song et al., 2007; Song et al., 2009c).

The model can be expressed by the following equations:

w = u(k, x)+ a(h, y)+ ε(σ) (4.1)

y =
{

0 when w< θ
1 when w ≥ θ (4.2)

K and H can take any mathematical form as long as it sufficiently captures the
nonlinear dynamic transformations between the variables: x to u and y to a. In
our approach, K takes the form of a Volterra model in which u is expressed,
in terms of the inputs x by means of the Volterra series expansion, as

u(t)= k0 +
N∑

n=1

Mk∑
τ=0

k(n)1 (τ )xn(t − τ)+
N∑

n=1

Mk∑
τ1=0

Mk∑
τ2=0

k(n)2s (τ1,τ2)xn(t − τ1)xn(t − τ2)

+
N∑

n1=1

n1−1∑
n2=1

Mk∑
τ1=0

Mk∑
τ2=0

k(n1,n2)
2x (τ1,τ2)xn1(t − τ1)xn2(t − τ2)+ ·· · (4.3)

The zeroth-order kernel, k0, is the value of u when the input is absent. The
first-order kernels k(n)1 describe the linear relation between the nth input xn and
u as functions of the time intervals (τ) between the present time and the past
time. The second-order self-kernels k(n)2s describe the second-order nonlinear

relation between the nth input xn and u. Second-order cross-kernels k(n1, n2)
2x
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Multiple-input, multiple-output (MIMO) model for neural population dynamics.
(a) Schematic of spike train propagation between two brain regions. (b) MIMO model as a
series of multiple-input, single-output (MISO) models. (c) Structure of a MISO model.
(d) MISO model is equivalent to a generalized Volterra model (GVM) with a probit link
function.
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describe the second-order nonlinear interactions between each unique pair of
inputs (xn1 and xn2) as they affect u. N is the number of inputs. Mk denotes the
memory length of the feedforward process. Higher-order kernels (e.g., third-
and fourth-order) are not shown in this equation.

Similarly, H takes the form of a first-order Volterra model as in

a(t)=
Mh∑
τ=1

h(τ)y(t − τ) (4.4)

where h is the linear feedback kernel, and Mh is the memory length of the
feedback process (note that τ starts from 1 instead of 0 to avoid predicting the
current output with itself).

One of the major challenges in Volterra modeling is the large number
of open parameters (coefficients) to be estimated. The total number increases
exponentially with input dimension and model order. The MISO model in this
study involves 2D (time and index of the input neurons) input and second-order
nonlinearity. The number of parameters easily becomes unwieldy even in a
moderately large model (e.g., the 24-input MISO model shown in Table 4.1).
To solve this problem, we employed a Laguerre expansion of the Volterra
kernel (LEV) and statistical model selection techniques.

Using LEV, both k and h are expanded with orthonormal Laguerre basis
functions b (Marmarelis, 1993; Marmarelis, 2004; Zanos et al., 2008; Song
et al., 2009a,b). With input and output spike trains x and y convolved with b,

v(n)j (t)=
Mk∑
τ=0

bj(τ)xn(t − τ), v(h)j (t)=
Mh∑
τ=1

bj(τ)y(t − τ) (4.5)

Table 4.1 Number of Coefficients to be Estimated in MISO Models

Model k0 k1 K2s k2x h Total

V 1
NMk NMk(Mk + 1)/2 N(N − 1)MkMk/2 Mh

72,018,301
12,000 3,006,000 69,000,000 300

LEV 1
NL NL(L+ 1)/2 N(N − 1)L2/2 L

2 704
72 144 2 484 3

rLEV 1 18 36 9 3 67

V: Volterra kernel model. LEV: Laguerre expansion of the Volterra kernel model. rLEV: reduced LEV model with
only significant inputs and cross-terms. The numbers are calculated with N = 24, L = 3, Mk = 500, and Mh = 300.
Numbers of rLV models are from an example with six significant inputs and one significant cross-term.
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Equations (4.3) and (4.4) can be rewritten as

u(t)= c0 +
N∑

n=1

L∑
j=1

c(n)1 ( j)v(n)j (t)+
N∑

n=1

L∑
j1=1

j1∑
j2=1

c(n)2s ( j1, j2)v
(n)
j1 (t)v

(n)
j2 (t)

+
N∑

n1=1

n1−1∑
n2=1

L∑
j1=0

L∑
j2=0

c(n1,n2)
2x ( j1, j2)v

(n)
j1
(t)v(n)j2

(t)+ ·· · (4.6)

a(t) =
L∑

j=1

ch( j)v(h)j (t) (4.7)

Here c(n)1 , c(n)2s , c(n1,n2)
2x , and ch are the sought Laguerre expansion coeffi-

cients of k(n)1 , k(n)2s , k(n1,n2)
2x , and h, respectively (C0 is simply equal to k0). Since

the number of basis functions (L) can be made much smaller than the memory
length (Mk and Mh), the number of open parameters is greatly reduced by the
expansion.

The noise term ε is modeled as Gaussian white noise with standard
deviation σ .

4.3.2 Model Estimation
With recorded input and output spike trains x and x, model parameters can be
estimated using a maximum likelihood method. The negative log-likelihood
function L can be expressed as

L(y|x,k,h,σ ,θ) = −
T∑

t=0

lnP(y|x,k,h,σ ,θ) (4.8)

where T is the data length, and P is the probability of generating the recorded
output x:

P(y|x,k,h,σ ,θ) =
{

Prob(w ≥ θ |x,k,h,σ ,θ) when y = 1
Prob(w< θ |x,k,h,σ ,θ) when y = 0

(4.9)

Since ε is assumed to be Gaussian, the conditional firing probability inten-
sity function Pf (the conditional probability of generating a spike, that is,
Prob(w ≥ θ |x,k,h,σ ,θ) in Eq. (4.9), at time t can be calculated with the
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Gaussian error function (the integral of the Gaussian function) erf :

Pf (t)= 0.5 − 0.5erf

(
θ − u(t)− a(t)√

2σ

)
(4.10)

where

erf (s)= 2√
π

s∫
0

e−t2
dt (4.11)

P at time t can then be calculated as

P(t)=
{

pf (t) when y = 1
1 − pf (t) when y = 0

(4.12)

or

P(t)= 0.5 − [
y(t)− 0.5

]
erf

(
θ − u(t)− a(t)√

2σ

)
(4.13)

Model coefficients c can now be estimated by minimizing the negative log
likelihood function L:

c̃ = arg min(L(c)) (4.14)

It is instructive to point out that the model just described is mathematically
equivalent to a generalized linear model (GLM) with x dependent variables,
the convolutions of Laguerre basis functions with inputs x (v in Eqs. (4.6)
and (4.7)) as well as the products of these convolutions (vv in Eq. (4.6)) as
independent variables, and c as unknown parameters (Figure 4.1(d)). The
GLM link function is the probit function (inverse cumulative distribution
function of the normal distribution) because the latter is defined as

probit(y)= √
2erf −1(2y − 1) (4.15)

Given this important equivalence, model coefficients c and their covari-
ance matrices can be estimated using the iteratively reweighted least squares
method, the standard algorithm for fitting GLMs (McCullagh and Nelder,
1989; Truccolo et al., 2005). For the same reason, this model can be referred
to as the generalized Volterra model (GVM) (Song et al., 2008). Since u, a,
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and n are dimensionless variables, without loss of generality, both θ and σ can
be set to unity value; only c are estimated. σ is later restored, and θ remains
unity value.

4.3.3 Model Selection
Theoretically, the model can be used to estimate arbitrary MISO models.
However, in practice model complexity often must be reduced by selecting
an optimal subset of model parameters (coefficients). This procedure, termed
model selection, is particularly necessary and desirable in modeling the Neural
Population dynamics for the following reasons.

First, neurons are often sparsely connected. In a brain region, an output
neuron is seldom affected by all input neurons. The full Volterra kernel model
as described in Eq. (4.6) is not the most efficient or interpretable way to rep-
resent a system like this. More important, the number of coefficients to be
estimated in a full Volterra kernel model grows rapidly with the number of
inputs and the model order. Estimation of such a model, especially higher-
order ones, can easily become unwieldy (Table 4.1). Furthermore, a model
with too many open parameters (coefficients) tends to fit the noise instead of
the signal in the training data. An overfitting model results in poor general-
ization of the training data and bad predictions of novel data. Consequently,
interpretation becomes problematic. To solve this problem, the following sta-
tistical model selection method is applied to the configuration and estimation
of GVMs.

Before model selection, the input-output data set is partitioned into two
subsets. One subset (the training set) is used for model estimation; the other
(the testing set) is retained for validation of the results from the training set.
Results from the two subsets are referred to as in–sample and out-of–sample,
respectively.

The model starts from the zeroth order. A zeroth-order model contains
only c0, which is equivalent to the standard deviation of the pre-threshold
Gaussian noise (see Section 4.3.4). It essentially models system output as
a homogeneous Poisson process (constant firing probability intensity). The
minimal negative likelihood (L) of a zeroth-order model provides a starting
point for model selection. In the second step, feedback terms (as described
by Eq. (4.7)) are added. The output spike train is predicted by the preceding
output spikes without considering any input. If L decreases in both the in-
sample and out-of-sample results, the feedback term is added to the model. In
the third step, inputs are selected using a forward stepwise selection procedure
(Kutner et al., 2004). Self-terms involving first-order and second-order kernels
are constructed for all inputs. With the zeroth-order term and feedback term
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(if selected in the previous step) in the model, the values of L with and without
each input are calculated. The input that decreases L the most is then added
into the model. With the newly selected input added, selection is performed on
the remaining inputs. Repeating this procedure, inputs are sequentially added.
The selection is stopped when out-of-sample L starts to increase (in-sample
L always decreases as more terms are added), indicating the occurrence of
overfitting. In the fourth step, cross-terms involving cross-kernels are selected.
Cross-terms are first constructed for every unique pair of selected inputs and
then chosen following the just described forward stepwise and cross-validation
procedures.

4.3.4 Kernel Reconstruction and Interpretation
The final coefficients ĉ and σ̂ can be obtained from estimated Laguerre
expansion coefficients, c̃, with a simple normalization/conversion procedure:

ĉ0 = 0 (4.16)

ĉ(n)1 = c̃(n)1

1 − c̃0
(4.17)

ĉ(n)2s = c̃(n)2s

1 − c̃0
(4.18)

ĉ(n1,n2)
2x = c̃(n1,n2)

2x

1 − c̃0
(4.19)

ĉh = c̃h

1 − c̃0
(4.20)

σ̂ = 1

1 − c̃0
(4.21)

Feedforward and feedback kernels then can be reconstructed as

k̂0 = 0 (4.22)

k̂(n)1 (τ) =
L∑

j=1

ĉ(n)1 ( j)bj(τ) (4.23)
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k̂(n)2s (τ1,τ2)=
L∑

j1=1

j1∑
j2=1

ĉ(n)2s (j1, j2)

2

[
bj1(τ1)bj2(τ2)+ bj2(τ1)bj1(τ2)

]
(4.24)

k̂(n1,n2)
2x (τ1,τ2)=

L∑
j1=1

j1∑
j2=1

ĉ(n1,n−2)
2x ( j1, j2)bj1(τ1)bj2(τ2) (4.25)

ĥ(τ)=
L∑

j=1

ĉh( j)bj(τ) (4.26)

Threshold θ is equal to 1 in this normalized representation.
The normalized kernels provide an intuitive representation of the system

input-output nonlinear dynamics. Each input’s single-pulse and paired-pulse
response functions (r1 and r2) can be derived using (Song et al., 2009a)

r(n)1 (τ) = k̂(n)1 (τ)+ k̂(n)2s (τ ,τ) (4.27)

and

r(n)2 (τ1,τ2)= 2k̂(n)2s (τ1,τ2) (4.28)

r(n)1 is simply the response in u elicited by a single spike from the nth input

neuron; r(n)2 describes the joint nonlinear effect of pairs of spikes from the nth
input neuron in addition to the summation of their first-order responses—that
is, r(n)1 (τ1)+ r(n)1 (τ2) · k̂(n1,n2)

2x (τ1,τ2) represents the joint nonlinear effect of
pairs of spikes with one spike from neuron n1 and one spike from neuron n2.
h represents the output spike-triggered after-potential on u (Figure 4.2)

4.3.5 Model Validation and Prediction
Two methods are used to evaluate the goodness-of-fit of the estimated GVM
models. The first directly evaluates the continuous firing probability intensity
predicted by the model with the recorded output spike train. According to
the Time-Rescaling Theorem, an accurate model should generate a condi-
tional firing intensity function Pf that can rescale the recorded output spike
train into a Poisson process with unit rate (Brown et al., 2002; Song et al.,
2007). By further variable conversion, inter-spike intervals should be rescaled
into independent uniform random variables on the interval (0, 1). The model
goodness-of-fit can then be assessed with a Kolmogorov-Smirnov (KS) test,
in which the rescaled intervals are ordered from the smallest to the largest



114 CHAPTER 4 Identification of Nonlinear Dynamics

k2x
(i,j )

h

r1
(i)

r2
(i)

r1
(j )

x(i)

x(j )

x(i)

x(j )

x(i)

x(j )

x(i)

x(j )

x(i)

x(j )

y

x u

(a)

(b)

(c)

(d)

(e)

FIGURE 4.2

Interpretations of the feedforward and feedback kernels. r(i)1 is the response in u elicited by
a single spike from the ith input neuron; r(i)2 describes the joint nonlinear effect of pairs of
spikes from the ith input neuron in addition to the linear summation of their first-order
responses. k(i, j)

2x represents the joint nonlinear effect of pairs of spikes from neurons i
and j. h represents the output spike-triggered after-potential on u. The black areas
represent the effect of each kernel on u.

and then plotted against the cumulative distribution function of the uniform
density. If the model is correct, all points should lie on the 45-degree line of
the KS plot within the 95% confidence bounds.

The second method quantifies the similarity between the recorded out-
put spike train y and the predicted output spike train ŷ after a smoothing
process. First, ŷ is realized through simulation: u is calculated with inputs x
and the estimated feedforward kernels. This forms the deterministic part of
pre-threshold potential w. A Gaussian random sequence with standard devi-
ation σ̂ is then generated and added to u, rendering w stochastic. At each
time t, if w crosses threshold (θ = 1), a spike is generated and added to ŷ;
also, a feedback process a is triggered and added to the future values of w.
The calculation then moves on to time t + 1 with updated w until it reaches
the end of the record. In the second step, the point process signals ŷ and y
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are smoothed to continuous signals ŷσg and yσg through convolution with a
Gaussian kernel having standard deviation σg. Correlation coefficients r are
then calculated as

r(σg)=
(

T∑
t=0

ŷσg(t)yσg(t)

)/√√√√
(

T∑
t=0

yσg(t)yσg(t)

)(
T∑

t=0

ŷσg(t)ŷσg(t)

)

(4.29)
Because ŷσg and yσg are both positive vectors, r is a quantity between

0 and 1 that measures the similarity between ŷ and y as a function of the
“smoothness parameter”σg · σg essentially determines the temporal resolution
used in comparing the predicted spike train with the actual spike train. A large
value means low temporal resolution; a small value means high temporal
resolution. This parameter does not influence model estimation because the
estimation is carried out by maximizing the likelihood function defined with
a fixed 2-ms bin size. In this study, σg varies from 2 to 100 ms. The mean and
standard deviation of r is estimated with 32 trials of simulation.

4.4 RESULTS: APPLICATION TO HIPPOCAMPAL CA3-CA1
POPULATION ACTIVITY

The modeling methodology has been successfully applied to hippocampal
CA3-CA1 population dynamics. The experimental data were collected and
provided by Deadwyler and Hampson’s laboratory at Wake Forest University.
More details on the behavioral and neural procedures can be found in our joint
publications (Song et al., 2007, 2009c).

4.4.1 Behavioral Task
Male Long-Evans rats are trained to perform a two-lever, spatial delayed-
nonmatch-to-sample (DNMS) task with randomly occurring variable-delay
intervals (Deadwyler et al., 1996; Hampson et al., 1999). Animals perform
the task by pressing a single lever presented in one of the two positions in
the sample phase (left or right); this behavioral event is called the “sample
response.” The lever is then retracted and the delay phase initiated; for the
duration of the delay phase, the animal is required to nose-poke into a lighted
space in the opposite wall. Following termination of the delay, the nose-poke
light is extinguished, both levers are extended, and the animal is required to
press the lever opposite to the sample lever; this act is called the “nonmatch
response.” If the correct lever is pressed, the animal is rewarded and the trial
is completed (Figure 4.3(a)).
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FIGURE 4.3

Input and output spike trains recorded from hippocampal CA3 and CA1 regions during a
delayed nonmatch-to-sample (DNMS) behavior task. (a) Schematic of the DNMS task.
(b) CA3 and CA1 spike trains are recorded using a multi-electrode array during the task
(not real data). (c) Anatomical locations of input (CA3) and output (CA1) neurons indicated
on a foldout map of the hippocampus (Swanson et al., 1978). For this sample MIMO data
set, there are 24 inputs (white symbols) and 18 outputs (black symbols).

4.4.2 Data Preprocessing
Spike trains are obtained with multisite recordings from different sep-
totemporal regions of the hippocampus of rats performing the DNMS task
(Figure 4.3(b)). For each hemisphere of the brain, eight pairs of recording
electrodes are positioned along the septotemporal axis of the hippocampus at
200-µm intervals over a total expanse of 1.6 mm. One electrode of each pair is
targeted for CA3; the other is targeted for CA1 (Hampson et al., 1999). Each
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electrode has the capacity to record from as many as four discriminable units
(Figure 4.3(c)). Spikes are sorted and timestamped with a 25-µs resolution.

Data sets from 25 rats were analyzed (Figure 4.3). One to four recording
sessions were selected from each rat. A session included approximately 100
successful DNMS tasks that each consisted of two of the four behavioral
events: right sample (RS) and left nonmatch (LN), or left sample (LS) and
right nonmatch (RN).

Spike trains are prescreened based on mean firing rate and peri-event his-
togram. Neurons with mean firing rates in the range of 0.5 to 15 Hz and
an identifiable peri-event histogram are included in further analyses. Low
(<0.5 Hz) and high (>15 Hz) mean rate recordings are rejected because they
can represent artifacts or mixtures of action potentials from two or more neu-
rons (Berger et al., 1983; Christian and Deadwyler, 1986). Both presumed
principal (pyramidal) neurons and interneurons are included in the data sets
analyzed. Peri-event (−2-s to +2-s) spike trains of the four behavioral events
are extracted from each session and then concatenated to form the data sets.

First, the timestamped data are discretized with a 2-ms bin size. With such
a narrow width, each bin can contain a maximum of only one spike event. To
facilitate model estimation, the data length is further reduced with an inter-
spike binning (ISB) method (Figure 4.4). In ISB, bins that contain a spike are
retained; those within inter-spike intervals are merged with a larger bin size

x1

x3

yi

x2

(a)

(b)

x1

x3

yi

x2

FIGURE 4.4

Comparison of inter-spike binning and conventional binning for spike trains. Black bars
represent input spikes; gray bars represent output spikes. (a) with inter-spike binning (solid
lines), the causal relations between input spikes and output spikes are retained. (b) with
conventional binning (solid lines), future inputs may influence present outputs in analysis
and cause spurious causal relations between inputs and outputs (arrows). Dashed lines in
parts a and b represent 2-ms bin.
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(Song et al., 2009c). This method preserves the accurate timing of every spike
but reduces the data length. To preserve the causal relation between input and
output spikes, bins with an output spike are checked to see whether they also
contain one or more input spikes. If there is no other spike, no operation is
performed; if a spike is found, the 2-ms bin is further divided between the
input spike and the output spike (the latter case is extremely rare because of the
low firing rate of hippocampal neurons). For most of the data sets, inter-spike
bin size can be as large as 40 ms without introducing a noticeable change in
the coefficient estimates.

4.4.3 CA3-CA1 MIMO Model
MIMO data sets consist of 6 to 32 CA3 spike trains and 5 to 24 CA1 spike
trains, depending on the number of neurons recorded from each animal and
the number of recorded neurons meeting the selection criteria. Each MIMO
data set is divided into MISO data sets for MISO model estimation. Thirty-
two MIMO datasets from 25 rats are analyzed. Figure 4.3(c) shows the
approximate anatomical locations of neurons in one representative MIMO
data set (circles). Each “compartment” represents one recording site along
the septotemporal axis of the hippocampus. The position of each neuron in
the cell indicates only the indices (from 1 to 4) of this neuron within recording
and so does not carry anatomical information.

With the preprocessed data set, MISO models are obtained using the pre-
viously described estimation and selection method. Figure 4.5 illustrates the
selection of inputs and cross-terms of one representative MISO model. As
described in Section 4.3.3, the model starts from the zeroth order. The feed-
back term is then included in the model because it decreases L (negative
log-likelihood) in both training and testing data sets (Figure 4.5(a)). With the
zeroth-order and feedback terms, inputs are added to the model in a forward
stepwise fashion (Figure 4.5(b)). The in-sample L decreases monotonically as
more terms are added. However, the out-of-sample L starts to increase from
the seventh input. Six inputs are selected based on this cross-validation result
(Figure 4.5(a)). With them, 15 cross-terms are then constructed and added
to the model (Figure 4.5(c)). Again, in-sample L decreases monotonically;
out-of-sample L starts to increase from the second cross-term, so only one
cross-term is selected by cross-validation (Figure 4.5(a)). Table 4.1 summa-
rizes the number of coefficients in a Volterra model, a Laguerre expansion
of a Volterra (LEV) model, and the rLEV after model selection. It is evident
that the model selection procedure greatly reduces model complexity and thus
allows reliable model estimation.
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FIGURE 4.5

Selecting significant inputs and cross-terms of a MISO model. (a) The model starts from the
zeroth order (first data points). Feedback kernels are then selected and included in the
model (second data points). Six inputs (first- and second-order self-terms) and one
cross-term are selected based on cross-validation. Open circles represent in-sample
results; closed circles represent out-of-sample results; top: absolute negative log-likelihood
(L); bottom: normalized L. (b) Selection path of the inputs. (c) Selection path of the
cross-terms. The 15 cross-terms are constructed with the selected 6 inputs only.

The estimated and normalized kernels provide intuitive representations
of the system input-output properties. Figure 4.6 illustrates the first- and
second-order response functions for the six selected inputs, one second-order
cross-kernel for inputs 6 and 9, and the feedback kernel. These functions
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FIGURE 4.6

Feedforward and feedback kernels of a MISO model. r1 represents the single-pulse
response functions. r2 represents the paired-pulse response functions for the same input
neuron. k2x represents cross-kernels for pairs of neurons. h is the feedback kernel.
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quantitatively describe how synaptic potential is influenced by a single spike
and by pairs of spikes from a single input neuron or pairs of input neu-
rons. The noise standard deviation is estimated to be 0.418, which reflects a
4.19-Hz spontaneous (baseline) firing rate of this CA1 neuron (see Eq. (4.10)
for calculation) while the mean output firing rate is 7.44 Hz.

The estimated model is validated using the out-of-sample KS test. The
summation of synaptic potential u and after-potential a is calculated using
the input-output spike trains of the testing set and the kernels estimated from
the training set (Figure 4.7(a), first row). Firing probability intensity Pf is
then calculated using the Gaussian error function (Figure 4.7(a), second row).
The KS plot shows that all data points are within the 95% confidence bound
(Figure 4.7(c)).

The output spike train is also predicted using the recursive simulation
method described in Section 4.3.4. Input spike trains of the testing set and ker-
nels of the training set are used for prediction, and the predicted model output
is then compared with the output spike train of the testing set. Figure 4.7(b)
shows one realization of the output spike train with a Gaussian random noise
path. The similarities between the predicted and actual output spike trains are
quantified with correlation coefficients r. Figure 4.7(d) illustrates themean and
standard deviation of r as functions of the standard deviation of the smooth-
ing Gaussian kernel (σg). It shows that the model can generate output highly
correlated with the actual output for a large range of σg.

Finally, all individually estimated and validated MISO models are concate-
nated to form the MIMO model for hippocampal CA3-CA1 neural population
dynamics. Figure 4.8 compares the actual CA1 spatio-temporal pattern with
that predicted by one representative MIMO model. Despite the difference
in fine details (mostly due to the stochastic nature of the system), the MIMO
model replicates the salient features of the actual CA1 spatio-temporal pattern.

4.5 DISCUSSION
We have formulated a Volterra kernel-based MIMO modeling method for
evaluating neural population dynamics and have applied it successfully to the
identification of hippocampal CA3-CA1 spike train transformations during
learned behavior. Our approach accomplishes this task in a neurobiologi-
cal context that includes multisite dendritic integration and filtering, somatic
summation, thresholding functions, spike generation, and spike-dependent
feedback. It inherits from the nonparametric Volterra modeling method the
capability of modeling high-order nonlinear dynamic systems, at the same
time incorporating several critical parametric modifications/improvements
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FIGURE 4.7

Model validation and prediction. (a) Firing probability intensity Pf is calculated from the
summation of synaptic potential u and after-potential a. (b) Actual output spike train y and
predicted output spike train ŷ. (c) Validating Pf with the actual output spike train y using a
KS test. Dashed lines represent 95% confidence bounds. (d) Correlation coefficient r is
calculated as a function of the standard deviation of the Gaussian smoothing kernel. Thin
lines show the standard deviation of r.
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Predicting the CA1 output spatiotemporal pattern with a MIMO model. Eight CA1 neurons
are included. Examples a and b are both out-of-sample results. Spike trains are spatially
(piecewise cubic Hermite interpolating polynomial) and temporally (nonoverlapping
200-ms bin size) interpolated for better visualization. Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273

specifically for the modeling of neural population activity. With feedforward
Volterra kernels, the model can capture the single-pulse and paired-pulse (non-
linear) dynamic effects of input spikes to the output neuron and it can explicitly
represent them in the form of kernel functions.

Unlike an ordinary Volterra model (Marmarelis and Berger, 2005; Song
et al., 2009a,b), ours includes hidden variables representing the internal states
of the system. Point process outputs (spikes) are considered as realizations of
a firing probability intensity function determined by those hidden variables.
This configuration allows simultaneous estimation of all model parameters
(i.e., kernel coefficients and noise variance) directly from the input and out-
put spike trains. The noise term and the threshold function may be considered
“soft” because they map to and generate output spikes based on the estimated

http://www.elsevierdirect.com/companions/9780123750273/
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continuous probability intensity function and thus avoid dichotomizing such
continuous variables with a cutpoint that depends highly on the relative fre-
quencies of spikes (1s) and nonspikes (0s) in the outputs (Kutner et al., 2004).
The resulting model structure is equivalent to a generalized linear model
(GLM) with a probit link function and a binomial distribution function.

Taking advantage of the concave likelihood function (L) and the well-
established estimation methods of GLM, model parameters can be reli-
ably (avoiding local minima) and efficiently estimated through an iterative
reweighted least squares method (Paninski et al., 2004; Truccolo et al., 2005).
Furthermore, a feedback kernel (h) is added to the model. This auto-regressive
component captures the effect of preceding output activity on current output.
Much evidence has shown that the output spike-triggered after-potential can
profoundly influence the spiking activity of a neuron (Alger and Nicoll, 1982;
Berger et al., 1994; Keat et al., 2001; Gerstner and Kistler, 2002; Song et al.,
2002; Jolivet et al., 2004; Paninski et al., 2004; Storm, 1987). As shown in
our results (Figure 4.5), the feedback component can account for a significant
portion of the output variance. In our model selection scheme, the feedback
term is not only included but also selected prior to the selection of inputs
and cross-terms. This is akin to the Granger causality analysis, in which the
moving averages of inputs are statistically tested with the auto-regressive
component built in (Nedungadi et al., 2009). Such a scheme differentiates
the output-dependent dynamics from the input-dependent dynamics and thus
provides more certain assessments of the causal relations between inputs and
output.

The feedforward Volterra model is chosen to be second order in this study.
However, with the expense of more open parameters and the computational
cost, the model can also include higher-order terms—for example, third-
order self-kernels and cross-kernels. Our previous analysis showed that adding
third-order self-kernels only marginally improves model performance (Song
et al., 2007).

The model described in this paper was developed within the context of
hippocampal prostheses and CA3-CA1 population dynamics. For example,
to replace a CA1 cell field selectively damaged in association with stroke—a
common consequence of even brief periods of anoxia—the prosthetic device
has to reinstate the output signal (e.g., CA1 spikes) based purely on the signals
recorded in an upstream region (e.g., CA3) since the former are unavailable
in such a scenario. For this reason, our model does not include other CA1
neurons as inputs in predicting the activity of any one CA1 neuron and thus
can be considered an inter-region population model (i.e., no intra-CA1 region
dynamics are included). The inter-region configuration used here caneasily
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be extended by taking all recorded neuronal activities (from both CA3 and
CA1 neurons) as inputs and then performing model selection/estimation to
more thoroughly analyze a given neural population and reveal both the intra-
and inter-region functional connectivity in it (Okatan et al., 2005; Eldawlatly
et al., 2009; Stevenson et al., 2009).

4.6 FUTURE DIRECTIONS
The underlying assumption of this modeling work is that the MIMO nonlin-
ear dynamics of the hippocampus are based on stationary processes. This is
probably a valid assumption for the learned behavior of well-trained animals
(e.g., during the DNMS task) when the spiking representations of extrinsic
cues in both input and output regions are formed and stabilized. However, an
important characteristic of the cortical regions, especially the hippocampus, is
experience-dependent plasticity—for example, long-term potentiation (LTP)
and long-term depression (LTD). Thus, the MIMO nonlinear dynamics of
the hippocampus are likely to evolve during learning and memory formation.
The logical next step is to extend the nonlinear dynamic modeling of the hip-
pocampus to such nonstationary cases. Input-output (e.g., CA3-CA1) spike
trains should be recorded from animals learning the behavior task. Volterra
kernels (k and h), which represent the MIMO nonlinear dynamics of the
hippocampus, should be estimated recursively from these recordings. The
emergence of and change in the nonlinear dynamics would then be tracked by
the temporal evolution of the kernels. Preliminary simulationresults show that
this can be achieved by combining the nonlinear dynamical model with the
point process Kalman filter technique (Eden et al., 2004; Chan et al., 2008).

The change in the MIMO nonlinear dynamics of a given hippocampal
region results from the experiences of the animal. These experiences are inter-
nally represented as the flow of the input-output spatiotemporal patterns of
spike trains. A further, fundamental question is whether it is possible to recon-
struct the emergence of and change in the MIMO nonlinear dynamics of a
hippocampal region, which are characterized by the nonstationary modeling,
based on the region’s input-output activities and a LTP/LTD-like learning
rule defining how to modify the MIMO nonlinear dynamics. Such a learn-
ing rule is critical for (1) understanding the in vivo synaptic modification
of the hippocampus during behavior and (2) developing novel algorithms
for the next-generation, adaptive cortical neural prostheses essential for the
patient to adjust to what can be expected to be continual changes in his or her
environment.
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5.1 INTRODUCTION
Cortical neurons are known to mediate many complex brain functions through
their coordinated interaction along numerous parallel and sequential pathways
with highly intricate network structures. The massive size of these networks
suggests the vastly complex information processing mechanism that underlies
their operation (Bressler, 1995; Varela et al., 2001). Many nervous system
diseases and disorders are also known to result from abnormal changes in the
function and/or structure of these networks (Catani and Fftyche, 2005; Liu
et al., 2008; Supekar et al., 2008). Deciphering the neural circuitry underlying
the observed behavior is therefore of utmost importance in systems and in
clinical neuroscience.

System identification techniques aimed at characterizing widely dis-
tributed functional cortical networks require simultaneous monitoring of
neural constituents while subjects carry out certain functions. Many functional
neuroimaging studies have demonstrated selective coupling between dis-
tinct cortical areas during behavioral tasks (Greicius et al., 2003; Logothetis,
2003; Caclin and Fonlupt, 2006; Tsao et al., 2008; Verhagen et al., 2008).
While these studies have yielded much insight into the brain’s functional
connectivity, it is widely believed that the temporal and spatial resolu-
tions of current neuroimaging techniques remain a significant obstacle to
the study of functional connectivity at the single-cell and population levels
(Logothetis, 2003, 2008).

Techniques for simultaneous recording of multiple single-unit activities
seem to hold the promise of increased resolution, although they are still
limited to local areas and shallow cortical depths. Two-photon calcium imag-
ing techniques (Stosiek et al., 2003) or chronically implanted high-density
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microelectrodes (Nicolelis, 1999; Normann et al., 1999; Csicsvari et al.,
2003; Wise et al., 2004) have been used in the last few years to simulta-
neously monitor ensembles of spiking neurons with the hope of deciphering
their population-coding properties. This has provided more insight into how
functional neuronal networks form in response to dynamic complex stimuli
(Averbeck et al., 2006; Quiroga et al., 2007) or to signify movement inten-
tion and execution (Chapin et al., 1999; Serruya et al., 2002; Hochberg et al.,
2006). These techniques have also been used to identify markers of structural
plasticity (Wagenaar et al., 2006; Wallach et al., 2008) or to monitor dendritic
spine formation during motor learning and adaptation (Baeg et al., 2007; Xu
et al., 2009).

There is increasing evidence that fine-scale connectivity between neurons
exists in local circuits and may span multiple adjacent cortical layers
(Yoshimura and Callaway, 2005) consistent with segregated subcolumnar
cortical structures. There is also increasing evidence that selective activation
(or inactivation) of local areas via microstimulation triggers sparse patterns
of activity (Histed et al., 2009), indicating highly localized, nonrandom
connectivity patterns between adjacent neurons (Song et al., 2005). The func-
tional role of this organization is poorly understood, and only in the last
ten years have methods of large-scale neural ensemble recordings in awake
behaving subjects started to emerge, despite the inherent difficulty in implant-
ing microelectrode arrays in brain areas of interest for sustained periods
of time.

Methods for inferring connectivity among simultaneously recorded neu-
rons date back to the early work of Perkel, Gerstein, and Moore (1967),
when cross-correlation methods were introduced, while more recent methods,
briefly surveyed by Brown et al. (2004), include spike pattern classification,
likelihood, and frequency domain. Almost all of these methods were devel-
oped for analyzing single-electrode recordings and are therefore constrained
by the number of neurons that a single-depth electrode can pick, mostly pairs
or triplets (Gerstein, 2000; Buzsaki, 2004). When large-scale recording of
multiple single units became more common, usage of these methods to infer
a complex dynamic network structure showed itself to be nontrivial. In this
chapter, we focus on reviewing current techniques for inferring neuronal con-
nectivity from simultaneously recorded spike trains. We provide an in-depth
presentation of graphical methods, as they seem to enjoy a number of advan-
tages, particularly for inferring large-scale networks. Although our discussion
is specific to neuronal spike trains, the methods reviewed here can be applied
to other signal modalities. We demonstrate their performance and compare
them to classical methods when applied to simulated and experimental spike
train data.
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5.2 BACKGROUND AND OVERVIEW
The problem of inferring connectivity between neurons can be stated as
follows: We observe the spike trains of a population of N neurons, denoted
S = [Si]N×T , during an interval of length T . We want to identify the set of
neurons, πi, in the set of observed neurons, N , that affect the firing of neuron
i, Si, in a statistical sense. We assume that S is expressed in the form of dig-
ital spike trains with a very small bin width � (usually 1–3 ms). This form
assumes that at time bin m, Si(m�)= 1 indicates a spike while Si(m�)= 0
indicates no spike.

We first define two types of connectivity that are frequently used in the
literature: functional and effective. Functional connectivity refers to the sta-
tistical dependence observed between the spike trains (rows of S). This can
result from the presence of a synaptic link between the neurons, or it can
be observed when two unlinked neurons respond to a common driving input
(e.g., an unobserved neuron). Effective connectivity, on the other hand, refers
to the causal relationships governing this dependence and involves identify-
ing the pre- and post-synaptic neurons in the observed mixture. There has
been extensive research in the past few decades on discovering both types of
connectivity (e.g., Gerstein and Perkel, 1969; Aertsen et al., 1989; Friston,
1994). We briefly survey these methods here.

5.2.1 The Crosscorrelogram
The crosscorrelogram is one of the oldest and most widely used methods for
inferring neuronal connectivity (Perkel, Gerstein, and Moore, 1967; Gerstein,
2000). It is computed as a histogram of spike counts for a given neuron within
a bin of predefined width ω, relative to the spike count of another neuron. For
a given pair of neurons (i, j) and a given lag kω, the crosscorrelogram CCij is
expressed as

CCij(kω)=
T∑

m=1

Si(m�)
kω/�∑

l=1+(k−1)ω/�

Sj((m + l)�) (5.1)

The peak of this histogram at a certain lag indicates excitation, while a
trough indicates inhibition. An extension to the crosscorrelogram method is
the joint peri-stimulus time histogram (JPSTH), which measures the lagged
synchrony between pairs of neurons relative to the onset of an external stimu-
lus (Gerstein and Perkel, 1969). JPSTH results in a 2-dimensional histogram
in which the value at a given element (t1, t2) represents the number of times
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the first neuron fired at time t1 and the second neuron fired at time t2, as shown
in Figure 5.1. Both t1 and t2 are measured relative to the stimulus onset. The
further the distance from the diagonal, the more lagged the synchrony.

Both methods have a number of limitations. First, the analysis bin size
is fixed, which means that neuronal firing is assumed stationary during this
interval. Frequency domain methods such as partial directed coherence (PDC)
attempt to circumvent bin width dependence at the expense of lost temporal
resolution (Jarvis and Mitra, 2001). There is ample evidence, however, sug-
gesting that the time scale of neuronal excitability is largely time-varying,
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FIGURE 5.1

(a) Crosscorrelogram. (b) PSTH and JPSTH. All three were computed from the spike trains
of two neurons in the rat somatosensory (barrel) cortex in response to whisker stimulation.
Bin size was set to 10 ms in parts a and b. The crosscorrelogram indicates an excitatory
interaction between the two neurons as indicated by the significant narrow peak around
10 ms. The JPSTH shows that the significant synchrony between the two neurons occurs
about 30 ms post-stimulus presentation and therefore may indicate that the stimulus
represents the cause of the synchrony.
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possibly to maintain a principled excitation–inhibition homeostatic balance
(Maass and Natschlager, 2000; Frerking et al., 2005). Most important, recent
studies on spike timing–dependent plasticity (STDP) have demonstrated
that neurochemical receptors can generate excitatory post-synaptic poten-
tials (EPSPs) at resting potential that can last a few hundred milliseconds,
which elongates the time window required for synaptic integration and even-
tually alters the temporal length for neuronal excitability (Markram et al.,
1997; Tsodyks and Markram, 1997; Bi and Poo, 1998; Roberts and Bell,
2002; Destexhe and Marder, 2004; Dzakpasu and Zochowski, 2005; Frerking
et al., 2005). Second, both the CC and JPSTH methods consider only cor-
relation between pairs of neurons. Consideration of the effect of the entire
population becomes important when quantifying information transmission
in large networks that is not accounted for by pairwise association measures
such as cross-correlation. Third, cross-correlation can be interpreted as a mea-
sure of statistical dependence only when the pairwise responses are jointly
Gaussian, which may not always be the case. Lastly, the analysis is typically
limited to very short coincidence intervals above which the effect of covaria-
tion of firing rates in response to a common driving input cannot be ruled out
(Smith and Fetz, 2009).

5.2.2 Information-Theoretic Methods
Information-theoretic (IT) methods attempt to circumvent the limitations
of crosscorrelograms by considering measures such as mutual information
(Cover and Thomas, 2006) that rely on higher-order statistics but may dif-
fer in the neuronal response property used. The advantage here is that the
analysis can be carried out independently from the detailed system properties
because it relies on building empirical histogram estimates of joint response
distributions. In some cases, precise spike timing is used to estimate these dis-
tributions (Yamada et al., 1996; Bettencourt et al., 2007), thereby revealing
the tendency of neurons to synchronize their firing. In others, a binned version
of the spike train is used, thereby measuring stimulus-dependent covariation
of firing rates. One example is the transfer entropy (TE) measure defined as
(Gourevitch and Eggermont, 2007):

TEj→i = I
(

S f
i ;S h

j

∣∣∣S h
i
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where s f
i , sh

j , and sh
i are binary variables, I

(
S f

i ;S h
j

∣∣S h
i

)
is the mutual infor-

mation between the future firing of neuron i, S f
i and the past firing of neuron
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j, S h
j that cannot be accounted for by the past firing of neuron i, S h

i . This
measure can also be computed using binned versions of the spike trains.

IT methods can also be viewed as pattern detection methods that search
for frequent patterns of spikes (symbols) appearing more than at a chance
level (Abeles and Gerstein, 1988; Grün et al., 2002). The size of the pattern
(word length) is an important feature that has to be identified to determine
if the frequency of occurrence of a certain pattern above chance is indica-
tive of a functional relationship. In a few studies (Averbeck et al., 2006;
Schneidman, 2006), the choice of time scale was found to yield strongly
correlated network states, even though pairwise correlations computed over a
fixed bin width were statistically insignificant. One potential caveat regarding
IT methods is the need for large amounts of data for which the connectivity can
be assumed stationary to provide unbiased estimates of the joint distributions
of the patterns. Neural plasticity may affect these estimates if it occurs over
short time scales (Gourevitch and Eggermont, 2007).

The most popular IT method is the maximum entropy model (MaxEnt),
rooted in statistical physics, in which the joint density of the population is
expressed as an exponential function of the weighted individual and pairwise
activities:

p(S1,S2, . . . ,SN )= 1

Z
exp

⎛
⎜⎜⎝

N∑
i=1

δiSi + 1

2

N∑
i=1

N∑
j=1
j �=i

γijSiSj

⎞
⎟⎟⎠ (5.3)

where Z is a normalization factor, and δi and γij are the unknown parameters of
the model. These parameters are estimated using an iterative scaling algorithm
so that the expected values of the individual and pairwise responses match
the measurable information in the experiment (Tang et al., 2008)—the mean
spike count within a fixed window and pairwise correlations.

Pairwise MaxEnt models have been shown to fit experimental data in vitro
for small systems such as retinal ganglion cell cultures (Pillow et al., 2008).
Their performance for larger systems (>∼20 neurons) remains question-
able (Roudi et al., 2009). Recently, a minimum entropy distance (MinED)
algorithm was proposed to alleviate this curse of dimensionality when char-
acterizing larger systems (Aghagolzadeh et al., 2010). It attempts to find the
network structure that minimizes the distance between theentropy of single tri-
als and the true entropy of the data, estimated from a large number of repeated
trials. MinED has been tested on data from biologically plausible models of
spiking neurons with natural adaptation mediated by an STDP mechanism
(Dan and Poo, 2004). It demonstrated good generalization capability given
the limited data available.
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5.2.3 Granger Causality
Granger causality is a popular method for studying casual links between
random variables (Granger, 1969). Specifically, suppose that the spike train
of neuron i at time bin m can be predicted given the neuron’s own firing history
and that of another neuron j using the bivariate auto-regressive model:

Si(m�)=
K∑

k=1

Aii(k)Si((m − k)�)+
K∑

k=1

Aij(k)Sj((m − k)�)+ εi| j (m�)

(5.4)

where K is the maximum number of lags (model order) and A represents the
linear regression coefficients obtained by minimizing the squared prediction
error εi| j when Sj is used to predict Si. Neuron j is said to Granger-cause neuron
i if the inclusion of Sj in Eq. (5.4) reduces the variance of the prediction error.
This bivariate model can be extended to a multivariate (MVAR) model by
summing the effect of other neurons in the population in the second and third
terms of Eq. (5.4) (Kamiski et al., 2001). Extending the time domain model
in that equation to the frequency domain yields the partial directed coherence
(PDC) and directed transfer function (DTF) approaches (Franaszczuk et al.,
1994; Sameshima and Baccala, 1999). The main advantage is the abolition
of the time domain models’ dependence on a specific bin size, under the
assumption of stationarity within the analysis interval.

Granger causality, whether computed in the time domain or the frequency
domain, assumes linear interactions by virtue of the auto-regressive model
structure. This might lead to erroneous conclusions when nonlinear interac-
tions occur, particularly in higher-level association cortices (Lin et al., 2006).
For example, auditory neurons have been consistently found to perform coin-
cidence detection of their dendritic inputs (Agmon-Snir et al., 1998; Peña
et al., 2001), while posterior parietal cortex neurons perform gain modulation
to guide motor behavior in response to visual stimuli (Salinas and Their, 2000;
Cohen and Andersen, 2002). It has also been reported that Granger causal-
ity cannot detect inhibitory connections with the same accuracy as excitatory
ones (Dahlhaus et al., 1997; Cadotte et al., 2008), and cannot discriminate
between mono- and poly-synaptic connections.

5.2.4 Generalized Linear Models
The generalized linear model (GLM) is a generative model in wide use in
many statistical problems. In the context of modeling population activity,
GLM models the output of each neuron in terms of a conditional intensity
function, λ(t |F(t)) of a stochastic point process, where F(t) models all of
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the factors that influence neuron output (Okatan et al., 2005; Truccolo et al.,
2005). For inhomogeneous Poisson processes, the conditional intensity of
neuron i is expressed as

λi (t |Fi(t))= exp

⎛
⎝βi + ki · ξ h +

∑
j∈πi

αij · Sh
j

⎞
⎠, (5.5)

where Fi(t) is a linear sum of the neuron’s background rate βi, an extrinsic
covariate ξh that the neuron independently encodes, and the firing history
Sh

j of the pre-synaptic neurons forming the set πi prior to time t (inclusive
of neuron i to model self-inhibition caused by refractoriness). The parame-
ters ki and αij model the neuron’s receptive field and synaptic coupling with
neuron j, respectively. While the GLM has been used as a generative model
and not as a method to infer functional connectivity, optimizing its param-
eters to fit the observed data involves calculating the coupling parameters
αij and therefore it can be viewed as a tool to identify functional connectivity.
Typically, αij are calculated using maximum likelihood estimation techniques
(Paninski et al., 2004).

GLMs have been successfully shown to fit data in vivo from the primary
motor cortex during goal-directed 2D arm reach movements (Truccolo et al.,
2005), as well as hippocampus place cell firing activity of rats in spatial
navigation tasks (Barbieri et al., 2005). They have also been shown to fit
population data from in vitro neural cultures such as the primate retinal gan-
glion cells (RGCs) (Pillow et al., 2008), a structure with well-characterized
anatomical connectivity. Figure 5.2 shows a block diagram of the model for
a pair of RGC neurons recorded in the study by Pillow et al. (2008), where
an example of the estimated parameters for one ON cell is illustrated, includ-
ing the estimated synaptic coupling parameters with the neighboring ON and
OFF cells.

A critical assumption in the GLM is that the dependence of the firing rate
on the external covariates is implicitly linear, with the possible inclusion of
a nonlinearity, such as the exponential function in the Poisson case. There
are many prime differences, however, between the structure of cortical net-
works observed in vivo and that of neuronal cultures observed in vitro such
as the well-characterized spatial layout of the RGC system. More specifi-
cally, the linearity property may not always hold in many cortical areas where
nonlinear mechanisms and non-Poisson output characteristics tend to pre-
dominate (Barbieri et al., 2001; Fujisawa et al., 2008; Cohen and Newsome,
2009; Dombeck et al., 2009). For example, neuronal responses in prefrontal
areas have been shown to represent discrete—possibly binary—values (rather
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(a) GLM of a 2-neuron population used to fit spike train data from stimulus-driven retinal
ganglion cell (RGC) responses in vitro. Each neuron input is processed by a stimulus filter
ki, a post-spike filter αii, and coupling filters that capture other neurons’ dependencies, αij.
(b) Parameters of an example retinal ganglion ON cell model: temporal and spatial
components of center and surround filter components, post-spike filter, and coupling
filters from neighboring OFF and ON cells.
Source: Adapted from Pillow et al. (2008).

than a continuum) reflecting possible “decision-making” mechanisms remi-
niscent of sensorimotor integration (e.g., Gold and Shadlen, 2007). Many
complex brain functions such as attention (Shadlen and Newsome, 1998;
Paninski et al., 2007; Cohen and Maunsell, 2009) and motion perception are
thought to be mediated by highly heterogeneous and nonlinear firing patterns
of neurons in other areas such as area MT (Callaway, 1998; Yoshimura and
Callaway, 2005; Churchland and Shenoy, 2007; Cohen and Newsome, 2009).
Most important, the GLM assumes that the neuron responds to a covariate ξ h

that is known or can be explicitly measured. However, in many cortical areas
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(e.g., premotor), the intrinsic driving input to the observed population may not
be explicitly measured, and therefore the exact functional form of the encod-
ing mechanism—the mathematical relationship between extrinsic covariates,
ξh’s, and individual neurons’ outputs, λ—remains a subject of intense debate
(Moran and Schwartz, 1999; Carmena et al., 2003; Paninski et al., 2004; Wu
et al., 2004).

From a computational standpoint, GLM fitting—like most maximum like-
lihood optimization techniques—is computationally intense and may tend to
overfit the data because of the large number of parameters to be estimated.
One potential remedy is Bayesian regularization techniques that attempt to
maximize the posterior density instead of the likelihood, assuming a priori
beliefs about receptive field parameters. Another remedy is to assume sparse
connectivity and use known anatomical properties of the populations being
measured, or to assume a specific functional form for the coupling between
the neurons (Truccolo et al., 2005; Pillow et al., 2008), effectively reducing
the number of parameters. Recent experimental evidence from selected brain
areas seems to support this approach (Song et al., 2005; Histed et al., 2009).

5.3 GRAPHICAL MODELS
Graphical models are considered an elegant blend of probability and graph the-
ory for capturing complex dependencies between random variables. They are a
cornerstone of statistical inference and have been widely used in mathematics
and machine learning applications such as bioinformatics, communication
theory, statistical physics, signal and image processing, and information
retrieval (Wainwright and Jordan, 2008). Their use in modeling neuroscience
data has been surprisingly limited, but it is gaining strong attention in the
computational and systems neuroscience communities.

A graphical model uses a vertex (or a node) to represent a neuron’s state dur-
ing a specific time interval, and an edge to connect the neuron to other neurons
(vertices) in the observed population. Inferring graphs with undirected edges
is therefore equivalent to discovering the functional connectivity between the
neurons, whereas inferring graphs with directed edges is equivalent to finding
their effective connectivity.

5.3.1 Effective Connectivity
Inferring causal links—that is, effective connectivity—between neurons is
a challenge because an effect may have many causes, some of which may
be unobservable, leading to the possibility of inferring spurious connections
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between neurons. For example, when neuron A excites neuron B and neuron
B excites neuron C, A and B will have significant crosscorrelogram peaks
that indicate a correctly inferred direct coupling between them. However, a
crosscorrelogram of A and C will exhibit significant peaks that suggest A and
C are coupled when in fact their coupling is mediated by B. This spurious
coupling can be explained away by considering the effect of both A and B
on C. The concept of “explaining away” (Wellman and Henrion, 1993) is a
cornerstone in graphical models, particularly Bayesian networks (Pearl and
Shafer, 1988), as it considers all possible individual and compound causes of
the observed effect. Similar argument can be made when A excites both B
and C, in which case explaining away the spurious coupling between B and
C is achieved by considering the interaction between A and B as well as that
between A and C.

In the case of time-varying stochastic processes with potentially many
causes such as spike trains, Bayesian analysis provides a powerful framework
because it treats all model quantities (observations, parameters, latent vari-
ables, etc.) as random variables causal links between these variables—now
explicitly appearing as vertices in the graph—can therefore be represented
as directed edges. In such a case, dynamic Bayesian networks (DBNs)
(Eldawlatly et al., 2010) are well suited to inferring graphical models of
spiking neurons because they explicitly model time dependencies between
the variables (Murphy and Mian, 1999; Murphy, 2002). They have been used
in a number of applications, for example, to infer transcriptional regulatory
networks from gene expression data (Bernard and Hartemink, 2005; Dojer
et al., 2006; Geier et al., 2007; Needham et al., 2007) and to infer connectivity
between multiple brain areas from fMRI data (Zhang et al., 2006; Rajapakse
and Zhou, 2007). They have also been shown to infer information transfer
using coarse brain activity throughout the songbird auditory pathway and
have agreed with anatomical findings (Smith et al., 2006).

A DBN represents sequential data in the form of a directed acyclic graph
(DAG) (Heckerman, 1995; Pearl, 1988; Murphy, 2002). In the context of
spiking cortical networks, a DBN representing spike train matrix S from N
neurons is defined by B =<G,P >, where G is a DAG and P is a set of
conditional probabilities between the spike trains. Each graph G consists of a
set of vertices V and edges E. Each vertex in V, denoted by v(t)i , corresponds
to the state of neuron i at time t, denoted by Si(t). Each directed edge in E,
denoted by v(t−τ)i → v(t)j , indicates that Si(t − τ) causes Sj(t). Graphically, this
means that Si(t − τ) is a parent vertex of Sj(t). When computing their joint
density, the conditional dependence between the two variables is assumed to
be time-invariant.
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In a DBN, the firing state of any postsynaptic neuron i at time t, Si(t)
is determined only by its parents’ history, denoted by Sπi(1 : t − 1), where
πi is the set of putative pre-synaptic neurons to neuron i and is indepen-
dent of the status of any other neuron in the observed population. Thus, the
joint probability p(Si(t), . . . ,SN (t)) is expressed in terms of the conditional
probabilities

p(S1(t),S2(t), . . . ,SN (t))=
N∏

i=1

p
(
Si(t)

∣∣Sπi(1 : t − 1)
)
. (5.6)

In practice, the parents’ history is considered up to a maximum Markov
lag τmax. Thus, the joint density can be rewritten as

p(S1(t),S2(t), . . . ,SN (t))=
N∏

i=1

p
(
Si(t)

∣∣Sπi (t − τmax : t − 1)
)

. (5.7)

Modeling time dependency allows DBN to capture relationships that
appear at different time lags. This is useful when considerable latency between
causal events results from aggregated synaptic delays. It also makes DBN
capable of modeling cycles or feedback loops. Any loop that exists in the
structure of the network is unrolled in the DBN representation, as illustrated
in Figure 5.3.

Learning the structure of the DBN is the most important step because it
permits inferring the network model that best fits the observed spike train
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(a) Simple causal network where nodes represent neurons and edges represent
connections. lij indicates the synaptic latency in units of time. (b) Corresponding DBN
where black nodes represent the neuron firing state at a specific Markov lag and white
nodes represent the present state.
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data D. More precisely, this is expressed as

G∗ = arg max
G

(log p(D|G )+ log p(G)) (5.8)

where p(D|G) is the likelihood of the data D given the structure G, and p(G)
is the prior probability of G. Structure learning transforms the inference prob-
lem from a maximum likelihood (ML) estimation to a maximum a posteriori
(MAP) estimation by including a prior penalty term. If no prior information
is available about the distribution of the expected graph, p(G) is assumed
to be uniform. Learning the structure of G is much more difficult compared
to learning the parameters because once the structure is known, it is easy to
learn the reduced set of parameters using maximum likelihood techniques
(Stevenson et al., 2009).

There are many structure-learning algorithms. The most popular are score-
based (Heckerman, 1995; Friedman et al., 1999; Hartemink et al., 2001).
Figure 5.4 outlines the steps in a score-based approach. A scoring function is
first defined by which a given structure is evaluated on a given data set, and then
a search is performed through the space of all possible structures to find the
one with the highest score. At each step of the search, only one modification
is permitted in the structure that involves adding, removing, or reversing an
edge. Score-based approaches are typically based on well-established statisti-
cal principles such as minimum description length (MDL) (Lam and Bacchus,
1994), Bayesian information criterion (BIC) (Schwarz, 1978), and Bayesian
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FIGURE 5.4

Block diagram of the DBN structure search algorithm.
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Dirichlet equivalent (BDe) score (Heckerman et al., 1995). For instance, BIC
approximates p(D|G) as

log p(D|G)≈ log p
(

D
∣∣∣P̂,G

)
− d

2
logY , (5.9)

where P̂ is the maximum likelihood estimate of the parameters P given the
structure, d is the number of parameters in P, and Y is the number of samples.
The first term measures how well the model fits the data, while the second
penalizes the model’s complexity. The search can be a greedy search or a
simulated annealing search. The latter performs better as it avoids falling in
local maxima (Kirkpatrick et al., 1983). Using the joint probability of the
spike trains in the computation of the Bayesian score for structure inference
ensures that the effect of the entire observed population is taken into account
when searching for the best graph. This is a major advantage over pairwise
methods such as the crosscorrelogram.

Graphical models such as DBNs provide a general framework for many
well-known statistical models. For example, hidden Markov models (HMM)
are a special case of DBNs where the state of the world is represented by a
single discrete random variable that transits between K possible values, as
opposed to a set of random variables in a factored and distributed graph in
DBNs. As a result, the latter may have exponentially fewer parameters—
thereby speeding up the inference process—than its corresponding HMM.
State space models such as the Kalman filter and its many derivatives are
also special cases of DBNs where the model is linear and Gaussian. GLMs
are considered log linear equivalent models when the joint density belongs to
the class of exponential families and the noise is non-Gaussian (McCulloch,
2000).

5.3.2 Graph-Based Functional Connectivity Inference
In addition to capturing multimodal, nonlinear, and non-Gaussian charac-
teristics of joint population density, graphical representation of neuronal
interactions is intuitivebecause it can be visualized easily and it allows the use
of many established graph metrics to quantify certain features of the inferred
graph that can be compared to imaging and anatomical neural data. For exam-
ple, one may use single-vertex metrics such as the number of incoming and
outgoing connections at each vertex, or pairwise vertex metrics such as the
path length or the number of intermediate vertices between any pair of ver-
tices, or metrics that quantify the entire graph structure such as the clustering
index (Sporns et al., 2007).
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Modeling temporal dependencies using graphical models such as DBNs,
however, comes at a considerable computational cost. Vertices are arranged
into columns that represent a particular time frame (as shown in Figure 5.3)
because of the need to conduct the search in a high-dimensional graph space to
find the best structure that explains the data. It is highly desirable to reduce the
search space by eliminating unnecessary edges before effective connectivity is
inferred. This can be done by computing some measure of similarity between
spike trains and using it as undirected edges to connect the vertices in the
graph. Pairwise Pearson correlation, mutual information, or any other suitable
metric can serve this purpose. Another advantage of this approach is that, by
restricting the number of vertices per neuron, the state of the interaction with
other neurons can be time scale–independent, thereby reducing the effect of
nonstationarity in the interaction between neurons that occurs over a multitude
of time scales on the accuracy (Shadlen and Newsome, 1998; Averbeck et al.,
2006; Schneidman, 2006).

The first step is to project the spike trains onto a “scale space.” This space
extracts information about changes in the firing pattern that are localized in
both time and frequency. This is achieved by a wavelet transformation of each
spike train using a Haar rectangular basis (Mallat, 1998). More precisely, the
spike train at any given time scale k is expressed as

Sk
i (t)= W(k)Si(t) k = 0,1, . . . ,K (5.10)

where W(k) is a lumped matrix representing the transform of size
2log2(L)−k+1 × L, L is the spike train length in bins, and K is the total number
of time scales examined. Figure 5.5(a) outlines the steps of the algorithm.

The wavelet transformation extracts two important features from the spike
train as shown in Figure 5.5(b). First, it extracts the probability of firing at time
scale k indicated by the sequence 2−k/2ak

i (t) along the transform approxima-
tion path (left branch). This is proportional to the firing rate in bins of size 2k .
Second, it extracts the relative change in the probability of firing across suc-
cessive bins indicated by the sequence 2−k/2dk

i (t) along the details path (right
branch). Positive/negative values indicate a decrease/increase, respectively, in
the probability of firing relative to the previous bin. Using this representation,
small time scales account for fast-rising synaptic coupling while large time
scales account for slow-decaying synapses. This information is important for
determining the synchronization properties of neurons, ranging from weakly
coupled oscillation states to persistent excitation states in recurrent networks
when inputs are absent (Ermentrout, 2003).
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(a) Block diagram of the multiscale clustering algorithm for inferring functional connectivity.
(b) Two-level scale space representation (using the Haar wavelet basis) of a sample spike
train. The left branch represents the approximation path; the right branch represents the
details path. At any time scale k, the wavelet coefficients of both the approximation and the
detail are concatenated together to form Sk

i .

In the kth time scale, a similarity matrix is computed from the projections.
In our case, the similarity measure is computed as the Pearson correlation
expressed as

σ k
ij = E [Sk

i Sk
j ] (5.11)

The full correlation matrix at time scale k,
∑(k) ∈ RN×N , is formed using

Eq. (5.11) for all i, j ∈ {1, . . . ,N}. Other measures of similarity, such as mutual
information, can be used as well. The similarities computed across all time



5.3 Graphical Models 145

scales are fused by simultaneously diagonalizing the similarity matrices
∑(k)

computed from Eq. (5.11) for k = 0,1, . . . ,K . Specifically, this is achieved by
forming a block diagonal matrix R ∈ R(N×K)×(N×K) that has the kth block
as the N × Nmatrix

∑(k). This matrix is diagonalized using singular value
decomposition (SVD) as

R =

⎡
⎢⎢⎢⎣

∑(0) ∑(1)

. . . ∑(K)

⎤
⎥⎥⎥⎦ ∼=

Q∑
q=1

λququT
q (5.12)

where λq/uq denote the eigenvalue/eigenvector pair associated with the qth

dominant mode of the block diagonal matrix R. The N × N similarity matrix
is then formed by first vectorizing the K matrices

∑(k) to N2 × 1 vectors,
concatenating the K vectors obtained in a matrix of dimension N2 × K , per-
forming SVD on the resulting matrix and keeping the first Q modes in a
matrix of size N2 × Q, and finally reshaping the N2 × Q matrix to Q matrices
of size N × N . The generalized similarity matrix is formed by summing the Q
principal matrices, weighted by the corresponding eigenvalues λq. Simultane-
ous diagonalization/fusion tells us how spike trains are similar in a scale-free
space. This has the advantage of identifying functional connectivity indepen-
dent of the length of the history interval governing the interaction between
any neuron pair. Once generalized similarity measures have been computed,
each neuron is represented as an object in a graph and connected by an edge
whose weight wij equals the (i, j)th entry of the generalized similarity matrix.
The outcome of this step is an undirected graph similar to the example shown
in Figure 5.6.

The clustering of similar objects in the undirected graph can be done in
many ways. Spectral clustering is one approach to identifying the clusters
(Chung,1994; Ding et al., 2001; Jin et al., 2005) and has been shown to perform
better than some well-known clustering algorithms (Ng et al., 2001). It views
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FIGURE 5.6

Undirected graph and its matrix representation as input to the spectral clustering
algorithm. The dashed circles indicate the output of the clustering algorithm.
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the problem as one of graph partitioning in which a minimum cut algorithm
is applied to identify clusters with strongly similar objects. Specifically, if aic
denotes the probability of the ith neuron being in the cth cluster, the minimum
cut problem is solved by finding the set of probabilities {aic} that maximize
the following objective function (Jin et al., 2005):

O =
C∑

c=1

N∑
i=1

N∑
j=1

aicajcwij

N∑
i=1

N∑
j=1

aicwij

(5.13)

The final cluster memberships are derived from c∗
j = arg max

c∈[1,...,C]
aic. Refer-

ring to the example in Figure 5.6, only edges of small weights are removed
with this approach. The probabilistic spectral clustering algorithm overcomes
many limitations when clustering data with arbitrary structures, since it is
nonparametric and therefore can track a wide variety of cluster shapes. The
probabilistic nature of the algorithm is useful in quantifying the degree of
uncertainty in the membership of a given neuron in each cluster.

The clustering algorithm is useful in reducing the dimension of the neural
space to a set of subspaces where statistical dependency is significant between
neurons within a cluster and insignificant across clusters. Therefore, the two-
step approach illustrated in Figure 5.7 constitutes an integrated framework for
dealing with large-scale systems.

5.4 RESULTS
We tested the methods just discussed in analyzing both synthetic spike data
and experimental spike data collected from awake, behaving rats in working
memory tasks. Here we detail our most relevant findings.

5.4.1 Spiking Neural Model
We used a general formulation of the GLM to generate synthetic spike data.
Specifically, the output of neuron i, λi(t), was expressed as

λi (t|Hi(t),ξ(t),θi )= f
(
θb

i ,h
(
θ h

i ,Hi(t)
)

,g
(
θ
ξ
i ,ξ(t)

))
, (5.14)

This formulation includes the following set of parameters:θi = {θb
i ,θ h

i ,θξi }
is a vector in which θb

i expresses the neuron’s background activity level, θ h
i
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Schematic of the two-stage framework for inferring neuronal connectivity. Multiscale
clustering infers functional connectivity and reduces the dimension of the neural space to
a set of smaller subspaces (clusters). The dynamic Bayesian network (DBN) infers the
effective connectivity within each subspace.

models the network interaction parameters, which are represented by αij in

the GLM (Eq. (5.14)), and θξi expresses the neuron’s receptive field. The term
Hi(t) expresses the spiking history of the neuron itself and that of other neu-
rons connected to it, while ξ(t) expresses the external covariate (stimulus).
One main difference is that the function h(.) expresses a network term that
models a time-varying relationship between the neuron and all other observ-
able neurons that influence its firing. The model is dynamic in that the firing
history term Hi(t) is allowed to modify the coupling between the neurons θ h

i .
This represents a substantial difference from the static GLM, and it is more
consistent with a large body of experimental studies on STDP in local cortical
circuits (Song and Abbott, 2001; Caporale and Dan, 2008). The function g(.)
models the relationship between the external covariate and the receptive field
of the neuron. The GLM in Eq. (5.5) is a special case of this form in which f (.)
is an exponential function, h(.) is a binomial distribution with no dependence
of αij on Hi(t), and g(.) is an inner product.
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According to Eq. (5.5), the history term in the GLM takes the form Hi(t)=
{Sj

(
t − Mij : t

)}j∈πi :

p (Si(t)= 1)∼= λi (t |Hi(t),ξ(t),θi )�

= exp

⎛
⎝βi + ki.ξ

h +
∑
j∈π i

Mij∑
m=0

αij (m�)Sj(t − m�)

⎞
⎠�, (5.15)

where Mij is the number of history bins that relate the firing probability of
neuron i at time t to activity from neuron j at time (t − m�). In this case, αij
represents weight functions governing how much the occurrence of a spike
from neuron j, going back Mij bins in time, influences the probability of firing
of neuron i at time t.

To mimic the influence of excitatory post-synaptic potential (EPSP) and
inhibitory post-synaptic potential (IPSP), αij can be modeled as a decay-
ing exponential function (Kuhlmann et al., 2002; Zhang and Carney, 2005;
Sprekeler et al., 2007):

α±
ij (t)

{
0, if t < lij�
± Aij(t)exp

(−3000
(
t − lij�

)/
Mij

)
, if t ≥ lij�

(5.16)

where +/− indicate excitatory/inhibitory interactions, Aij(t)models the time-
dependent strength to account for plastic changes, and lij models the synaptic
latency (in bins) associated with that connection.

Accounting for the external stimulus contribution using the explicit term
as in Eq. (5.15) might be appropriate for early-stage sensory neurons that
are directly tuned to the stimulus. Neurons in high-level association cortices,
however, respond to the input stimulus in a much more complex and indirect
manner. They are believed to dynamically shape their response characteris-
tics using their connectivity to low-level sensory neurons through multiple,
interleaved pathways with numerous feedback loops at different processing
levels in the brain. An alternative way to generically model these complex
interactions is

λi (t|Hi(ξ(t)),θi )= f
(
θb

i ,h
(
θ h

i ,Hi(ξ(t))
))

, (5.17)

where the covariate ξ(t) is now implicitly represented in the network term h(.).
This formulation attempts to generalize the relationship between the neuron’s
tuning characteristics and the external covariate to an arbitrary form. The
functional relationship between the neuron’s receptive field and the external
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covariate that it presumably encodes is therefore implicit. This leads to the
following model of neural firing used in our simulations:

p(Si(t)= 1)∼= λi (t |Hi(ξ(t)),θi )�=
⎛
⎝exp

⎛
⎝βi +

∑
j∈πi

Mij∑
m=0

αij(m�)Sj(t − m�)

⎞
⎠

⎞
⎠�,

(5.18)

This formulation may help address important questions regarding the
putative role of correlation in encoding external covariates (Aertsen et al.,
1989; Nirenberg and Latham, 2003; Averbeck et al., 2006; Pillow et al.,
2008). Many experimental findings suggest that correlations are time scale–
dependent (Kohn and Smith, 2005; Averbeck et al., 2006; Biederlack et al.,
2006; Chacron and Bastian, 2008) and vary with stimuli (Gray et al., 1989;
deCharms and Merzenich, 1996; Samonds et al., 2003; Kohn and Smith, 2005;
Biederlack et al., 2006; Rocha et al., 2007; Chacron and Bastian, 2008). This
leads to a more consistent formulation with the notion of cell assemblies,
originally proposed by Hebb (1949), to underlie the filtering properties of the
neural circuits in response to an external covariate.

5.4.2 Inferring Effective Connectivity
DBN inference accuracy can be quantified using the F-measure, defined as
the harmonic mean of two quantities: recall and precision (Rijsbergen, 1979):

Recall = n

n +μ , Precision = n

n + w

F = 2 × Recall × Precision

Recall + Precision
= 2n

2n +μ+ w
, (5.19)

where n is the number of correctly inferred connections, μ is the number of
missed connections, and w is the number of erroneously inferred connections.
Thus, F is 0 if and only if n = 0 and 1 if and only if μ= 0 and w = 0.

DBN performance was examined by varying the parameters of the model
in Eq. (5.15). Initially, the synaptic latency lij for all neurons was fixed at
3 ms. DBN achieved more than 87% accuracy when applied to networks with
a variable number of pre-synaptic connections for each neuron while fixing
all other parameters as shown in Figure 5.8(a). It also achieved similar per-
formance when applied to networks with variable history intervals Mij, as
illustrated in Figure 5.8(b), where all the interactions in a given population
had the same Mij. In both cases, the DBN Markov lag was set to match the
population synaptic latency.
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FIGURE 5.8

(a) DBN performance versus number of excitatory pre-synaptic connections per neuron;
inset: connection strengths Aij = ∣∣αij

∣∣ for each choice of that number. Aij was decreased as
the number of pre-synaptic connections increased to keep the post-synaptic neuron firing
rate steady and to avoid unstable network dynamics. (b) DBN performance versus firing
history interval; inset: connection strengths Aij = ∣∣αij

∣∣ for each choice of this length that
was decreased gradually as the history interval increased for stable dynamics.

In practice, the synaptic latency between any two neurons is unknown. We
investigated performance when there is a mismatch between the DBN Markov
lag (set by the user) and the true synaptic latency in the model. The synaptic
weight functions shown in Figure 5.9(a) were used to mimic the EPSP/IPSP
characteristic of the connections for different choices of Mij. Given that, for
relatively longer history intervals, the effect of a pre-synaptic spike on the
firing probability of a post-synaptic neuron lasts longer, DBN can infer these
connections even if the Markov lag is chosen to be larger than the true synaptic
latency. On the other hand, we expected the performance to diminish for
shorter history intervals. Figure 5.9(b) illustrates that when the Markov lag is
set to a value smaller than the populations’ synaptic latency, almost none of
the connections were inferred. DBN performance was nearly perfect (close
to unity) when the Markov lag matched the synaptic latency. The inference
accuracy deteriorated slightly when the Markov lag was set larger than the
true synaptic latency. The rate of deterioration was proportional to the history
interval of the interactions—the larger the length of that interval, the more
diminished the observed performance.

Functional cortical networks are more likely to have heterogeneous synap-
tic latencies that reflect their spatially diffuse structures and their local
feedback loops (Averbeck et al., 2006; Brown and Hestrin, 2009). We used a
heterogeneity index (HI), defined as the number of distinct synaptic latencies
that exist in the network. Figure 5.9(c) demonstrates the accuracy for networks
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(a) Coupling function α+
ij (t) for different history intervals M. (b) DBN performance versus

Markov lag for variable history intervals and fixed synaptic latency of four bins. (c) DBN-,
PDC-, and GLM-fit performance versus HI.

with different HIs. Each neuron received two random connections, one exci-
tatory and one inhibitory. DBN accuracy was not significantly affected at high
HI, as shown in Figure 5.9(c). DBN performance was also compared to two
methods (reviewed in Section 5.2) that identify causal connections: namely,
PDC, the frequency domain equivalent of Granger causality, and GLM fit.
As can be seen, DBN outperformed PDC at all HIs. Careful examination of
the networks inferred by PDC revealed that the major cause of diminished
performance is the inability to detect most of the inhibitory connections. For
the GLM fit, DBN performance was slightly superior. GLM performance was
not surprising, given that it was tested on data obtained from the underlying
generative model.
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5.4.2.1 Deciphering Mono-Synaptic Connectivity
A main advantage of graphical models in structure learning is their ability
to explain away spurious relationships between variables when the effect of
the entire population is considered. This is most pronounced in the chain
example illustrated in Figure 5.10(a). In this example, neurons A and B are
the monosynaptic parents of neurons B and C, respectively. For simplicity, the
synaptic latency of both connections was set to 1 bin. Based on this setting, a
spurious monosynaptic connection between neurons A and C might be inferred
at a 2-bin Markov lag. We assessed performance using 100 different network
structures, 10 neurons each, with a fixed synaptic latency of 1 bin, and 2 pre-
synaptic connections per neuron. Each of the 100 networks examined had a
total of 40 chains with 3 neurons each.

Figure 5.10(b) shows that the number of spurious poly-synaptic connec-
tions per chain as a function of the Markov lag was insignificant when a
Markov lag of 1 bin was used. This is not surprising given that the lag was
shorter than the superposition of two synaptic latencies. Most interesting, the
error was very small at a Markov lag of 2 bins, suggesting that the DBN
tended to find the network structure with the least number of edges. There-
fore, it would consider poly-synaptic connections A → C as redundant and
eliminate them during the search, given that two monosynaptic connections
had already been inferred. At a Markov lag range of 1 to 2, no polysynaptic
connections were inferred since in this case the DBN found the lag (or a com-
bination of lags) that best explained the data. This suggests that even if the
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FIGURE 5.10

(a) Three-neuron chain, where the solid arrows represent true mono-synaptic connections
and the dotted arrow represents a spurious second-order connection; l indicates the
synaptic latency associated with each connection in bins. (b) Average number of
spurious connections inferred per chain.
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Markov lag were not correctly chosen, DBN could still restrict its inference to
true monosynaptic connections provided that the lag range was chosen equal
to or more than the maximum anticipated synaptic latency in the population
(Eldawlatly et al., 2010).

5.4.2.2 Unobserved Common Input and Scalability
We further examined the performance of DBN in the case of unobserved inputs
within the population. We randomly selected 6 neurons to be unobserved from
20-neuron populations. DBN was applied to the spike trains of the remaining
14 neurons. The inference accuracy in this case was 0.96 ± 0.03. We also
looked at performance when some of the observed neurons were not elements
of the functional network. These could be thought of as task-independent
neurons such that their inclusion would be regarded as “noise.” The inference
accuracy obtained by applying the DBN to 100 networks of this type was
0.98 ± 0.07, which strongly indicates the ability of the method to tell true
connections from spurious ones, as well as to identify the neural subspace
where task information may reside.

DBN scalability was then assessed using larger populations. We exam-
ined performance with populations of 120 neurons partitioned into 12 equal
clusters. Each neuron received 3 excitatory pre-synaptic connections from
neurons belonging only to its own cluster. As illustrated in Figure 5.11, by
limiting the search time to one minute (on a 64-bit, 2.33 GHz Dual Intel Xeon
machine with 8 GB of memory), DBN was unable to infer the structure of
these populations. However, its performance significantly improved when it
was applied to arbitrarily selected subpopulations of 20 neurons, eventually
reaching 100% accuracy with a fixed search time of one minute. This sug-
gests that breaking large populations into smaller subpopulations facilitates
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FIGURE 5.11

DBN performance versus number of neurons per subpopulation.
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identification of connectivity with relatively short search times. Alternatively,
when the search time was increased to two hours, as illustrated in Figure 5.11,
DBN performance reached almost 100% without the need to subdivide the
population into smaller clusters.

5.4.2.3 Choosing the Markov Lag
As noted earlier, DBN performance is highly dependent on the selection of
the Markov lag; thus, some measure is needed to estimate this parameter
in real data analysis. For each inferred connection, we computed the mean
influence score (IS), defined as the average absolute value of the influence of
a pre-synaptic neuron on a post-synaptic neuron independent of the output of
other pre-synaptic neurons (Yu et al., 2004). This measure is computed with
the conditional probabilities used in the inference step. The average of the
absolute value of the IS over all inferred connections is maximized when the
inferred structure matches the true one. Figure 5.12 shows the average IS at
different Markov lags for the data analyzed in Figure 5.9(b). Comparing the
results in both figures, it can be seen that for each choice of history interval
length, the mean IS profile matches the F-measure profile obtained when exact
knowledge of the network structures is available.

5.4.2.4 Position-Specific Cell Assemblies in the
Medial Prefrontal Cortex (mPFC)

We used DBN to infer causal relationships between simultaneously recorded
neurons in the medial prefrontal cortex (mPFC) of an awake, behaving rat
during a working memory task (Fujisawa et al., 2008). This brain area is
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FIGURE 5.12

Mean IS versus Markov lag for variable history intervals for the same data analyzed in
Figure 5.9(b). Note that the mean IS has a profile similar to that of the accuracy.
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known to integrate multiple inputs during decision making to guide motor
behavior. In this study, rats were trained to decide, based on an odor cue,
whether to traverse the left arm or the right arm of a T-maze to be rewarded
(Figure 5.13). A session consisted of 24 right-turn trials and 18 left-turn trials.
Using crosscorrelogram features, recorded neurons were found to fire selec-
tively in different regions of the maze and to exhibit some form of pairwise
connectivity. These mPFC neurons were therefore argued to encode behav-
ioral goal representation that is mediated by integrating a myriad of sensory
inputs. In addition, inferring monosynaptic connectivity between some of the
recorded neurons was hypothesized to form local dynamic circuits indicative
of short-term plasticity.

Spike trains from 39 simultaneously recorded neurons in layer 2/3 of the
mPFC were examined here for the existence of consistent networks using the
graphical models discussed above. Spike trains were first down-sampled to
2000 Hz (0.5-ms bins). This permitted detecting connectivity with a synaptic
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FIGURE 5.13

(a) Behavioral task: rats performed an odor-based matching-to-sample task in a T-maze.
A cheese or chocolate odor cue was presented following a nose-poke in position 0, which
signaled the availability of cheese or chocolate in the left or right goal area (position 1),
respectively. (b) A 64 channel (8 shanks ×8 sites) silicon probe implanted in the mPFC
with the dimensions shown was used to record neuronal activity. Spike trains from these
neurons were obtained after spike sorting with custom-built MATLAB software.
Source: Adapted from Fujisawa et al. (2008).
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latency of 0.5 ms or more. The length of each maze arm was normalized
between 0 and 1 and divided into 5 intervals (0 → 0.2,0.2 → 0.4,0.4 →
0.6,0.6 → 0.8, and 0.8 → 1). The spike train data corresponding to each
interval were concatenated to form 5 position-specific data sets for each side
(second row in Figure 5.14(a)). Each position-specific data set was subse-
quently divided into 8 smaller data sets, formed by randomly selecting 6
subtrials and grouping them (third row in Figure 5.14(a)). A jittered version
of each of the 8 data sets was formed in which each spike was randomly jittered

(a)

(b)

T1 T2. . .

. . .

T24

0

0.20

0.2 0.4 0.6 0.8 1

Trial 1 Trial 2 Trial 3 Trial 24

T1 T2. . . T24
0.40.2 0.60.4 0.80.6 10.8

T1 T2. . . T24 T1 T2. . . T24 T1 T2. . . T24

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

D1

D5 D6 D7 D8

D2 D3 D4 D1

D5 D6 D7 D8

D2 D3 D4 D1

D5 D6 D7 D8

D2 D3 D4 D1

D5 D6 D7 D8

D2 D3 D4 D1

D5 D6 D7 D8

D2 D3 D4

D1 D2 D3 D4 D5 D6 D7 D8

Jitter

Networks from
Original Data

Networks from
Jittered Data

Inferred
Network

DBN 12

FIGURE 5.14

(a) Partitioning of spike trains to obtain position-specific data sets for 24 right-turn trials
(similar analysis for 18 left-turn trials). (b) Network model fitting each data set, obtained by
eliminating the common connections in networks from the original and jittered data. In the
subtraction step, the network inferred from the jittered data set is subtracted from the
network inferred from the corresponding original data set. The resulting networks are
added together to obtain one inferred network with the frequency of occurrence of each
connection as an indicator of its consistency across data sets.
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around its position in a uniform range [−5,+5] ms. This kept the firing rate of
each neuron the same but destroyed information about time-dependent cor-
relation across neurons. Figure 5.14(b) illustrates the steps of the analysis
where connections obtained from the jittered data sets were eliminated from
the networks obtained from the original data sets.

For each position-specific data set and its corresponding jittered version,
we identified connections with synaptic latency in the range [0.5,3] ms with
a step of 0.5 ms. Figure 5.15 illustrates the networks obtained for each maze
position interval for the left and right data sets. Only connections inferred in
at least 3 out of the 8 data sets examined are shown.

We then looked at the similarity between the inferred networks for dif-
ferent maze positions in Figure 5.16(a) using the F-measure (Eq. (5.19)).
Figure 5.16(b) shows that the similarity decreases with increasing separa-
tion between maze positions, suggesting a graded transition between network
states as the rat navigates through the maze. In addition, we found that net-
works corresponding to left-arm data sets have more connections (17.8 ± 5.3)
than those corresponding to right-arm data sets (12.6 ± 7). This may be
attributed to the difference in firing rate of each neuron for left and right
trials, where 62% of the analyzed neurons were more active during left trials
than in right trials.

5.4.3 Identifying Functional Connectivity
We analyzed spike trains obtained from the synthetic network model shown in
Figure 5.17. The objective was to cluster neurons having statistically depen-
dent spike trains with heterogeneous history intervals within each cluster.
Here the true structure of the network was known, and therefore the clustering
performance could be quantified as

Clustering Accuracy = 1

N

C∑
c=1

rc (5.20)

where N is the population size, C is the total number of clusters, and rc is the
number of neurons correctly identified as members of cluster c.

Initially, the history interval length Mij was set to 120 bins for all interac-
tions and the bin width of the spike trains � was set to 3 ms. These choices
correspond to an interaction length of Mij�= 360ms. Figure 5.17(c) shows
the similarity matrix obtained by considering time scales up to 360 ms. Neu-
rons in the same cluster are observed to share significantly greater similarity
than those across clusters. The average clustering accuracy in Figure 5.17(d)
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(Continued)

(solid curve) illustrates a ∼96% accuracy at time scales in the range of
∼200ms to ∼1.5sec. Most important, the performance peaks around 360 ms,
consistent with the history interval chosen in the generative model. The same
result was observed when the history interval of interaction was varied across
clusters, as shown in Figure 5.17(e).
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Networks inferred from left and right data for different maze position intervals. Only
connections appearing in at least three out of the eight data sets of each position interval
are shown. A clear dissimilarity between network models of the left and right trials can
be seen.

The effect of each computational step in the algorithm on clustering
accuracy was assessed to determine its contribution to accuracy. When the
similarity matrix was computed without the scale space projection step
(Eq. (5.10)), the average accuracy was only ∼51%. When the k-means algo-
rithm was used to perform the clustering step with the inclusion of the scale
space projection (Jain et al., 2000), Figure 5.17(d) shows that clustering accu-
racy deteriorated to 61%. We therefore concluded that the combination of
both steps was important to achieving optimal performance.

Figure 5.18 demonstrates that the performance of the crosscorrelogram
and the JPSTH is significantly inferior to the multiscale clustering algorithm.
When variable history of interaction occurred within a cluster, an average
accuracy of 97% was obtained.
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FIGURE 5.16

(a) Similarity between the inferred networks at different maze positions computed using the
F-Measure averaged across both sides. On-diagonal entries are eliminated. (b) Average
similarity between the inferred networks versus distance between maze position intervals.
Values were extracted from the matrix shown in (a). It can be seen that networks become
increasingly dissimilar as a function of the distance between position intervals, suggesting a
differential population encoding mechanism that depends on the behavioral goal.

5.4.3.1 Scalability
We tested the scalability and adaptation of the algorithm when dealing with
larger populations. We simulated populations of 120 neurons partitioned into
four equal clusters. Each cluster was formed as a 2D grid of neurons, as illus-
trated in Figure 5.19(a). To mimic plastic changes in connectivity, the strength
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(a) Population of 16 neurons with 4 independent clusters; I = inhibition, E = excitation.
(b) ISI histograms for an independent Poisson neuron and two dependent neurons with
12-ms and 360-ms interaction history intervals. (c) Fused correlation matrix using time
scales up to 360 ms for the population in (a) with 360-ms interaction history intervals.
(d) Average clustering accuracy versus time scale obtained using probabilistic spectral
clustering and k-means clustering for the population in (a) with 360-ms interaction history
intervals. (e) Clustering accuracy versus time scale for networks with different history
intervals. Within each network, all interactions had the same history interval.
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FIGURE 5.18

(a) Average clustering accuracy over all trials versus time scale for populations with
variable history intervals within each cluster. (b) Average clustering accuracy using
crosscorrelograms for different window sizes. (c) Average clustering accuracy using
JPSTH for different window sizes.

of the connections between clusters 1 and 2 was manually varied by increas-
ing the amplitude of the weight functions Aij(t) in Eq. (5.16). Figure 5.19(b)
demonstrates that when across-cluster connections got stronger, the clustering
accuracy reached its maximum when three clusters, not four, were assigned to
the data. This suggests that the algorithm is capable of detecting merging clus-
ters, which is particularly important when tracking plastic changes in neuronal
connectivity that may be reminiscent of learning and memory formation.

5.4.3.2 Choosing the Time Scale
Much like choosing the Markov lag in DBN analysis, choosing the depth of
scale space projection (i.e., the maximum level of time scale decomposition)
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FIGURE 5.19

(a) Population of 120 neurons with 4 clusters. Bidirectional connections refer to an
excitation connection in one direction and an inhibition in the opposite direction. Black
connections represent within-cluster connections; gray connections represent
across-cluster connections that were strengthened over time. (b) Average clustering
accuracy for variable across-cluster connectivity strengths (clusters 1 and 2).

is important in the analysis. This parameter is unknown in a real data analysis
situation. To overcome this limitation, a clustering validity index—the Dunn
index (DI) (Bezdek and Pal, 1998)—was used:

DI = min
1≤i≤N ,1≤ j≤N

i �=j

d
(
ci,cj

)/
max

1≤k≤N
diam (ck) (5.21)

where d(ci, cj) is the average distance between spike trains of pairwise neu-
rons in clusters i and j(i �= j), diam(ck) is the maximum pairwise distance
between spike trains of neurons in cluster k, and N is the total number of
clusters. The distance between the spike trains of any pair of neurons i and
j was computed as 1 − R(i, j), where R is the augmented similarity matrix
in Eq. (5.12). This index measures the relative dispersion in the clusters and
therefore is maximized when the across-cluster distance (the numerator) is
large and the within-cluster distance (the denominator) is small. Thus, it can
identify sets of clusters that are compactly separated. Figure 5.20 shows the
average DI as a function of the depth of the scale space projection for the data
sets analyzed in Figure 5.17(e). It can be seen that for each choice of history
interval M, the DI is maximized around the same time scale where clustering
accuracy peaks, suggesting that dispersion of the clusters in the feature space
is an adequate measure of confidence in the results.
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Average DI over all trials versus time scale for the network in Figure 5.17(a) with different
history intervals.

5.5 DISCUSSION AND FUTURE DIRECTIONS
Devising methods to identify neuronal connectivity from simultaneously
recorded spike trains is crucial to understanding how neurons collectively and
dynamically respond to external stimuli or how they give rise to an observed
behavior. We reviewed a number of methods that have been proposed and
briefly discussed their utility as well as their limitations in analyzing pop-
ulation activity. In particular, we showed that model-based techniques are
generally well suited for analyzing small populations of a few tens of neurons
but significantly suffer from an “explosion” in the number of parameters as the
population size increases, eventually overfitting the data. Non-model-based
techniques, on the other hand, are suited for small population sizes but tend
to fail in large populations, as they do not consider the joint influence of the
constituents, making them prone to spurious inferences.

We emphasized graph theory as a way to circumvent many of the afore-
mentioned limitations. We provided an elegant mix of both model-based and
non-model-based methods in the context of graphical models. In particu-
lar, the multiscale clustering algorithm for inferring functional connectivity
falls in the category of non-model-based techniques, as it attempts to find
disjoint subspaces with arbitrary structures in the entire neural space using
unlabeled data. The graphical-model-based approach exemplified in the use
of DBNs then finds the intrinsic structure of the system underlying each sub-
space by transforming the inference problem into a structure learning problem
for which many efficient search algorithms exist. This two-step approach
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therefore combines the advantages of model-based and non-model-based
approaches to decipher the complex connectivity patterns that may exist in
large populations.

From a system identification standpoint, the multiscale clustering step
helps to alleviate uncertainty about the temporal dynamics of the system that
are governed by a time scale–dependent interaction between elements. Thus,
it takes into consideration the effect of pre-synaptic cells with the hard-to-
measure synaptic latencies on post-synaptic cell firing probability. The DBN,
on the other hand, helps to alleviate uncertainty about the spatial dynamics
of the system that are governed by the specific element labels. It does so
by integrating immediate evidence with long-term knowledge (prior infor-
mation) and uses it to explain away unlikely causes of the observed effects.
In doing so, it searches for the best graphical model that fits the data. Taken
together, both steps are essential to the capture of uncertainties about dynamic
interactions between neurons in large complex networks.

Nevertheless, the methods have a number of limitations. For example, iden-
tifying effective connectivity using the DBN approach requires supervision.
More work is needed to devise algorithms for estimating some parameters
during the analysis such as the best time scale for the clustering step and the
Markov lag for the DBN. We devised metrics such as the Dunn Index and the
Mean Influence Score to suggest near-optimal values for these parameters.
The metrics, however, require running the algorithms using a range of val-
ues for each parameter and then choosing the value that maximizes it. This
is a computationally intense task. Future work should provide more system-
atic ways of estimating parameters from the data, perhaps using maximum
likelihood, prior to running the algorithms.

The methods presented in this chapter were designed specifically to ana-
lyze spike train data. An important factor to consider that may affect their
performance is the accuracy of spike sorting (Harris et al., 2000; Bar-Gad
et al., 2001). This was discussed in detail in Chapter 2. Although we did not
assess the effect of spike sorting errors on accuracy, we suspect that errors
above a certain level may affect accuracy when, for example, resolving spike
overlaps. A detailed study is needed to address how sensitive these methods
are to spike detection and sorting deficiencies.

Another area that might directly benefit from the development of functional
and effective connectivity algorithms is neural decoding. In a Bayesian sense,
knowledge of the stimulus prior as well as the connectivity between observed
neurons may improve the ability to decode spike trains (Barbieri et al., 2005;
Pillow et al., 2005; Wu et al., 2005; Aghagolzadeh et al., 2009). One way to
think about this is to consider factorizing the likelihood function—the joint
neural response given the stimulus—as a product of marginal densities. Each
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density would express an independent neural response to the stimulusgiven its
pre-synaptic inputs, which would be inferred by the connectivity algorithm.
Several questions arise in this case:

• Would we expect to see distinct network connectivity patterns for different
stimulus parameter values?

• How consistent would these networks be across multiple repeated trials?

• Does information about connectivity improve decoding performance?

Recently, we began to address these questions both in simulations and in
experiments. In a simulation study, our results suggested that distinct and con-
sistent network connectivity patterns may arise during goal-directed 2D arm
reach movements (Aghagolzadeh et al., 2009). When these connectivity pat-
terns were used to estimate the parameters of a Bayesian decoder, the decoding
performance was significantly improved compared to the case in which infor-
mation about network connectivity was absent (Aghagolzadeh et al., 2009).
Experimental results by other groups using the activity of retinal ganglion
cells in vitro to decode visual scenes agree with our findings—namely, that
better scene reconstruction was obtained when information about connec-
tivity was taken into account (Pillow et al., 2008). In vivo, the preliminary
results of our analysis of neural population responses to whisker stimulation
in the somatosensory cortex of anesthetized rats perfectly agree with these
hypotheses (Eldawlatly and Oweiss, 2010).

Lastly, quantifying neural plasticity can greatly benefit from the ability
to systematically identify network connectivity. For example, learning and
memory formation have long been hypothesized to accompany changes in
network connectivity (Schnupp and Kacelnik, 2002; Wickens et al., 2003;
Gharbawie and Whishaw, 2006; Baeg et al., 2007; Dupret et al., 2007; Fusi
et al., 2007; Feldman, 2009), as well as recovery after spinal cord injury,
traumatic brain injury, and stroke (Dancause et al., 2005; Gharbawie and
Whishaw, 2006; Girgis et al., 2007; Winship and Murphy, 2008). We showed
that the methods presented here can track plastic changes using quantitatively
observable changes in the shape and number of neuronal clusters (Eldawlatly
et al., 2010). An ultimate goal is to validate these methods with anatomical
and imaging data. If the internal structure of the probed neural system were
to be identified, multiple avenues for controlling its behavior would become
feasible. Our ongoing work is geared in this direction.
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D., 2006. Brightness induction: rate enhancement and neuronal synchronization as
complementary codes. Neuron 52, 1073–1083.

Bressler, S.L., 1995. Large-scale cortical networks and cognition. Brain Res. 20, 288–304.
Brown, E.N., Kass, R.E., Mitra, P.P., 2004. Multiple neural spike train data analysis: state-of-

the-art and future challenges. Nat. Neurosci. 7, 456–461.
Brown, S.P., Hestrin, S., 2009. Intracortical circuits of pyramidal neurons reflect their long-

range axonal targets. Nature 457, 1133–1136.
Buzsaki, G., 2004. Large-scale recording of neuronal ensembles. Nat. Neurosci. 7, 446–451.
Caclin, A., Fonlupt, P., 2006. Functional and effective connectivity in an fMRI study of an

auditory-related task. Eur. J. Neurosci. 23, 2531–2537.



168 CHAPTER 5 Graphical Models

Cadotte, A.J., DeMarse, T.B., He, P., Ding, M., 2008. Causal measures of structure and plasticity
in simulated and living neural networks. PLoS ONE 3, e3355.

Callaway, E.M., 1998. Local circuits in primary visual cortex of the macaque monkey. Annu.
Rev. Neurosci. 21, 47–74.

Caporale, N., Dan, Y., 2008. Spike timing dependent plasticity: a hebbian learning rule. Annu.
Rev. Neurosci. 31, 25–46.

Carmena, J.M., Lebedev, M.A., Crist, R.E., O’Doherty, J.E., Santucci, D.M., Dimitrov, D.F.,
et al., 2003. Learning to control a brain-machine interface for reaching and grasping by
primates. PLoS Biol. 1, e2.

Catani, M., fftyche, D.H., 2005. The rises and falls of disconnection syndromes. Brain 128,
2224–2239.

Chacron, M.J., Bastian, J., 2008. Population coding by electrosensory neurons. J. Neurophysiol.
99, 1825–1835.

Chapin, J.K., Moxon, K.A., Markowitz, R.S., Nicolelis, M.A., 1999. Real-time control of a
robot arm using simultaneously recorded neurons in the motor cortex. Nat. Neurosci. 2,
664–670.

Chung, F.R.K., 1994. Spectral Graph Theory, vol. 92. American Mathematical Society,
Providence, RI.

Churchland, M.M., Shenoy, K.V., 2007. Temporal complexity and heterogeneity of single-
neuron activity in premotor and motor cortex. J. Neurophysiol. 97, 4235.

Cohen, M.R., Maunsell, J.H., 2009. Attention improves performance primarily by reducing
interneuronal correlations. Nat. Neurosci. 12, 1594–1600.

Cohen, M.R., Newsome, W.T., 2009. Estimates of the contribution of single neurons to
perception depend on timescale and noise correlation. J. Neurosci. 29, 6635–6648.

Cohen, Y.E., Andersen, R.A., 2002. A common reference frame for movement plans in the
posterior parietal cortex. Nat. Rev. Neurosci. 3, 553–562.

Cover, T.M., Thomas, J.A., 2006. Elements of Information Theory. Wiley-Interscience, New
York.

Csicsvari, J., Henze, D.A., Jamieson, B., Harris, K.D., Sirota, A., Barthó, P., et al., 2003.
Massively parallel recording of unit and local field potentials with silicon-based electrodes.
J. Neurophysiol. 90, 1314–1323.

Dahlhaus,R., Eichler, M., Sandkühler,J., 1997. Identification of synaptic connections in neural
ensembles by graphical models. J. Neurosci. Methods 77, 93–107.

Dan, Y., Poo, M.M., 2004. Spike timing-dependent plasticity of neural circuits. Neuron 44,
23–30.

Dancause, N., Barbay, S., Frost, S.B., Plautz, E.J., Chen, D., Zoubina, E.V., et al., 2005.
Extensive cortical rewiring after brain injury. J. Neurosci. 25, 10167–10179.

de la Rocha, J., Doiron, B., Shea-Brown, E., Josić, K., Reyes, A., 2007. Correlation between
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6.1 INTRODUCTION
State space modeling is an established framework for analyzing stochastic
and deterministic dynamical systems that are measured or observed through
a stochastic process. This highly flexible paradigm has been successfully
applied in engineering, statistics, computer science, and economics to solve
a broad range of dynamical systems problems (Mendel, 1995; Kitagawa and
Gersh, 1996; Shephard and Pitt, 1997; Kim and Nelson, 1999; Durbin and
Koopman, 2001). Other terms used to describe state space modeling are hid-
den Markov models (Cappé et al., 2005) and latent process models (Fahrmeir
and Tutz, 2001). The most-studied state space modeling tool is the Kalman fil-
ter, which defines an optimal algorithm for analyzing linear Gaussian systems
measured with Gaussian error (Mendel, 1995).

The revolution in neuroscience recording technologies in the last 20
years has provided many novel ways to study the dynamic activity of
the brain and central nervous system. These technologies include multi-
electrode recording arrays (Wilson and McNaughton, 1993, 1994), func-
tional magnetic imaging (Kwong et al., 1992; Ogawa et al., 1992),
electroencephalography and magnetoencephalography (Hämäläinen et al.,
1993), diffuse optical tomography (Boas et al., 2001), calcium imaging
(Denk et al., 1990), and behavioral data (Wirth et al., 2003). Because a fun-
damental feature of many neuroscience data analysis problems is that the
underlying neural system is dynamic and is observed indirectly through mea-
surements from one or a combination of these different recording modalities,

Statistical Signal Processing for Neuroscience and Neurotechnology. DOI: 10.1016/B978-0-12-375027-3.00006-5
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the state space paradigm provides an ideal framework for developing statistical
tools to analyze neural data.

Neural spiking activity recorded from single or multiple electrodes is one
of the principal types of data recorded in neurophysiological experiments.
Because neural spike trains are time series of action potentials (i.e., all-
or-nothing responses), point process theory has been shown to provide an
accurate framework for modeling the stochastic structure of single and multi-
ple neural spike trains (Brown et al., 2003, 2004; Brown, 2005). An important
objective of these experiments is to study how neurons represent and transmit
information in their ensemble spiking activity. In behavioral learning exper-
iments, a frequently recorded type of data is time series of binary responses
that track whether a subject responds correctly or incorrectly to a task across
series of multiple presentations or trials (Jog et al., 1999; Wirth et al., 2003;
Barnes et al., 2005; Law et al., 2005). Each binary measurement may be con-
sidered an observation of a Bernoulli random variable. The objective of the
analysis is to determine how this Bernoulli probability changes as a function
of repeated attempts at the task.

Both the neural spiking activity recorded from neurophysiological exper-
iments and the binary responses recorded in learning experiments may
be viewed as time series of 0–1 responses. Moreover, because the under-
lying systems being studied in neurophysiological and learning experi-
ments are dynamic, these processes readily lend themselves to analysis
using the state space paradigm. Point process measurements and binary
observations are types of observation models not commonly studied in
state space modeling. However, they are appropriate for two types of
neuroscience data.

In this chapter, we discuss the application of the state space paradigm to
the analysis of neural spike trains and behavioral learning data. We first define
point process and binary observation models and review the framework for
state space filtering and state space smoothing. To illustrate the state space
paradigm we discuss four data analysis problems:

• Ensemble neural spike train decoding (Brown et al., 1998; Barbieri et al.,
2004)

• Analysis of neural receptive field plasticity in one and two dimensions
(Brown et al., 2001; Ergun et al., 2007)

• Dynamic analysis of individual and population behavioral learning (Smith
and Brown, 2003; Smith et al., 2004)

• Estimation of cortical UP/DOWN states (Chen et al., 2009)
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For each problem we describe the observation model, the state space model,
and the estimation algorithm, and apply the paradigm in the analysis of actual
data.

6.2 STATE SPACE MODELING PARADIGM
The state space model consists of two equations: the state equation and the
observation equation. The state equation defines the temporal evolution of
the state process as a dynamical system. The states can be described either
in continuous time by a deterministic or stochastic differential equation, or
in discrete time by a deterministic or stochastic difference equation. If the
current state depends only on the previous state, the state space model is
termed Markovian. The observation equation defines how the state is observed
or measured. The observation model is generally stochastic, and the values of
the observation process can be either continuous or discrete. In the analyses
we present, the observation processes are discrete.

6.2.1 Notation
Because our objective is to analyze neural spike train and behavioral data,
we assume that the observations are recorded from either a point process or
a binary process. To define the point process we assume that we have an
observation interval (0,T ] and that we divide it into subintervals of width�.
We take xt to be the value of the state process and yt to be the observation
recorded in the interval [t, t +�). A point process is a binary (0 − 1) stochastic
process defined in continuous time characterized by its conditional intensity
function (CIF), λ(t|xt ,Ht), where Ht represents the relevant history of the
point process up to time t (Daley and Vere-Jones, 2002; Brown, 2005). The
CIF defines the probability of observing an event from the point process in
the interval [t, t +�) as Pr(yt = 1|xt,Ht)= λ(t|xt ,Ht)�+ o(�).That is, as�
becomes small, the probability of more than one event in the interval [t, t +�)
tends to 0. The CIF is a history-dependent generalization of the rate function of
a Poisson process. The point process models are used to analyze neural spiking
activity.

To define the discrete binary process we assume that in the interval (0,T ]
there is a set of lattice points t = 1,2, . . . ,T . We let yt denote the discrete
binary observation and xt denote the state process at time t. The discrete binary
process is a (0 − 1) stochastic process recorded in discrete time defined by
the probability of observing an event as Pr (yt = 1|xt) = pt , for t = 1, . . . ,T
(Fahrmeir and Tutz, 2001; Smith and Brown, 2003). We use the discrete
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binary process to model the binary responses recorded in learning experi-
ments. For both the point process and the discrete binary process, we take
y0:t = (y1, . . . ,yt ) to be the data recorded in (0, t] for t = 1, . . . ,T .

6.2.2 Recursive Form of Bayes’ Rule
The objective of state space modeling is to compute the optimal estimate of the
state given the observed data. There are two important cases that are typically
considered. To state them we consider y0:s for s = 1, . . . ,T . If we take s = t
and we wish to determine the best estimate of the state xt given the observation
y0:t, then we seek a solution to the filtering problem; if we take s = T and we
wish to determine the best estimate of the state xt given the observation y0:T ,
then we seek a solution to the smoothing problem.

To develop the state space analysis paradigm and make formal statements
on the filtering and smoothing problems, we first derive a recursive form of
Bayes’ rule. The objective for the filtering problem is to compute at each time
t the probability density of the state given the data. Because of the state space
structure, this posterior density can be expressed in a recursive form as

p(xt|y0:t)= p(xt ,y0:t)

p(y0:t)

= p(xt ,y0:t |y0:t−1)p(y0:t−1)

p(yt |y0:t−1)p(y0:t−1)
(6.1)

= p(xt |y0:t−1)p(y0:t |xt,y0:t−1)

p(yt |y0:t−1)

= p(xt |y0:t−1)p(yt |xt,y0:t−1)

p(yt|y0:t−1)

where the Chapman-Kolmogorov, or one-step prediction, equation is

p(xt|y0:t−1)=
∫

p(xt|xt−1)p(xt−1|y0:t−1)dxt−1 (6.2)

and the normalizing constant is

p(yt|y0:t−1)=
∫

p(xt|y0:t−1)p(yt |xt ,y0:t−1)dxt (6.3)

where p(yt|xt ,y0:t−1) is the observation equation and p(xt|xt−1) is the
state equation in the state space model. The posterior probability density
(Eq. (6.1)) and the Chapman-Kolmogorov equation (Eq. (6.2)) constitute the



6.2 State Space Modeling Paradigm 179

recursive form of Bayes’ rule. Equations (6.1) and (6.2) provide the funda-
mental relations to develop our state space analyses for point process and
binary observations. These two equations are used to derive the Kalman
filter (Haykin, 2002), conduct time series analyses with smoothness priors
(Kitagawa and Gersh, 1996; Durbin and Koopman, 2001), design dynamic
generalized linear models (Fahmeir and Tutz, 2001), and build particle filters
(Doucet et al., 2001).

To solve the smoothing problem, we are interested in computing the poste-
rior density of the state xt given all of the observed data y0:T . We can express
the smoothing probability density in terms of the filtering probability density
as follows:

p(xt |y0:T )=
∫

p(xt ,xt+1|y0:T )dxt+1

=
∫

p(xt+1|y0:T )p(xt |xt+1,y0:T )dxt+1

=
∫

p(xt+1|y0:T )p(xt |xt+1,y0:t)dxt+1.

= p(xt |y0:t)

∫
p(xt+1|y0:T )p(xt+1|xt,y0:t)dxt+1

= p(xt |y0:t)

∫
p(xt+1|y0:T )p(xt+1|xt)

p(xt+1|y0:T )
dxt+1

(6.4)

If the observation equation is linear and Gaussian and the state equation is
linear and Gaussian, or if Gaussian approximations have been used to estimate
the filtering probability density, then the solution to the smoothing probability
density is Gaussian and its mean and variance can be computed recursively
by the fixed-interval smoothing algorithm (Fahrmeir and Tutz, 2001).

6.2.3 Classes of Filtering and Smoothing Problems
Applying Eqs. (6.1), (6.2), and (6.4) to actual data analyses requires that a
statistical model be defined for each problem. This model will have a set of
parameters θ , which must be estimated from either current or previous data.
We can use θ to parameterize the state equation, the observation equation, or
both. For both the filtering and smoothing problems, θ can be either known
or estimated and either static or dynamic. We then define our applications of
the state space paradigm in terms of different classes of filtering and smooth-
ing problems by expressing Eqs. (6.1), (6.2), and (6.4) as functions of θ .
The three classes of filtering and smoothing problems we consider are state
space filtering with a known or estimated static parameter θ , p(xt|y0:t ,θ); state
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space filtering with an estimated dynamic parameter θt, p(xt |y0:t,θt); and state
space smoothing with an estimated static parameter θ , p(xt|y0:T ,θ). A third
problem is one of prediction, in which we consider p(xt|y0:T ,θ) where t > T .
This problem arises naturally in the design of algorithms for brain–computer
interfaces (Serruya et al., 2002; Taylor et al., 2002; Musallam et al., 2004;
Hochberg et al., 2006; Santhanam et al., 2006).

6.3 APPLICATIONS OF THE STATE SPACE PARADIGM IN
NEUROSCIENCE DATA ANALYSIS

The following sections discuss how the state space paradigm is applied in
neuroscientific data analysis.

6.3.1 Neural Spike Train Decoding and Point Process
Filter Algorithms

The development of multiple electrode arrays allows neuroscientists to record
the simultaneous spiking activity of large numbers of neurons. For exam-
ple, the technical capability to record the spiking activity of large numbers
of hippocampal place cells—between 20 and 100—along with a rat’s posi-
tion in its environment has made feasible a formal quantitative study of
how rats encode spatial information in short-term memory and use it for
navigation. Investigation of these questions requires statistical methods to
analyze how the animal’s position in the environment (the continuous stimu-
lus) is represented in the firing patterns of place cells (multidimensional point
processes).

The mathematical techniques used in neuroscience to study how spike train
firing patterns represent biological signals and external stimuli are termed neu-
ral decoding algorithms (Rieke et al., 1997; Brown et al., 1998; Barbieri et
al., 2004; Eden et al., 2004; Wu et al., 2006, 2009). Many data analyses of
population coding have used decoding algorithms. Examples include posi-
tion representation by ensembles of rat hippocampal neurons (Brown et al.,
1998; Zhang et al., 1998), velocity encoding by fly H1 neurons (Bialek et al.,
1991), velocity and position encoding by M1 neurons (Shoham et al., 2005;
Truccolo et al., 2005), and natural scene representations by catLGN neurons
(Stanley et al., 1999). How to develop optimal strategies for constructing and
testing decoding algorithms is an important question in computational neu-
roscience. The decoding analysis proceeds typically in two stages: encoding
and decoding. In the encoding stage, neural spiking activity is characterized
as a function of the biological signal (Figure 6.1(a)). In the decoding stage,
the relation is inverted and the signal is estimated from the spiking activity of
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FIGURE 6.1

Decoding of position from ensemble rat neural spiking activity. (a) Encoding analysis: The
relation between the biological stimulus (trajectory of the rat in the environment, solid black
line in the Position panel) and spiking activity (Spikes panel) is estimated as place receptive
fields for three neurons. (b) Decoding analysis: The estimated place receptive fields are
used in a Bayesian decoding algorithm to compute the predicted position (thin black line)
of the rat in the environment from new spiking activity of the neural ensemble recording
during the decoding stage. The predicted position is compared to the observed position
(thick black line) during the decoding stage. The oval outline defines a 95% confidence
region centered at that location. Please see this figure in color at the companion web site:
www.elsevierdirect.com/companions/9780123750273
Source: Brown et al. (2004), Nature Neuroscience, reprinted with permission.

the neurons (Figure 6.1(b)). The state space framework provides a systematic
means of formulating the decoding problem.

To illustrate the application of a state space model to the neural spike
trains decoding problem, we assume that we observe the simultaneous neural
spiking activity of C hippocampal neurons of a rat foraging in an open circular
environment (Brown et al., 1998; Barbieri et al., 2004). During the decoding
interval (0,Td ], we record the spiking activity of C neurons. For c = 1, . . . ,C
and t ∈ (0,Td ], let yc

t be1 if there is a spike in the interval [t, t +�) from neuron
c and 0 otherwise; let yt = {

y1
t , . . . ,yC

t

}
be the set of observations in [t, t +�)

from the C neurons. Also, let yc
0:t = {

yc
1,yc

2, . . . ,yc
t

}
be the spiking activity

from neuron c and y0:t = {
y1

0:t , . . . ,y
c
0:t

}
be the ensemble spiking activity in

(0, t]. The state is the animal’s position in two dimensions xt = (x1,t,x2,t ). The
CIF for neuron c is λ(xt |y0:t−1,θ c), where θ c is a parameter that depends on
the equation being used to model the place receptive field.

http://www.elsevierdirect.com/companions/9780123750273/
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For a small�, under the assumption that the spiking activity of the neurons
in the ensemble is conditionally independent, the joint probability density or
observation model for the interval [t, t +�) is as follows (Brown et al., 1998;
Smith and Brown, 2003):

p(yt|xt ,y0:t−1,θ)=
C∏

c=1

p(yc
t |xt,y0:t−1,θ c)

(6.5)

= exp

[
C∑

c=1

yc
t log λc(xt |y0:t−1,θ c)−

C∑
c=1

λc(xt |y0:t−1,θ c)�

]

where θ = {
θ1, . . . ,θC

}
. Conditional independence means that neurons are

only related through the dynamics of the state variable.
Analysis of the decoding problem without satisfying this assumption

requires a network likelihood model, such as the one used in Okatan et al.
(2005) to model dependence among the neurons not related to the state vari-
able. We do not consider this problem. Here, the state equation for xt is the
first-order auto-regressive model

xt = Fxt−1 + vt (6.6)

where vt is independent two-dimensional Gaussian noise with zero mean and
covariance matrix �v. The CIF model of the receptive field of neuron c is
either the Gaussian function (Brown et al., 1998):

λ(xt ,θ
c)= exp

{
αc − 1

2
(xt −μc)(Wc)−1(xt −μc)

}
(6.7)

where θ c = (αc,μc ,Wc), or the log linear function defined by

λ(xt ,θ
c)= exp

⎧⎨
⎩

J∑
j=1

θ c
j zj(xt)

⎫⎬
⎭ (6.8)

where the zj are Zernike polynomials—that is, orthogonal polynomials on a
unit disk (Barbieri et al., 2004).

To evaluate the system in Eqs. (6.1) and (6.2), as related to the model in
Eqs. (6.5) and (6.6), we apply the maximum a posteriori (MAP) derivation of
the Kalman filter and approximate p(xt |y1:t) as Gaussian probability densities
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by recursively computing their means (modes) and negative inverse of the
Hessian matrices (covariance matrices) (Mendel, 1995; Brown et al., 1998).
To initiate the recursive algorithm, let the notation t| j denote the expectation
of the state variable at t given the responses up to time j. We assume that
the mean xt−1|t−1 and covariance matrix Wt−1|t−1 have been estimated at
time t − 1. That is, we take p(xt−1|y0:t−1), the posterior probability density
at time t − 1, to be the Gaussian probability density with mean xt−1|t−1 and
covariance matrix Wt−1|t−1. The next step is to compute p(xt |y0:t−1), the one-
step prediction probability density at time t. This is the probability density
of the predicted position at t given the spiking activity in (0, t − 1]. It follows
from standard properties of integrals of Gaussian functions that the mean and
covariance matrix are respectively defined as

xt|t−1 = E(xt |y0:t)= μx + Fxt−1|t−1 (6.9)

Wt|t−1 = Var(xt|y0:t)= FWt−1|t−1F ′ + RWε (6.10)

which correspond, respectively, to the one-step prediction estimate and the
one-step prediction variance. Assuming a Gaussian approximation, wex have

p(xt|y0:t−1) = (2π)−1
∣∣Wt|t−1

∣∣− 1
2 exp

{
−1

2
(xt − xt|t−1)

′W−1
t|t−1(xt − xt|t−1)

}
.

(6.11)

Substituting Eqs. (6.5) and (6.11) into Eq. (6.1), and neglecting the denom-
inator and other terms that do not depend on position, we obtain an explicit
expression for the probability density of position at time t given the spiking
activity in (0, t]:

p(xt|y0:t)∝exp

{
−1

2
(xt − xt|t−1)

′W−1
t|t−1(xt − xt|t−1)

}

× exp

[
C∑

c=1

yc
t log λc(xt|y0:t−1)−

C∑
c=1

λc(xt |y0:t−1)�

]
. (6.12)

To evaluate Eq. (6.12), we further assume a Gaussian approximation
by deriving a quadratic approximation to log p(xt|y0:t). Thus, we rewrite
Eq. (6.1) as

p(xt |y0:t)∝ p(xt|y0:t−1)p(yt|xt). (6.13)
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Given p(xt |y0:t), the MAP estimate of xt is

x̂t = arg maxp(xt |y0:t). (6.14)

Simply stated, the MAP estimate is the mode of the posterior density.
Given a posterior probability density p(xt|y0:t) and x̂t , an approximate MAP
estimate of xt, we can expand the log posterior probability density in a Taylor
series around x̂t to obtain

log p(xt|y0:t)= log p(x̂t |y0:t)+ ∇ log p(x̂t|y0:t)(xt − x̂t)

+ 1

2
(xt − x̂t)

′∇2 log p(x̂t |y0:t)(xt − x̂t)+ ·· ·

≈ log p(x̂t |y0:t)+ 1

2
(xt − x̂t)

′∇2 log p(x̂t|y0:t)(xt − x̂t)

because ∇ log p(x̂t |y0:t)= 0 by definition of the MAP estimate. Hence,

p(xt |y0:t)≈ p(x̂t|y0:t)exp

{
1

2
(xt − x̂t)

′∇2 log p(x̂t|y0:t)(xt − x̂t)

}
. (6.15)

gives the Gaussian approximation to a posterior of probability density defined
as

p(xt |y0:t)≈ N(x̂t ,Wt|t) (6.16)

where x̂t is the posterior mode (the MAP estimate of xt) in Eq. (6.15) and

Wt|t = −[∇2 log p(x̂t |y0:t)
]−1

. (6.17)

In our example, from Eq. (6.12), the log posterior log p(xt |y0:t) is

log p(xt|y0:t)∝ −1

2
(xt − xt|t−1)

′Wt|t−1(xt − xt|t−1)

+
C∑

c=1

yc
t−1:t log λc(xt |y0:t−1)−

C∑
c=1

λc(xt |y0:t−1)�. (6.18)
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The gradient and the Hessian matrix required for the quadratic approxi-
mation are given respectively by

∇ log p(xt |y0:t) = −W−1
t|t−1(xt − xt|t−1)

+
C∑

c=1

∇ log λc(xt|y0:t−1)
[
yc

t−1:t − λc(xt|y0:t−1)�
]

(6.19)

∇2 log p(xt |y0:t) = −W−1
t|t−1 +

C∑
c=1

∇2 log λc(xt |y0:t−1)
[
yc

t − λc(xt|y0:t−1)�
]

− ∇ log λc(xt |y0:t−1)
[∇λc(xt |y0:t−1)�

]′
. (6.20)

Solving for xt in Eq. (6.19) yields the posterior mode, and taking the
negative inverse of the Hessian from Eq. (6.20) yields the covariance matrix.
We term the resulting recursive algorithm the point process filter algorithm
(Brown et al., 1998; Barbieri et al., 2004) and summarize it as follows:

• One-step prediction:

xt|t−1 = μx + F̂xt−1|t−1, (6.21)

• One-step prediction variance:

Wt|t−1 = F̂Wt−1|t−1F̂ ′ + RŴε (6.22)

• Posterior mode:

xt|t = xt|t−1 + Wt|t−1

C∑
c=1

∇ log λc(xt|t|θ̂ c
j )
[
yc

t − λc(xt|t|θ̂ c
j )�

]
(6.23)

• Posterior variance:

W−1
t|t =

[
W−1

t|t−1 −
C∑

c=1

[
∇2 log λc(xt|t|θ̂ c

j )[yc
t − λc(xt|t|θ̂ c

j )�]

−∇ log λc(xt|t|θ̂ c
j )[∇λc(xt|t|θ̂ c

j )�]′
]]

(6.24)
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for t = 1, . . . ,T , whereλc(xt|t|θ̂ c
j ) is the conditional intensity (rate) function for

either the spatial Gaussian or Zernike model for neuron c; θ̂ c
j is the associated

model parameter for either the spatial Gaussian ( j = G) or Zernike ( j = Z)
model estimated from the encoding analysis; F̂ and Ŵε are, respectively, the
estimates of the transition matrix and the white noise covariance matrix for
the AR(1) model from the encoding analysis; and R is a scale factor.

The two-dimensional position and the spiking activity of 32 (34) neurons
recorded from two rats, animal 1 (2) for 23 (25) minutes, were analyzed. The
encoding analysis was performed on the first 13 (15) minutes of ensemble
neural spiking activity from animals 1 (2), during which the parameters of
the Gaussian and Zernike place receptive field models, as well as the posi-
tion model, were estimated for each neuron for both animals. The decoding
algorithm was applied to the last 10 minutes for each. An example of one
minute of the application of the decoding algorithm comparing the Gaussian
and Zernike models is shown in Figure 6.2(a). The median error for each of the
15-second segments is smaller for the Zernike model than for the Gaussian
model. In general, the Zernike model gave more accurate decoding results
than the Gaussian model, as illustrated by the box plots of the error distribu-
tions in Figure 6.2(b). The median error for the Zernike (Gaussian) model was
5.9 and (7.9) for animal 1, and 5.5 and (7.7) for animal 2. For animal 1 the
error distribution of the Zernike model lies to the left of the error distribution
for the Gaussian model. Although for animal 2, the error distribution of the
Zernike model lies to the left of the error distribution of the Gaussian model
up to the 75th percentile, the Zernike model error distribution has a larger right
tail. The analyses from both models demonstrate that the hippocampus main-
tains a dynamic representation of the animal’s position in its environment as
encoded in the ensemble spiking activity.

6.3.2 Neural Receptive Field Plasticity and Instantaneous
Steepest Descent Filtering

The receptive fields of neurons are dynamic. That is, their responses to
relevant stimuli change with experience. Experience-dependent change or
plasticity has been documented in a number of brain regions. In the rat hip-
pocampus, the pyramidal neurons in the CA1 region have spatial receptive
fields. As a rat executes a behavioral task, a given CA1 neuron fires only
in a restricted region of the experimental environment, termed the cell’s
spatial or place receptive field. Place fields change in a reliable manner as
the animal executes its task. When the experimental environment is a linear
track, these spatial receptive fields have been shown to migrate and skew
in the direction opposite the cell’s preferred direction of firing relative to
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FIGURE 6.2

Decoding comparison and box plots of the error distributions for the 10 minutes of the
decoding analysis. (a) Trajectory decoding comparison between two encoding models from
60s-recordings of one animal. (b) Box plot summaries of the decoding error

(
defined as

|True Position—Estimated Position|) distributions for the spatial Gaussian model and the
optimal Zernike polynomial. The lower border of the box is the 25th percentile of the
distribution and the upper border is the 75th percentile. The white bar within the box is the
median of distribution. The distance between the 25th and 75th percentiles is the
interquartile range (IQR). The lower (upper) whisker is at 1.5 × IQR below (above) the 25th
(75th) percentile. All the black bars below (above) the lower (upper) whiskers are far
outliers. For reference, less than 0.35% of the observations from a Gaussian distribution
would lie beyond the 75th percentile plus 1.5 × IQR. Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273
Source: Barbieri et al. (2004), Neural Computation, Reprinted with permission, Copyright © 2004
MIT Press.

the animal’s movement, and to increase in scale and maximum firing rate
(Frank et al., 2004).

As an illustration of this behavior, an actual place cell spike train recorded
from a rat running back and forth for 1200 s on a 300-cm U-shaped track
is shown in Figure 6.3. To display all of the experimental data on a

http://www.elsevierdirect.com/companions/9780123750273/
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FIGURE 6.3

Place specific firing dynamics of an actual CA1 place cell recorded from a rat running back
and forth on a 300-cm U-shaped track for 1200 s. The track was linearized to display the
entire experiment in a single graph. The vertical lines show the animal’s position and the
light gray dots indicate the time at which a spike was recorded. The inset is an enlargement
of the display from 320 to 360 s to show the cell’s unidirectional firing—that is, spiking only
when the animal runs from the bottom to the top of the track. Please see this figure in color
at the companion web site: www.elsevierdirect.com/companions/9780123750273
Source: Brown et al. (2001). Proceedings of National Academy of Sciences, Reprinted with
permission, copyright © 2001 National Academy of Science, U.S.A.

single graph, we represent the track linearly. The actual trajectory is irregular
because the animal stops and starts several times and, in two instances (50 s and
650 s), turns around shortly after initiating its run. On several of the upward
passes, particularly in the latter part of the experiment, the animal slows as
it approaches the curve in the U-shaped track at approximately 150 cm. The
strong place-specific firing of the neuron is readily visible because the spik-
ing activity occurs almost exclusively between 50 and 100 cm. The spiking
activity of the neuron is entirely unidirectional as the cell discharges only as
the animal runs up and not down the track (Figure 6.3, inset).

Brown et al. (2001) proposed a state space model to analyze these data, in
which the observation equation is

Pr(yt|λ(xt ,θt))= exp(yt log λ(xt ,θt)�− λ(xt,θt)�) (6.25)

and the state equation is

θt = Iθt−1 (6.26)

http://www.elsevierdirect.com/companions/9780123750273/
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where I is an identity matrix. The CIF models the receptive field of the neuron
as a Gaussian function:

λ(xt ,θt)= exp

(
αt − (xt −μt)

2

2σ 2
t

)
(6.27)

and θt = (αt,μt ,σ 2
t ).

The joint probability density of a neural spike train may be written as

p (y0:T )= exp

⎧⎨
⎩

T∫
0

log λ(u|Hu)dy (u)−
T∫

0

λ(u|Hu)du

⎫⎬
⎭ (6.28)

If the probability density in Eq. (6.28) depends on estimation of an
unknown q-dimensional parameter θ , then the logarithm of Eq. (6.28) viewed
as a function of θ given y0:T is the sample path of the log likelihood
defined as

L(θ |y0:T )=
∫ T

0

u(θ)du (6.29)

where 
t(θ) is the integrand in Eq. (6.29) or the “instantaneous” log likelihood
defined as


t(θ)dt = log[λ(t|Ht ,θ)]yt − λ(t|Ht,θ). (6.30)

Heuristically, Eq. (6.30) measures the instantaneous accrual of “informa-
tion” from the spike train about the parameter θ . We use it as the criterion
function in our point process adaptive filter algorithm.

To derive an adaptive point process filter algorithm we assume that the
q-dimensional parameter θ in the instantaneous log likelihood. Eq. (6.30)
is time-varying. The interval (0,T ] is divided into equal bins with bin width�.
The parameter estimates are updated at every time bin indexed by t. A standard
prescription for constructing an adaptive filter algorithm to estimate a time-
varying parameter is to use the instantaneous steepest descent (Haykin, 2002):

θ̂t = θ̂t−1 − ε∇
t(θ̂t−1) (6.31)
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which, by a rearrangement of terms, gives the instantaneous steepest descent
adaptive filter algorithm for point process observations (Brown et al., 2001):

θ̂t = θ̂t−1 − ε∇ log λ(t|Ht , θ̂t−1)[yt − λ(t|Ht, θ̂t−1)�]. (6.32)

Namely, the parameter update θ̂t at t is the previous parameter estimate
θ̂t−1 plus a dynamic gain coefficient, −ε∇ log λ(t|Ht, θ̂t−1), multiplied by an
innovation or error signal [yt − λ(t|Ht, θ̂t−1)�]. The error signal provides the
new information coming from the spike train and is defined by comparing the
predicted probability of a spike, λ(t|θ̂t−1)�, at t with yt, which is 1 if a spike
is observed in ((t − 1), t] and 0 otherwise. How much the new information
is weighted depends on the magnitude of the dynamic gain coefficient. The
parallel between the error signal in Eq. (6.32) and that in standard recursive
estimation algorithms suggests that the instantaneous log likelihood is a rea-
sonable criterion function for adaptive filters with point process observations.
The instantaneous steepest descent algorithm can also be derived as a special
case of the point process filter by setting Wt|t−1 = ε at each update.

We used the instantaneous steepest descent algorithm to track the evolu-
tion of the place field from the neural spiking activity in the rat CA1 neuron
shown in Figure 6.3. The activity was recorded for 1200 seconds of the animal
running back and forth on the U-shaped track. The evolution of the individual
parameters across the experiment is shown in Figure 6.4. During the 20 min-
utes of the experiment, the center of the place field moved from 85 cm to 65
cm, the scale of the field increased from 10 cm to 16 cm, and the amplitude
of the field increased from 1 spike/sec to 27 spikes/sec. The evolution of the
place field can be seen in Figure 6.5, which shows its shape at four different
time points. The displacement of the field and its growth in height and scale
are evident. The maximum likelihood estimate of the field (the dashed line
in the figure), computed using a static model, overestimated the field’s shape
and location during the early part of the experiment, and underestimated them
during the latter part of the experiment.

These results illustrate that even in an environment that is familiar to the
animal the place receptive fields change their representations of the space. The
instantaneous steepest descent algorithm allows us to track those changes on
a millisecond-to-millisecond time scale.

6.3.3 Tracking Spatial Receptive Field and Particle Filtering
The challenge of using the Bayes-Chapman-Kolmogorov equations is in eval-
uating Eqs. (6.1) and (6.2) for a generic set of observation and state equations.
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FIGURE 6.4

Adaptive filter estimates of the trajectories. (a) Maximum spike rate, exp(α). (b) Place field
scale, σ . (c) Place field center. Adaptive estimates were updated at 1-ms intervals. The
squares in the panels at 300, 550, 800, and 1150 s are the times at which the place fields
are displayed in Figure 6.5. The growth of the maximum spike rate (a), the variability of the
place field scale (b), and the migration of the place field center (c) are all readily visible.
Source: Brown et al. (2001), Proceedings of National Academy of Sciences, Reprinted with
permission, copyright © 2001 National Academy of Science, U.S.A.

As noted earlier, there are four computational approaches to performing
Bayesian calculations: analytically, Gaussian or other approximation, exact
numerical integration, and Monte Carlo. As an alternative to the point process
filter algorithms, we can develop sequential Monte Carlo (SMC) or particle
filter algorithms for evaluating the Bayes-Chapman-Kolmogorov system. The
SMC algorithm is a recursive Monte Carlo procedure for simulating Eqs. (6.1)
and (6.2). When the Monte Carlo samples or particles used in the algorithm
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FIGURE 6.5

Estimated place fields at times 300 (dotted line), 550 (spike above dotted line),
800 (solid line), and 1150 (highest spike) sec. As in Figure 6.4, the black dashed line is
the maximum likelihood estimate (MLE) of the place field obtained by using all the spikes
in the experiment. The MLE ignores the temporal evolution of the place field. Please see
this figure in color at the companion web site: www.elsevierdirect.com/companions/
9780123750273
Source: Brown et al. (2001), Proceedings of National Academy of Sciences, Reprinted with
permission, copyright © 2001 National Academy of Science, U.S.A.

are properly placed, weighted, and propagated, this system can be estimated
sequentially through time. Moreover, it can be shown that as the number of
particles increases, the output of the algorithm approaches an exact evaluation
of these equations (Doucet et al., 2001; Cappé et al., 2005, 2007).

To define the SMC algorithm, we let π denote the proposal probability
density, which defines the probability density from which we sample the
particles at each time t of the algorithm, and we let p(θ0) define the probability
density for the state at time 0. We let θ̂ (i)t denote the value of particle i at t,
and we let w(i)t denote the weight of particle i at t for i = 1, . . . ,M, where M
is the total number of particles sampled at each update of the algorithm. The
SMC algorithm is therefore given by

Step 1. Set t = 0 and, for i = 1, . . . ,M particles, draw the initial states θ(i)0

from the p(θ0) and set w(i)0 = M−1 for all i. Set t = 1.

http://www.elsevierdirect.com/companions/9780123750273/
http://www.elsevierdirect.com/companions/9780123750273/
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Step 2. For i = 1, . . . ,M, sample θ̂ (i)t from π(θt |θ(i)0:t−1,y1:t) and set θ̂ (i)0:t =
(θ
(i)
0:t−1, θ̂ (i)t ). Evaluate the importance weights:

w(i)t = w(i)t−1

p
(

yt|θ̂ (i)t

)
p
(
θ̂
(i)
t |θ(i)0:t−1

)

π
(
θ̂
(i)
t |θ(i)0:t−1,y1:t

)

Normalize the importance weights:

w̃(i)t = w(i)t

⎡
⎣ M∑

j=1

w( j)
t

⎤
⎦

−1

Step 3. Resample with replacement M particles θ(i)0:t ; i = 1, . . . ,M from the

set (θ̂ (i)0:t ; i = 1, . . . ,M) with selection probability defined by the

normalized importance weights (w̃(i)t ), and using the sampling-
resampling method (SIR) with added jitter (Djuric, 2001), to obtain
samples approximately distributed according to p(θ (i)0:t |y0:t). For i =
1, . . . ,M, set w(i)t = w̃(i)t = M−1 to obtain the Monte Carlo probability
density

p(θ (i)0:t |y1:t)≈ M−1
M∑

i=1

δ
(θ
(i)
0:t )
(dθ0:t)

where δ
(θ
(i)
0:t )

is the Dirac delta function indicating a point mass at θ(i)0:t .

Step 4. Compute any summary statistics of interest as

E[gt(θ0:t)] =
∫

gt(θ0:t)p(θ0:t |y1:t)dθ0:t ≈ M−1
M∑

i=1

gt(θ
(i)
0:t )

where, for example, g(θ)= θ gives the estimate of the conditional mean μt|t,
and gt(θt)= θtθ

′
t −μt|tμ′

t|t gives the estimate of the conditional variance. Set
t = t + 1. If t ≤ T , return to step 2; otherwise stop.

The SMC methods have been successfully applied to the problem of move-
ment decoding from neural spike activity recorded in motor cortex (Brockwell
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et al., 2004; Shoham et al., 2005; Brockwell et al., 2007). In particular, they
have been applied to the problem of tracking the two-dimensional spatial
receptive field of a rat hippocampal neuron. The specific filter used in this
analysis combines both SMC and point process filter (PPF) techniques, and
has been referred to as the SMC-PPF algorithm (Ergun et al., 2007). Here the
PPF algorithm is used to directly compute the proposal density.

We illustrate the algorithm as applied in an actual experiment by analyz-
ing a spike train recorded from a single pyramidal neuron in the CA1 region
of the rat hippocampus, recorded while the animal foraged for 900 s in a
70-cm-diameter open circular environment. As illustrated in Section 6.3.2
hippocampal neurons have well-defined spatial receptive fields with known
dynamic properties, particularly in one-dimensional linear environments.
Because the dynamics of these receptive fields have been less well studied
in two-dimensional environments, we used the SMC-PPF algorithm to ana-
lyze the temporal evolution of a hippocampal neuron’s receptive field. We
model the two-dimensional spatial receptive field as an exponentiated, linear
combination of Zernike polynomials and rewrite Eq. (6.8) as

λ(t|xt,θt)= exp

{
L∑

=0


∑
m=−


θ 
,mt zm

 (xt)

}
(6.33)

where zm
l is the mth component of the 
th-order Zernike polynomial, θ
,m is the

associated coefficient, and xt = [x1,t ,x2,t] is the position of the animal at time t.
The Zernike polynomials form an orthogonal basis whose support is restricted
to the circular environment. Following Barbieri et al. (2004), the trade-off
between model flexibility and computational complexity is balanced by choos-
ing L = 3, yielding a total of 16 coefficients of which 10 are nonzero. The
CIF defines the spatial receptive field of the neuron. In order to track the
temporal evolution of the receptive field, it suffices to track the temporal evo-
lution of θt = [ θ0,0

t θ
1,−1
t · · · θ

3,3
t ], which is the vector of the 10 nonzero

Zernike coefficients. It is assumed that the state space model for the Zernike
coefficients is a Gaussian random-walk model:

θt = θt−1 + ηt (6.34)

with zero mean and variance �η. In this analysis, a total of 10,000 particles
was used, and the Zernike coefficients were updated at�= 33 ms. Initial Q =
I10×10σ

2 was chosen as the diagonal covariance matrix, whereσ 2 = 1 × 10−3,
and θ0, the maximum likelihood estimate of the parameter computed for this
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neuron from the preceding 500 s in this experiment, was used as the initial
guess of the Zernike coefficients.

The results from this analysis are presented in Figure 6.6. To display all the
position and spike train data, the experimental data are subdivided into nine
consecutive 100-s epochs (parts (a) through (i) of the figure). In each panel,
the upper plot shows the trajectory of the animal during the 100-s interval,
with the spiking activity of the neuron superimposed as light gray asterisks
on the trajectory to show the location of the animal at the time each spike
was fired. The lower plot in each panel shows the intensity function com-
puted by averaging the means of the estimated SMC-PPF posterior densities
for each of the 10 Zernike coefficients in that 100-s segment. The spiking
activity was concentrated initially in the upper left area of the environment

(a)

(d)

(g)

(b)

(e)

(h)

(c)

(f)

(i)

FIGURE 6.6

Tracking the temporal evolution of a 2D place field. Results are presented subdividing the
900-s experiment into nine consecutive 100 s of exploration in a circular environment
70 cm in diameter (from (a) to (i)). For each subplot, the upper panel shows the trajectory
of the animal (dark gray curves) during the 100-s interval, with the spiking activity of the
neuron superimposed on the trajectory (light gray asterisks). The lower panel of each
subplot shows the 2D spatial receptive field computed from the average of the ten Zernike
coefficients estimated in each 100-s segment. Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273
Source: Ergun et al. (2007), IEEE Transactions on Biomedical Engineering, Reprinted with
permission, copyright © 2007 IEEE.

http://www.elsevierdirect.com/companions/9780123750273/
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(Figure 6.6(a)–(b), upper panel) and the shape of the receptive field was
more symmetric, with its higher-intensity peak located in the upper left area
(Figure 6.6(a)–(b), lower panel).

Between 201 and 300 s, the spiking activity concentrated around the upper
rim of the environment (Figure 6.6(c), upper panel); between 301 to 400 s, it
reemerged in the upper left area (Figure 6.6(d), upper panel); then, between
401 to 500 s, it spread into the center of the environment (Figure 6.6(e), upper
panel). From 501 to 600 s, the spiking activity was once again concentrated
on the upper rim of the environment (Figure 6.6( f ), upper panel). The change
in the location of the spiking activity is captured nicely by the dynamic of
the receptive fields between 201 and 600 s estimated from the SMC-PPF
(Figure 6.6(c)–(f ), lower panels). The spiking activity showed a similar pat-
tern from 601 to 700 s (Figure 6.6(g)–(i), upper panels), and the SMC-PPF
estimates of the receptive fields (Figure 6.6(g)–(i), lower panels) once again
tracked this evolution. During the 900-s recording session of this experiment,
the center of this spatial receptive field migrated 50 cm.

These results show that the SMC-PPF algorithm tracked the dynamics of
this neuron’s spatial receptive field; they also illustrate that the temporal evolu-
tion of the spatial receptive fields of hippocampal pyramidal neurons observed
in linear environments can be observed in open circular environments as well.

6.3.4 Dynamic Analysis of Behaviorial Learning Experiments and
the Expectation-Maximization Algorithm

Learning experiments in neuroscience can be analyzed using a state space
model with a discrete observation process. A learning experiment consists of
a sequence of trials in which a subject executes a task correctly or incorrectly.
That is, we have a sequence of learning trials with binary responses and
we let yt denote the response in trial t, where yt = 1 is a correct response
(Figure 6.7, medium gray dots at top of the panel) and yt = 0 is an incorrect
response (Figure 6.7, dark gray dots at the top of the panel).

We let pt denote the probability of a correct response t. At trial t, the
observation model defines the probability of observing yt given the value of the
cognitive state process xt . The observation model is the Bernoulli probability
mass function:

Pr(yt |pt ,xt)= pyt
t (1 − pt)

1−yt (6.35)

where pt is defined by the logistic equation

pt = [1 + exp(μ+ xt)]
−1 exp(μ+ xt) (6.36)
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FIGURE 6.7

Sequence of correct responses (dark gray dots) and incorrect responses (medium gray
dots) from a monkey executing a location-scene association task. Learning curve (solid
dark gray curve) and 90% confidence intervals (dark gray dotted curves) are shown. The
medium gray curve is the estimated firing rate of a hippocampal neuron recorded
simultaneously as the animal executed the task. The dark gray horizontal line is the
probability of a correct response by chance. Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273
Source: Wirth et al. (2003), Science, Reprinted with permission, Copyright © 2003 AAAS.

and μ is determined by the probability of a correct response by chance in the
absence of learning or experience. We define the unobservable cognitive state
process as a random walk:

xt = xt−1 + εt (6.37)

where the εt are independent Gaussian random variables with mean 0 and
variance σ 2

ε . In this analysis the objective is to estimate the learning curve—
that is, the probability of a correct response as a function of trial number
given the entire sequence of correct and incorrect responses in the experiment.
Unlike the other examples we have discussed, this is a state space smoothing
problem. In other words, we wish to estimate the most likely values of the
learning curve at each time given all of the data in the experiment.

In the learning example, we let x = x1:T be the vector of the unobserv-
able or hidden cognitive state process; x0 and σ 2

ε are parameters. We use
the expectation-maximization (EM) algorithm to estimate them by maxi-
mum likelihood (Dempster et al., 1977). The EM algorithm is a well-known
procedure for performing maximum likelihood estimation when there is an
unobservable process or missing observations. We used it to estimate state
space models from point process observations with linear Gaussian state

http://www.elsevierdirect.com/companions/9780123750273/
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processes (Smith and Brown, 2003). The current EM algorithm is a special
case of the same algorithm in Smith and Brown (2003).

We state first the general formulation of the EM algorithm. If y is the
observed data, x is the missing or unobservable data, and θ is the parameter
to be estimated, then the EM algorithm maximizes the likelihood p(y|θ) by
iterating between an expectation step (E-step) and a Maximization step (M-
step). To do so, we define the complete data likelihood p(y,x|θ). The general
formulation is as follows. Given an estimate of the parameter θ at iteration 

we compute the in step 
+ 1 as follows:

E-step: Q(θ |θ(
))= E[log p(y,x|θ)||y,θ(
)] (6.38)

which is the expectation of the complete data log likelihood.

M-step: θ(
+1) = max
θ

Q(θ |θ(
)). (6.39)

The algorithm iterates between the E-step in Eq. (6.38) and the M-step in
Eq. (6.39). The maximum likelihood estimate of θ is θML = limθ(
)
→∞ =
θ(∞).

The use of the EM algorithm to analyze our state space learning model here
requires computing the complete data likelihood, which is the joint probability
density of y1:T and x. The EM algorithm allows computing the maximum
likelihood estimate of x0 and σ 2

ε and hence, the learning curve. The complete
data likelihood is

p(y1:T ,x|σ 2
ε ,x0)=

T∏
t=1

pyt
t (1 − pt)

1−yt p(x|σ 2
ε ,x0

= p(y1:T |x)p(x|σ 2
ε ,x0)

(6.40)

where the first term on the right-hand side is defined by the Bernoulli probabil-
ity mass function in Eq. (6.35), and second term is the joint probability density
of the cognitive state process defined by the Gaussian model in Eq. (6.37). At
iteration (
+ 1) of the algorithm, we compute in the E-step the expectation of
the complete data log likelihood given the responses y1:T across the T trials
and σ 2(
)

ε , as well as the parameter estimate from iteration 
, which is defined
as follows:
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E-Step:

Q(σ 2
ε |σ 2(
)

ε )

= E
[
log p(y1:T ,x|σ 2

ε )

∣∣∣
∣∣∣y1:T ,σ 2(
)

ε ,x0

]

= E

[
T∑

t=1

nt(μ+ xt)− log[1 + exp(μ+ xt)]
∣∣∣∣∣∣y1:T ,σ 2(
)

ε ,x0

]
.

(6.41)

+ E

[
T∑

t=1

−1

2

(xt − xt−1)
2

σ 2
ε

− T

2
log 2π − T

2
log σ 2

ε

∣∣∣∣∣∣y1:T ,σ 2(
)
ε ,x0

]

Expanding the right-hand side of Eq. (6.41), we see that calculating the
expected value of the complete data log likelihood requires computing the
expected value of the state variable E[xt ||y1:T ,σ 2(
)

ε ,x0], and the covariances
E[x2

t ||y1:T ,σ 2(
)
ε ,x0] and E[xt xt+1||y1:T ,σ 2(
)

ε ,x0]. We denote them as

xt|T ≡ E[xt ||y1:T ,σ 2(
)
ε ,x0] (6.42)

Wt|T ≡ E[x2
t ||y1:T ,σ 2(
)

ε ,x0] (6.43)

Wt,t+1|T ≡ E[xt xt+1||y1:T ,σ 2(
)
ε ,x0] (6.44)

for t = 1, . . . ,T . To compute these quantities efficiently we decompose the
E-step into three parts: a nonlinear recursive filter algorithm to compute xt|t, a
fixed-interval smoothing algorithm to estimate xt|T , and a state space covari-
ance algorithm to estimate Wt|T and Wt,t−1|T . The specific algorithms for our
model are

Filter Algorithm. Given σ 2(
)
ε , we first compute recursively the state variable,

xt|t, and its variance, σ 2
t|t. We accomplish this using the filter algorithm (Smith

and Brown, 2003):

• One-step prediction:

xt|t−1 = xt−1|t−1 (6.45)

• One-step prediction variance:

σ 2
t|t−1 = σ 2

t−1|t−1 + σ 2(
)
ε (6.46)
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• Posterior mode:

xt|t = xt|t−1 + σ 2
t|t−1[yt − pt|t] (6.47)

• Posterior variance:

σ 2
t|t =

[
(σ 2

t|t−1)
−1 + pt|t(1 − pt|t)

]−1

(6.48)

where pt|t is computed from Eq. (6.36) evaluated at xt|t for t = 1, . . . , T

and j = t. The initial condition is x0 = 0 and σ 2
0|0 = σ

2(
)
ε . The algorithm is

nonlinear because xt|t appears on both left- and right-hand sides of Eq. (6.47).
The derivation of this algorithm for the arbitrary point process observation
model and the linear state space model is given in Smith and Brown (2003).

Fixed-Interval Smoothing Algorithm. Given the sequence of posterior mode
estimates xt|t (Eq. (6.47)) and the variance σ 2

t|t (Eq. (6.48)), we use the fixed-
interval smoothing algorithm (Shumway and Stoffer, 1982; Mendel, 1995;
Brown et al., 1998; Smith and Brown, 2003) to compute xt|T and σ 2

t|T . The
smoothing algorithm is formulated as

xt|T = xt|t + At(xt+1|T − xt+1|t) (6.49)

At = σ 2
t|t(σ 2

t+1|t)−1

σ 2
t|T = σ 2

t|t + A2
t (σ

2
t+1T − σ 2

t+1|t) (6.50)

for t = T − 1, . . . ,1 and initial conditions xT |T and σ 2
T |T .

State Space Covariance Algorithm. The covariance estimate, σt,u|T , can be
computed from the state space covariance algorithm (de Jong and MacKinnon,
1988) and is given as

σt,u|T = At σt+1,u|T (6.51)

for 1 ≤ t ≤ u ≤ T .
It follows that the expectations required in Eq. (6.42) are given by Eq. (6.49)

and that the covariance terms required for Eqs. (6.43) and (6.44) of the E-step
in the EM algorithm are

Wt,t−1|T = σt−1,t|T +xt|T xt−1|T (6.52)

and

Wt|T = σ 2
t|T + x2

t|T . (6.53)
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In the M-step we maximize the expected value of the complete data log
likelihood in Eq. (6.41) with respect to σ 2(
+1)

ε , which yields

M-Step: σ 2(
+1)
ε = T−1

(
2

(
T∑

t=1

Wt|T −
T∑

t=1

Wt−1,t|T

)
− (WT |T − W0|T )

)
.

(6.54)

The algorithm iterates between the E-step (Eq. (6.41)) and the M-step
(Eq. (6.54)). The maximum likelihood estimate of σ 2

ε is σ 2(∞)
ε . The conver-

gence criteria for the algorithm are those used in Smith and Brown (2003).
The filter algorithm (Eqs. (6.45) through (6.48)), evaluated at the maximum
likelihood estimate of σ 2

ε , together with Eq. (6.36), give the filter algorithm
estimate of the learning curve, whereas the fixed-interval smoothing algo-
rithm evaluated at a maximum likelihood estimate of σ 2

ε (Eqs. (6.49) through
(6.50)), together with Eq. (6.36), give the maximum likelihood (empirical
Bayes) or smoothing algorithm estimate of the learning curve (Smith et al.,
2004).

We illustrate the algorithm applied to an actual learning experiment by
analyzing the sequence of correct and incorrect responses of a macaque mon-
key in a location–scene association task, described in detail in Wirth et al.
(2003). In this task, each trial started when the monkey fixated on a centrally
presented cue on a computer screen. The animal was then presented with four
identical targets (north, south, east, and west) superimposed on a novel visual
scene. After the scene disappeared, the targets remained on the screen during
a delay period. At the end of the delay period, the fixation point disappeared,
cueing the animal to make an eye movement to one of the four targets. For each
scene, only one target was rewarded and the positions of rewarded locations
were counterbalanced across all new scenes. Two to three novel scenes were
typically learned simultaneously, and trials of novel scenes were interspersed
with trials in which two to four well-learned scenes were presented. Because
there were four locations, the monkey could choose as a response; the prob-
ability of a correct response occurring by chance was 0.25. To characterize
learning, the correct and incorrect responses as a function of trial number were
recorded for each scene (Figure 6.7). The objective of the study was to track
learning as a function of trial number and to relate it to changes in the activity
of simultaneously recorded hippocampal neurons (Wirth et al., 2003).

Figure 6.7 shows the correct responses (medium gray dots) and incorrect
responses (dark gray dots) responses given by the monkey across 55 trials
for one novel scene. The sequence of correct and incorrect responses and the
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learning curve (Figure 6.7, dark gray curve) show that the animal’s perfor-
mance changed dramatically after approximately trial 23. The 90% confidence
intervals for the learning curve were computed using the change-of-variable
formula in Smith et al. (2004). With the criterion of the trial being that beyond
which performance better than chance was certain with a probability of at least
0.95 for the balance of the experiment (Smith et al., 2004), the learning trial
was identified as trial 23 (Figure 6.7, dark gray arrow). A dynamic estimate
of the spike rate function (Figure 6.7, medium gray curve) for a hippocam-
pal neuron was computed using the instantaneous steepest descent algorithm
(Eq.(6.32)). The trial in which the spiking activity of the neurons was iden-
tified as being different from baseline was trial 24 (Figure 6.7, medium gray
arrow). The change in the spike rate function for this neuron occurred almost
simultaneously with the change in the monkey’s performance of the task,
which suggests that the neuron’s activity mirrored the learning process.

These results illustrate how the state space smoothing algorithm for binary
responses can be used along with the instantaneous steepest descent algorithm
to relate changes in behavior on a learning task to changes in the activity of
hippocampal neurons.

6.3.5 Markov Chain Monte Carlo Methods and the Analysis
of Cortical UP/DOWN States

Neuronal UP and DOWN states, the periodic fluctuations between increased
and decreased spiking activity of a neuronal population, are fundamental
features of cortical circuits (Battaglia et al., 2004; Haider et al, 2007; Ji
and Wilson, 2007). Developing quantitative descriptions of UP/DOWN state
dynamics is important for understanding how these circuits represent and
transmit information. Given multiunit spike train recordings, the objective of
the analysis is to estimate the states, the location, and the number of state tran-
sitions, and parameters associated with the sojourn time probability densities
of the states. This is a joint state and parameter estimation problem, in which
the state is discrete and the parameter is static. For this purpose, we develop
an EM algorithm.

The E-step of the EM algorithm requires computing the distribution of
the missing data or hidden states conditional on the observed data and the
current parameter estimate (Eq. (6.38)). In the applications of this algo-
rithm presented earlier, we used Gaussian approximations to compute these
conditional distributions. In recent years many new techniques have been
developed in Bayesian analyses to compute conditional or posterior distribu-
tions. Therefore, in principle, any Bayesian method used to compute posterior
distributions may be used to evaluate the conditional distributions in the E-step
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of an EM algorithm. Markov chain Monte Carlo method (MCMC) tech-
niques are now among those principally used to conduct Bayesian analyses
(Spall, 2003; Gelman et al., 2004; Robert and Casella, 2004). In our anal-
ysis of cortical UP/DOWN states, we use the MCMC method to evaluate
the conditional distributions in the E-step because it provides an efficient
way to determine a critical unknown in this problem: the number of transi-
tions between the UP and DOWN states. These algorithms are termed MCEM
algorithms (Chan and Ledolter, 1995; Tanner,1996; McLachlan and Krishnan,
2008).

When posterior distributions cannot be computed exactly, numerical meth-
ods are not feasible because an analytic approximation may be inaccurate.
MCMC methods can often be constructed to simulate posterior distributions
by appropriately structured random sampling. Instead of drawing independent
samples from the posterior distribution directly, the MCMC algorithm con-
structs a Markov chain of sample draws whose equilibrium distributioncomes
near to the posterior distribution desired. That is, sample i + 1 is drawn condi-
tional on sample i following a Markov chain rule. The key step in designing an
MCMC algorithm is the choice of proposal density that governs the transition
between sample draws. The Markov chain theory states that, given an arbi-
trary initial value, the chain will converge to the equilibrium point provided
that the chain is run for a sufficiently long period of time. Various statistical
tests have been developed to assess convergence (Brooks and Gelman, 1998;
Gelman et al., 2004).

In most applications of MCMC algorithms, the dimension of the posterior
distribution to be estimated is fixed. However, there are problems for which
the dimension of the posterior distribution is unknown and must be deter-
mined as part of the analysis. The study of cortical UP/DOWN states presents
such challenges because the unknown dimension is indeed the number of
state transitions. For this purpose, we use reversible jump MCMC (RJM-
CMC), for which the proposal density generates moves reversibly among
parameter spaces of different dimensions (Green, 1995). Analysis with an
RJMCMC method yields estimates of the states and a probability density
over the dimension of the states.

To formulate the RJMCMC, we consider the transition from a current state
space X to another state space X ′, where dim(X) �= dim(X ′). Let R(i)(X →
X ′|θ) be the proposal density associated with the proposal X ′ for the move
type i, and let qi be the probability of choosing the move type (i). The proposal
density for the move from a current state X to X ′ is thus given by

R(X → X ′|θ)=
∑

i

qiR
(i)(X → X ′|θ). (6.55)
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The acceptance probability for the move X → X ′ is given by A = min{1,B},
where

B = p(y,X ′|θ)R(X ′ → X|θ)
p(y,X|θ)R(X → X ′|θ) |J| = p(y|X ′,θ)p(X ′|θ)R(X ′ → X|θ)

p(y|X,θ)p(X|θ)R(X → X ′|θ) |J|.
(6.56)

p(y,X|θ) is an unnormalized posterior density or, in our case, a complete data
likelihood, and |J| is the determinant of the Jacobian of a mapping from X to
X ′. If there is no change in dimension, then |J| = 1.

For the current UP/DOWN estimation problem, we model the state
as binary (0 –1) being either DOWN or UP, and we assume that a
Markov or semi-Markov model governs the transitions between the states.
To estimate the UP/DOWN states from multiunit spiking activity, we
develop a continuous-time Markov discrete state space model with time-
varying state transition with point process observations. Let Xt be the
state of the continuous-time Markov process at time t, which is 0 for the
DOWN state and 1 for the UP state. Let ξk( j, i)= Pr(Xk−1 = j, Xk = i) be
the transition probability from state j to state i at the k th sojourn, F(t|θj) be
the cumulative distribution function of the sojourn time for the DOWN states
for j = 0 and for the UP states for j = 1. We let τk be the length of the kth

sojourn time, vk =∑k−1
i=0 τi for k = 1, . . . ,n, where n is the total number of

state jumps or transitions. We model the sojourn time distributions for the UP
and DOWN states, respectively, as exponential and log normal. It is assumed
that, conditional on the state Xt, the recorded C tetrodes of multiunit spiking
activity are conditionally independent. We model the CIF for the multiunit
activity on tetrode c for c = 1, . . . ,C by a generalized linear model:

log λ(t|θ c,Xt)= μc + αcXt +
t∫

0

exp(−βc(t − u))dy(u) (6.57)

where θ c = (μc,αc ,βc). The complete data likelihood function is

p(y,X0:T |θ)= p(y|X0:T ,θ)p(X0:T |θ)

= exp

⎛
⎜⎝

C∑
c=1

n∑
k=1

vk∫
vk−1

[log λc(t|Xt,θ
c)dyc

t − λc(t|Xt,θ
c)dt]

⎞
⎟⎠

(6.58)

×
∏

i, j
[1 − F(τk|θj)]Ik( j, j)[F(τk|θj)]Ik( j,i)
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where the first term on the right-hand side of Eq. (6.58) defines the multiunit
activity conditional on the states, and the second term defines the probability
of state transitions between the neighboring sojourns in which Ik(j, i) is the
indicator function for the transition from state j to state i at the kth sojourn.

To illustrate this method, the above model was applied to the analysis of
multiunit spiking recorded on C = 8 tetrodes in the primary somatosensory
cortex of a rat. A single time series of approximately 15.7 minutes of mul-
tiunit spiking activity from the 8 tetrodes was constructed by concatenating
multiunit activity recorded from 11 slow-wave sleep (SWS) periods with an
average length of 85.7 s and with a standard deviation of 35.8 s. An MCEM
algorithm using RJMCMC with seven categories of moves at each E-step was
implemented to estimate the state transitions, to estimate ξk( j, i) and to esti-
mate n. The parameter θ was computed at the M-step. The details of this EM
algorithm are given in Chen et al. (2009).

A 5-second segment of the data is shown in Figure 6.8. In the analysis we
compared the MCEM method with a simpler hidden Markov model (HMM)
also fit with an EM algorithm and an empirical, threshold-based method (Ji
and Wilson, 2007). In the 5-second segment the state transitions identified by
the HMM (Figure 6.8(b)) agreed most of the time with those identified by the
threshold method (Figure 6.8(a)). In general, the MCEM method estimated
less frequent state transitions than did the other two (Figure 6.8(c)) because
the frame occurrence rates for the threshold, HMM and MCEM methods
were respectively 95, 103, and 82 min−1. The MCEM analysis gave fewer
short sojourns because it allowed merges of neighboring sojourns during
the RJMCMC procedure. The frame rate from our MCEM analysis was still
greater than the rate of 43.5 min−1 reported in the visual cortex recordings (Ji
and Wilson, 2007).

These results show that it is possible to develop stochastic models and
model fitting algorithms to analyze cortical UP/DOWN states, and that
different model formulations can reach different conclusions regarding
the number of state transitions. As more experimental evidence accrues
on the properties of cortical UP/DOWN states, the future challenge will
be to determine which model most accurately describes the underlying
neurophysiology.

6.3.6 State Space Smoothing, Dynamic Parameter Estimation,
and Analysis of Population Learning

In population learning studies, across-subject response differences are an
important source of variance that must be characterized to accurately identify
features of the learning process that are common to the population. Although
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FIGURE 6.8

Multi-unit activity spike trains of 8 tetrodes recorded from the primary somatosensory
cortex of one rat. (a) A selected 5-s segment of the MUA spike trains during SWS and its
UP/DOWN state classification via the threshold-based method (segmented by the thick
solid line). (b) The hidden state estimation result obtained from the discrete-time HMM
(used as the initial state for the continuous-time RJMCMC sampler). (c) The hidden state
estimation obtained from the MCEM algorithm. In this example, the MCEM algorithm
merged several neighboring sojourns that were estimated differently from the HMM.
Source: Chen et al. (2009), Neural Computation, reprinted with permission, Copyright © 2009
MIT Press.

learning is a dynamic process, current population analyses do not use dynamic
estimation methods, nor do they compute both population and individual
learning curves; rather, they use learning criteria that are less than optimal. We
present a state space random effects (SSRE) model to estimate population and
individual learning curves, ideal observer curves, and learning trials, and to
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make dynamic assessments of learning between two populations and within
the same population that avoid multiple hypothesis tests.

To define the model, we assume that J subjects participate in a learning
experiment with T trials, where we index the trials by t for t = 1, . . . ,T and
the subjects by j for j = 1, . . . ,J . To define the observation equation we let
y k

j denote the response in trial t, from subject j, where y j
t = 1 is a correct

response and y j
t = 0 is an incorrect response. We let p j

t denote the probability
of a correct response t from subject j. We assume that the probability of
a correct response in trial t from subject j is governed by an unobservable
learning state process xt , which characterizes the dynamics of learning as a
function of trial number. At trial t, for subject j, the observation model defines
the probability of observing y j

t , (i.e., either a correct or an incorrect response)
given the value of the state process xt . The observation model can be expressed
as the Bernoulli probability mass function

Pr(y j
t |p j

t ,xt)= (p j
t )

n j
t (1 − p j

t )
1−n j

t (6.59)

where p j
t is defined by the logistic function

p j
t = exp(μ+ β jxt)[1 + exp(μ+ β jxt)]

−1. (6.60)

The parameter μ in Eq. (6.60) is determined by the probability of a cor-
rect response by chance in the absence of learning or experience, and β j

is the learning modulation parameter for subject j. We define the random
effects component of our state space model by assuming that the modulation
parameters β j are independent Gaussian random variables with mean β0 and
variance σ 2

β IJ×J , where IJ×J is a J × J identity matrix. Therefore, we define
the probability of a correct response for the population as

pt = [1 + exp(μ+ β0xt)]
−1 exp(μ+ β0xt). (6.61)

We define the unobservable learning state process as a random walk:

xt = xt−1 + εt (6.62)

where the εt are independent Gaussian random variables with mean 0 and
variance σ 2

ε .
We construct a nonlinear recursive filtering algorithm, a fixed-interval

smoothing algorithm, and a covariance smoothing algorithm to evaluate these
expectations, as in Smith and Brown (2003) and Smith et al. (2004). To do
so, we first construct the augmented state space model (Jones, 1993) in order
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to include the random effects component of the model in the state equation.
The augmented state space model is

β∗
t = β∗

t−1 + ε∗t (6.63)

where β∗
t = (xt ,β1

t ,β2
t ,β3

t , . . . , βJ
t ) and ε∗t = (εt,0, . . . ,0). The stochastic

properties of xt are defined by Eq. (6.63), whereas the stochastic properties
of β come from the assumption that the modulation parameters are jointly
Gaussian-distributed with mean β0 and covariance σ 2

β IJ×J . Our representa-
tion of the random effects in the state space model ensures that the stochastic
properties of these parameters remain constant as the filter and smoothing
algorithms evolve across trials (Jones, 1993). In summary, the algorithms are
structured as follows.

Filter Algorithm. Given θ(
), we can first compute recursively the state vari-
able, β∗

t|t, and its variance, Wt|t. This is accomplished by using the following
vector-valued nonlinear filter algorithm for the augmented state space model
(Eden et al., 2004):

β∗
t|t−1 = β∗

t−1|t−1 (6.64)

Wt|t−1 = Wt−1|t−1 + Wβ∗ (6.65)

β∗
t|t = β∗

t|t−1 + Wt|t−1Ft (6.66)

Wt|t =
[
W−1

t|t−1 − Gt

]−1
(6.67)

t = 1, . . . , T , where Wβ∗ is the (J + 1)× (J + 1) diagonal covariance matrix

whose {1,1} element is σ 2(
)
ε and whose remaining elements are 0, and where

Ft is the (J + 1)× 1 vector whose elements are

Ft =

⎡
⎢⎢⎢⎢⎢⎢⎣

J∑
j=1
β

j
t (y

j
t − p j

t )

xt(y1
t − p1

t )
...

xt(yJ
t − pJ

t )

⎤
⎥⎥⎥⎥⎥⎥⎦

(6.68)
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and Gt is the (J + 1)× (J + 1) matrix whose elements are

Gt,i,m =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
J∑

j=1
(β

j
t )

2p j
t (1 − pj

t ) i = m = 1

−xtβ
j

t p j
t (1 − p j

t )+ (y j
t − p j

t ) i = 1, m = 2, . . . , J + 1;
i = 2, . . . , J + 1, m = 1

−x2
t p j

t (1 − p j
t ) i = m = 2, . . . , J

0 otherwise.
(6.69)

The initial conditions are β∗(
)
0 = (x(
)0 ,β(
)0 ) and

W0 =
[
σ

2(
)
ε 0
0 σ

2(
)
β IJ×J

]
. (6.70)

In these analyses we take x
0 = 0.
The parameters are estimated using an EM algorithm as described in

Section 6.3.4. The details of the algorithm are given in Smith et al. (2005).
To illustrate an application of the methods just described, we analyzed the

learning behavior of four groups of rats in a set-shift experiment (Figure 6.9).
Each animal executed 80 trials of a binary choice task. One group was treated
with MK801 (treatment group), an NMDA antagonist used as a pharmacolog-
ical model for schizophrenia; the other group received a placebo consisting
of only the vehicle (vehicle group) in which the MK801 was dissolved. The
animals in each group were further subdivided based on whether the reward
arm on the previous day had been light or dark. The trial responses of the
four groups are shown in Figure 6.9 as dark gray and light gray marks corre-
sponding, respectively, to correct and incorrect responses across the 80 trials.
In Figure 6.9, parts (a) and (b) (Figure 6.9, parts (c) and (d)) are the responses
from the vehicle (treatment) group. Figure 6.9(a) (6.9(c)) shows the vehicle
(treatment) animals rewarded for the light reward arm on the previous day,
and Figure 6.9(b) (6.9(d)) shows the vehicle (treatment) animals rewarded for
the dark reward arm on the previous day. Further subgroups were defined as
vehicle light (6 animals), vehicle dark (7 animals), treatment light (3), and
treatment dark (6).

Learning trials were identified using the criterion in Smith et al. (2004).
The objective of the analysis was to estimate, for each animal, the individual
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FIGURE 6.9

Behavior learning with multiple subjects. Responses of the 13 rats in the vehicle group
((a) and (b)) and 9 rats in the MK801 treatment group ((c) and (d)) during the 80 trials of
set 2. Dark gray and light gray squares indicate correct and incorrect responses,
respectively. Each row gives the responses of a different animal and each column
represents a different trial. Both groups were trained to discriminate one of the categories
of the brightness dimension in set 1. Parts (a) and (b) are the respective responses of the 6
(7) vehicle rats that were rewarded for entering the lighter (darker) arm in set 1. Parts (c)
and (d) are the respective responses of the 3 (6) treatment rats that were rewarded for
entering the lighter (darker) arm in set 1. White squares indicate the 8-CCR (consecutive
correct response) learning trial estimate of the learning trial for each individual. Rats not
achieving the 8-CCR criterion were assigned a learning trial of 80.
Source: Smith et al. (2005), Journal of Neurophysiology. Reprinted with permission, Copyright ©
2005, American Physiological Association.

learning curve and to estimate the population learning curves for each of
the four groups and to characterize the differences in learning between treat-
ment and vehicle and between light and dark exposure on the previous day
(Figure 6.10). The analysis with the population learning model shows that
the two treatment groups had impaired learning (trials of 29 and 44) relative
to the two vehicle groups (11 and 30). It also shows that the light exposure
groups had more rapid learning (trials 11 and 29) compared with trials 30 and
44 for the dark exposure groups.

These results are consistent with the expected effect of MK801 on task
acquisition and with expected behaviors of rats exposed to light and dark
environments. Furthermore, they demonstrate the benefits of a hierarchical
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FIGURE 6.10

State space random effects (SSRE) estimation of population and individual learning.
Population learning curves (dark gray) for the vehicle light (a), vehicle dark (b), treatment
light (c), and treatment dark (d) subgroups and the associated 90% confidence intervals
(light gray shaded area). Medium gray curves are the individual SSRE learning curves in
each subgroup. Black error bars are the learning curve estimates from the 8-TB method
± SE. Arrows indicate the respective ideal observer (IO(0.95)) learning trials. Ideal observer
curves (dark gray) for the vehicle light (e), vehicle dark (f), treatment light (g), and
treatment dark subgroups (h). All of the ideal observer curves (dark gray) start at 0.5, the
probability of a correct response by chance. The trial where an ideal observer curve crosses
and stays above 0.95 (dashed horizontal line) is the IO(0.95) learning trial for that group.
Please see this figure in color at the companion web site: www.elsevierdirect.com/
companions/9780123750273
Source: Smith et al. (2005), Journal of Neurophysiology, Reprinted with permission, Copyright ©
2005, American Physiological Association.

model for simultaneously characterizing individual and population learning
dynamically with a single analysis.

6.4 DISCUSSION
An important objective of neuroscience data analysis is the development
of statistical techniques to characterize the dynamic features inherent in

http://www.elsevierdirect.com/companions/9780123750273/
http://www.elsevierdirect.com/companions/9780123750273/
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most neuroscience data. State space models provide a tractable and flexi-
ble statistical framework for dynamic modeling. The estimation strategies
chosen depend on the state space and observational model characteristics. We
reviewed the state space paradigm with point process and binary observation
models by discussing its application to the analysis of neural spike train and
behavioral data. We considered the problems of neural spike train decoding,
characterizing neural plasticity, analyses of behavior learning experiments,
and the estimation of cortical neuronal UP/DOWN states. We conducted
simultaneous state and parameter estimation using maximum likelihood meth-
ods implemented with EM algorithms in which Gaussian approximations and
Monte Carlo methods were used to carry out the E-steps.

We reviewed only a small number of state space modeling applications in
neuroscience. State space modeling has been applied to a variety of neural
data analyses, including

• Analysis of between-trial and within-trial neural spiking dynamics
(Czanner et al., 2008)

• Analysis of time-varying high-order correlations among simultaneously
recorded neural spike trains (Shimazaki et al., 2009)

• Estimation of spike rate functions (Smith et al., 2010)

• Design of algorithms for control of neural prosthetic devices (Wu et al.,
2006; Srinivasan et al., 2006, 2007; Hatsopoulos and Donoghue, 2009)

• Solving inverse problems for either functional imaging (Penny et al., 2005)
or multi-channel EEG or MEG recordings (Barton et al., 2009; Lamus
et al., 2010)

State space models have also been used to analyze calcium imaging
(Vogelstein et al., 2009), to decode biophysical recordings (Huys and Paninski,
2009; Paninski, 2009), and to conduct causality analyses (Wong and Ozaki,
2007).

There are several important future directions in which the state space mod-
eling paradigm can be extended. First, maximum likelihood algorithms have
obvious Bayesian extensions. Extensions for the analysis of behavioral data
can be easily implemented using standard software (Smith et al., 2007). In
general, the development of computationally efficient estimation algorithms
for the analysis of large-scale neuroscience data (Long et al., 2006; Ahmadian
et al., 2009; Koyama and Paninski, 2009; Paninski et al., 2009; Koyama et al.,
2010a,b) is another important direction. Second, the observation models can
be extended to include mixed (continuous, point process, and binary) obser-
vation models for multimodal neural data that are recorded on the same or
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different time scales. For example, a state and parameter estimation algorithm
was recently developed for cognitive state estimation from simultaneously
recorded continuous and binary measures of performance (Prerau et al., 2008;
Prerau et al., 2009). Finally, the development of state space models to handle
state switching (Kim and Nelson, 1999; Ghahramani and Hinton, 2000; Wu
et al., 2004; Srinvasan et al., 2007; Fox et al., 2009) and hierarchical state space
models (Ghahramani, 1998; Friston, 2008) for neuroscience applications is
another important direction. All of these can be treated within the unifying
framework of graphical models (Jordan, 1997; Airoldi, 2007).

This work was supported by NIH grants R01-DA015644, R01-MH071847, and R01-
HL084502, and by NIH Director Pioneer Award DP1-OD003646.

References
Ahmadian, Y., Pillow, J., Paninski, L., 2009. Efficient Markov chain Monte Carlo methods for

decoding neural spike trains. Submitted.
Airoldi, E.M., 2007. Getting started in probabilistic graphical models. PLoS Comput. Biol. 3

(12), e252.
Barbieri, R., Frank, L.M., Nguyen, D.P., Quirk, M.C., Solo, V., Wilson, M.A., et al., 2004.

Dynamic analyses of information encoding by neural ensembles. Neural Comput. 16,
277–307.

Barton, M.J., Robinson, P.A., Kumar, S., Galka, A., Durrant-Whyte, H.F., Guivant, J., et al.,
2009. Evaluating the performance of Kalman-filter-based EEG source localization. IEEE
Trans. Biomed. Eng. 56, 122–136.

Barnes, T.D., Kubota, Y., Hu, D., Jin, D.Z.Z., Graybiel, A.M., 2005. Activity of striatal neurons
reflects dynamic encoding and recoding of procedural memories. Nature 437, 1158–1161.

Battaglia, F.P., Sutherland, G.R., McNaughton, B.L., 2004. Hippocampal sharp wave bursts
coincide with neocortical “up-state” transitions. Learn. Mem. 11, 697–704.

Bialek, W., Rieke, F., de Ruyter van Steveninck, R.R., Warland, D., 1991. Reading a neural
code. Science 252, 1854–1857.

Boas, D.A., Brooks, D.H., Miller, E.L., DiMarzio, C.A., Kilmer, M., Gaudette, R.J., et al.,
2001. Imaging the body with diffuse optical tomography. IEEE Signal Process. Mag. 18,
57–75.

Brockwell, A.E., Rojas, A.L., Kass, R.E., 2004. Recursive Bayesian decoding of motor
cortical signals by particle filtering. J. Neurophysiol. 91, 1899–1907.

Brockwell, A.E., Kass, R.E., Schwartz, A.B., 2007. Statistical signal processing and the motor
cortex. Proc. IEEE 95, 881–898.

Brooks, S., Gelman, A., 1998. General methods for monitoring convergence of iterative
simulations. J. Comput. Graph. Stat. 7, 434–455.

Acknowledgments



214 CHAPTER 6 State Space Modeling

Brown, E.N., 2005. The theory of point processes for neural systems. In: Chow, C.C., Gutkin,
B., Hansel, D., Meunier, C., Dalibard, J. (Eds.), Methods and Models in Neurophysics.
Elsevier, Paris, pp. 691–726.

Brown, E.N., Barbieri, R., Eden, U.T., Frank, L.M., 2003. Likelihood methods for neural data
analysis. In: Feng, J. (Ed.), Computational Neuroscience: A Comprehensive Approach.
CRC Press, London, pp. 253–286.

Brown, E.N., Barbieri, R., Ventura, V., Kass, R.E., Frank, L.M., 2002. The time-rescaling
theorem and its application to neural spike data analysis. Neural Comput. 14, 325–346.

Brown, E.N., Frank, L.M., Tang, D., Quirk, M.C., Wilson, M.A., 1998. A statistical paradigm
for neural spike train decoding applied to position prediction from ensemble firing patterns
of rat hippocampal place cells. J. Neurosci. 18, 7411–7425.

Brown, E.N., Mitra, P.P., Kass, R.E., 2004. Multiple neural spike train data analysis: state-of-
the-art and future challenges. Nat. Neurosci. 7, 456–461.

Brown, E.N., Nguyen, D.P., Frank, L.M., Wilson, M.A., Solo, V., 2001. An analysis of neural
receptive field plasticity by point process adaptive filtering. Proc. Natl. Acad. Sci. 98,
12261–12266.

Cappé, O., Moulines, E., Rydén, T., 2005. Inference in Hidden Markov models. Springer,
Berlin.

Cappé, O., Godsill, S.J., Moulines, E., 2007. An overview of existing methods and recent
advances in sequential Monte Carlo. Proc. IEEE 95 (5), 899–924.

Carlin, B.P., Polson, N.G., Stoffer, D.S., 1992. A Monte Carlo approach to nonnormal and
nonlinear state-space modeling. J. Am. Stat. Assoc. 87, 493–500.

Chan, K.S., Ledolter, J., 1995. Monte Carlo EM estimation for time series models involving
counts. J. Am. Stat. Assoc. 90, 242–252.

Chen, Z., Vijayan, S., Barbieri, R., Wilson, M.A., Brown, E.N., 2009. Discrete- and continuous-
time probabilistic models and algorithms for inferring neuronal UP and DOWN states.
Neural Comput. 21, 1797–1862.

Czanner, G., Eden, U.T., Wirth, S., Yanike, M., Suzuki, W.A., Brown, E.N., 2008. Analysis of
between-trial and within-trial neural spiking dynamics. J. Neurophysiol. 99, 2672–2693.

Daley, D., Vere-Jones, D., 2002. An Introduction to the Theory of Point Processes, Vol. 1:
Elementary Theory and Methods. Springer, New York.

deJong,P., MacKinnon, M.J., 1988. Covariances for smoothed estimates in state space models.
Biometrika 75, 601–602.

Dempster, A., Laird, N., Rubin, D.B., 1977. Maximum likelihood from incomplete data via
the EM algorithm. J. R. Stat. Soc. B39, 1–38.

Denk, W., Strickler, J.H., Webb, W.W., 1990. Two-photon laser scanning fluorescence
microscopy. Science 248, 73–76.

Djuric, P., 2001. Sequential estimation of signals under model uncertainty. In: Sequential Monte
Carlo Methods in Practice. Springer, New York.

Doucet, A., de Freitas, N., Gordon, N., 2001. Sequential Monte Carlo Methods in Practice.
Springer, New York.

Durbin, J., Koopman, S.J., 2001. Time Series Analysis by State Space Methods. Oxford Univ.
Press.

Eden, U.T., Frank, L.M., Barbieri, R., Solo, V., Brown, E.N., 2004. Dynamic analyses of neural
encoding by point process adaptive filtering. Neural Comput. 16, 971–998.

Eden, U.T., Brown, E.N., 2008. Continuous-time filters for state estimation from point process
models of neural data. Stat. Sin. 18, 1293–1310.



References 215

Ergun, A., Barbieri, R., Eden, U.T., Wilson, M.A., Brown, E.N., 2007. Construction of point
process adaptive filter algorithms for neural systems using sequential Monte Carlo methods.
IEEE Trans. Biomed. Eng. 54 (3), 419–428.

Fahrmeir, L., Tutz, G., 2001. Multivariate Statistical Modelling Based on Generalized Linear
Models, second ed. Springer, New York.

Fox, E.L., Sudderth, E.B., Jordan, M.I., Willsky, A.S., 2009. Nonparametric Bayesian learning
of switching linear dynamical systems. In: Advances in Neural Information Processing
Systems 22. MIT Press, Cambridge, MA.

Frank, L.M., Stanley, G.B., Brown, E.N., 2004. Hippocampal plasticity across multiple days
of exposure to novel environments. J. Neurosci. 24, 7681–7689.

Friston, K., 2008. Hierarchical models in the brain. PLoS Comput. Biol. 4 (11), e1000211.
doi:10.1371/journal.pcbi.1000211.

Gelman, A., Carlin, J.B., Stern, H.S., Rubin, D.B., 2004. Bayesian Data Analysis, second ed.
Chapman & Hall/CRC, Boca Raton, FL.

Ghahramani, Z., 1998. Learning dynamic Bayesian networks. In: Giles, C.L., Gori, M.
(Eds.), Adaptive Processing of Sequences and Data Structures. Springer-Verlag, Berlin,
pp. 168–197.

Ghahramani, Z., Hinton, G.E., 2000. Variational learning for switching state-space models.
Neural Comput. 12, 831–864.

Gilks, W.R., Richardson, S., Spiegelhalter, D.J., 1996. Markov Chain Monte Carlo in Practice.
Chappman & Hall/CRC Press, Boca Raton, FL.

Green, P.J., 1995. Reversible jump Markov chain Monte Carlo computation and Bayesian
model determination. Biometrika 82, 711–732.

Haider, B., Duque, A., Hasentaub, A.R., Yu, Y., McCormick, D.A., 2007. Enhancement of
visual responsiveness by spontaneous local network activity in vivo. J. Neurophysiol. 97,
4186–4202.

Hämäläinen,M., Hari, R., Ilmoniemi, R., Knuutila, J., Lounasmaa,O., 1993.Magnetoencepha-
lography–theory, instrumentation, and applications to noninvasive studies of the working
human brain. Rev. Mod. Phys. 65, 1–93.

Hatsopoulos, N.G., Donoghue, J.P., 2009. The science of neural interface systems. Annu. Rev.
Neurosci. 32, 249–266.

Haykin, S., 2002. Adaptive Filter Theory, fourth ed. Prentice Hall, Upper Saddle
River, NJ.

Hochberg, L.R., Serruya, M.D., Friehs, G.M., Mukand, J.A., Saleh, M., Caplan, A.H., et al.,
2006. Neuronal ensemble control of prosthetic devices by a human with tetraplegia. Nature
442, 164–171.

Huys, Q.J.M., Paninski, L., 2009. Smoothing of, and parameter estimation from, noisy
biophysical recordings. PLoS Comput. Biol. 5 (5), e1000379.

Ji, D., Wilson, M.A., 2007. Coordinated memory replay in the visual cortex and hippocampus
during sleep. Nature Neurosci. 10, 100–107.

Jog, M.S., Kubota, Y., Connolly, C.I., Hillegaart, V., Graybiel, A.M., 1999. Building neural
representations of habits. Science 286, 1745–1749.

Jones, R.H., 1993. Longitudinal Data with Serial Correlation: A State-Space Approach.
Chapman & Hall, New York.

Jordan, M.I. (Ed.), 1997. Learning in Graphical Models. MIT Press, Cambridge, MA.
Kim, C.-J., Nelson, C.R., 1999. State-Space Models with Regime Switching: Classical and

Gibbs-Sampling Approaches with Applications. MIT Press, Cambridge, MA.



216 CHAPTER 6 State Space Modeling

Kitagawa, G., Gersh, W., 1996. Smoothness Priors Analysis of Time Series. Springer,
New York.

Koyama, S., Paninski, L., 2009. Efficient computation of the maximum a posteriori path and
parameter estimation in integrate-and-fire and more general state-spacemodels. J. Comput.
Neurosci. (in press).

Koyama, S., Eden, U.T., Brown, E.N., Kass, R.E., 2010a. Bayesian decoding of neural spike
trains. Ann. Inst. Stat. Math. 62, 37–59.

Koyama, S., Perez-Bolde, L.C., Shalizi, C.R., Kass, R.E., 2010b. Approximate methods for
state-space models. J. Amer. Stat. Assoc. 105, 170–180.

Kwong, K.K., Belliveau, J.W., Chesler, D.A., Goldberg, I.E., Weisskoff, R.M., Poncelet, B.P.,
et al., 1992. Dynamic magnetic resonance imaging of human brain activity during primary
sensory stimulation. Proc. Natl. Acad. Sci. U.S.A. 89, 5675–5679.

Lamus, C. Hamalainen, M.S., Temereanca, S., Brown, E.N., Purdon, P.L., 2010. How dynamic
models of brain connectivity can help solve the MEG inverse problem: analysis of source
observability. Submitted.

Law, J.R., Flanery, M.A., Wirth, S., Yanike, M., Smith, A.C., Frank, L.M., et al., 2005. Func-
tional magnetic resonance imaging activity during the gradual acquisition and expression
of paired-associate memory. J. Neurosci. 25, 5720–5729.

Long, C.J., Desai, N.U., Hämäläinen, M., Temereanca, S., Purdon, P.L., Brown, E.N.,
2006. A dynamic solution to the ill-conditioned magnetoencephalography (MEG) source
localization problem. In: Proc. ISBI’06, 225–228.

McLachlan, G.J., Krishnan, T., 2008. The EM Algorithm and Extensions, second ed. Wiley,
New York.

Mendel, J.M., 1995. Lessons in Estimation Theory for Signal Processing,Communication, and
Control. Prentice Hall, Upper Saddle River, NJ.

Moran, D.W., Schwartz, A.B., 1999. Motor cortical representation of speed and direction during
reaching. J. Neurophysiol. 82, 2676–2692.

Musallam, S., Corneil, B.D., Greger, B., Scherberger, H., Andersen, R.A., 2004. Cognitive
control signals for neural prosthetics. Science 305, 258–262.

Okatan, M., Wilson, M.A., Brown, E.N., 2005. Analyzing functional connectivity using
a network likelihood model of ensemble neural spiking activity. Neural Comput. 17,
1927–1961.

Ogawa, S., Tank, D.W., Menon, R., Ellermann, J.M., Kim, S.G., Merkle, H., et al., 1992.
Intrinsic signal changesaccompanying sensory stimulation: functional brain mapping with
magnetic resonance imaging. Proc. Natl. Acad. Sci. U.S.A. 89, 5951–5955.

Paninski, L., 2009. Inferring synaptic inputs given a noisy voltage trace via sequential Monte
Carlo methods. J. Comput. Neurosci. Submitted.

Paninski, L., Ahmadian, Y., Ferreira, D., Koyama, S., Rahnama, K., Vidne, M., et al., 2009.
A new look at state-space models for neural data. J. Comput. Neurosci. (in press).

Pawitan, Y., 2001. In All Likelihood: Statistical Modelling and Inference Using Likelihood.
Clarendon Press, Oxford, UK.

Penny, W., Ghahramani, Z., Friston, K., 2005. Bilinear dynamical systems. Philos. Trans. R.
Soc. Lond. B 360, 983–993.



References 217

Prerau, M., Smith, A.C., Eden, U.T., Yanike, M., Suzuki, W.A., Brown, E.N., 2008. A mixed
filter algorithm for cognitive state estimation from simultaneously recorded continuous and
binary measures of performance. Biol Cybern 99, 1–14.

Prerau, M., Smith, A.C., Eden, U.T., Kubota, Y., Yanike, M., Suzuki, W., et al., 2009. Chara-
cterizing learning by simultaneous analysis of continuous and binary measures of
performance. J. Neurophysiol. 102, 3060–3072.

Rieke, F., Warland, D., de Ruyter van Steveninck, R.R., Bialek, W., 1997. Spikes: Exploring
the Neural Code. MIT Press, Cambridge, MA.

Robert, C.P., Casella, G., 2004. Monte Carlo Statistical Methods, second ed. Springer-Verlag,
New York.

Roweis, S., Gharamani, Z., 1999. A unifying review of linear Gaussian models. Neural
Comput. 11, 305–345.

Santhanam, G., Ryu, S.I., Yu, B.M., Afshar, A., Shenoy, K.V., 2006. A high-performance
brain-computer interface. Nature 442, 195–198.

Serruya, M.D., Hatsopoulos, N.G., Paninski, L., Fellows, M.R., Donoghue, J.P., 2002. Instant
neural control of a movement signal. Nature 416, 141–142.

Shephard, N., Pitt, M.K., 1997. Likelihood analysis of non-Gaussian measurement time series,
Biometrika, 84, 653–667.

Shimazaki, H., Amari, S., Brown, E.N., Gruen, S., 2009. State-space analysis on time-varying
correlations in parallel spike sequences. In: Proc. IEEE ICASSP (pp. 3501–3504), Taipei.

Shumway, R.H., Stoffer, D.S., 1982. An approach to time series smoothing and forecasting
using the EM algorithm. J. Time Ser. Anal. 3, 253–264.

Shoham, S., Paninski, L.M., Fellows, M.R., Donoghue, J.P., Normann, R.A., 2005. Statistical
encodingmodel for a primary motor cortical brain-machine interface. IEEE Trans.Biomed.
Eng. 52, 1312–1322.

Smith, A.C., Brown, E.N., 2003. Estimating a state-space model from point process observa-
tions. Neural Comput. 15, 965–991.

Smith, A.C., Frank, L.M., Wirth, S., Yanike, M., Hu, D., Kubota, Y., et al., 2004. Dynamical
analysis of learning in behavior experiments. J. Neurosci. 24, 447–461.

Smith, A.C., Stefani, M.R., Moghaddam, B., Brown, E.N., 2005. Analysis and design of
behavioral experiments to characterize population learning. J. Neurophysiol. 93, 776–792.

Smith, A.C., Wirth, S., Suzuki, W., Brown, E.N., 2007. Bayesian analysis of interleaved
learning and response bias in behavioral experiments. J. Neurophysiol. 97, 2516–2524.

Smith, A.C., Scalon, J., Wirth, S., Yanike, M., Suzuki, W., Brown, E.N., 2010. State-spacealgo-
rithms for estimating spike rate functions. J. Comput. Intell. Neurosci. Online publication
Article ID 426539. doi: 10.1155/2010/426539

Spall, J.C., 2003. Estimation via Markov chain Monte Carlo. IEEE Control Syst. Mag. 23 (2),
34–45.

Srinivasan, L., Eden, U.T., Willsky, A.S., Brown, E.N., 2006. A state-space analysis for
reconstruction of goal-directed movements using neural signals. Neural Comput. 18,
2465–2494.

Srinivasan, L., Brown, E.N., 2007. A state-space framework for movement control to dynamic
goals through brain-driven interfaces. IEEE Trans. Biomed. Eng. 54 (3), 526–535.



218 CHAPTER 6 State Space Modeling

Srinivasan, L., Eden, U.T., Mitter, S.K., Brown, E.N., 2007. General-purpose filter design for
neural prosthetic devices. J. Neurophysiol. 98, 2456–2475.

Stanley, G.B., Li, F.F., Dan, Y., 1999. Reconstruction of natural scenes from ensemble responses
in the LGN. J. Neurosci. 19, 8036–8042.

Suzuki, W.A., Brown, E.N., 2005. Behavior and neurophysiological analyses of dynamic
learning processes. Behav. Cogn. Neurosci. Rev. 4, 67–95.

Tanner, M.A., 1996. Tools for Statistical Inference, third ed. Springer, New York.

Taylor,D.M.,Tillery,S.I.H., Schwartz,A.B., 2002.Direct cortical controlof 3D neuroprosthetic
devices. Science 296, 1829–1832.

Truccolo, W., Eden, U.T., Fellow, M., Donoghue, J.D., Brown, E.N., 2005. A point process
framework for relating neural spiking activity to spiking history, neural ensemble and
covariate effects. J. Neurophysiol. 93, 1074–1089.

Vogelstein, J., Watson, B., Packer, A., Yuste, R., Jedynak, B., Paninski, L., 2009. Spike
inference from calcium imaging using sequential Monte Carlo methods. Biophys. J.
97, 636–655.

Wilson, M.A., McNaughton, B.L., 1993. Dynamics of the hippocampal ensemble code for
space. Science 261, 1055–1058.

Wilson, M.A., McNaughton, B.L., 1994. Reactivation of hippocampal ensemble memories
during sleep. Science 265, 676–679.

Wirth, S., Yanike, M., Frank, L.M., Smith, A.C., Brown, E.N., Suzuki, W.A., 2003. Single
neurons in the monkey hippocampus and learning of new associations. Science 300, 1578–
1584.

Wong, K.F.K., Ozaki, T., 2007. Akaike causality in state space: instantaneous causality between
visual cortex in fMRI time series. Biol. Cybern. 97, 151–157.

Wu, W., Black, M.J., Mumford, D., Gao, Y., Bienenstock, E., Donoghue, J.P., 2004. Modeling
and decoding motor cortical activity using a switching Kalman filter. IEEE Trans. Biomed.
Eng. 51, 933–942.

Wu, W., Gao, Y., Bienenstock, E., Donoghue, J.P., Black, M.J., 2006. Bayesian population
decoding of motor cortical activity using a Kalman filter. Neural Comput. 18, 80–118.

Wu, W., Kulkarni, J.E., Hatsopoulos, N.G., Paninski, L., 2009. Neural decoding of hand
motion using a linear state-space model with hidden states. IEEE Trans. Neural Syst.
Rehabil. Eng. 17, 370–378.

Zhang, K., Ginzburg, I., McNaughton, B.L., Sejnowski, T.J., 1998. Interpreting neuronal popu-
lation activity by reconstruction: unified framework with application to hippocampal place
cells. J. Neurophysiol. 79, 1017–1044.



CHAPTER

7Neural Decoding for Motor
and Communication
Prostheses
Byron M. Yu∗†∗∗, Gopal Santhanam∗, Maneesh Sahani∗∗, Krishna V. Shenoy∗†∗∗∗

∗Department of Electrical Engineering, †Neurosciences Program, Stanford University,

Stanford, California, ∗∗Gatsby Computational Neuroscience Unit, UCL, London,
∗∗∗Department of Bioengineering, Stanford University

7.1 INTRODUCTION
Neural prostheses, which are also termed brain–machine and brain–computer
interfaces, offer the potential to substantially increase the quality of life for
people suffering from motor disorders, including paralysis and amputation.
Such devices translate electrical neural activity from the brain into control
signals for guiding paralyzed upper limbs, prosthetic arms, and computer
cursors. Several research groups have now demonstrated that monkeys (e.g.,
Serruya et al., 2002; Taylor et al., 2002; Carmena et al., 2003; Musallam et al.,
2004; Santhanam et al., 2006; Mulliken et al., 2008; Velliste et al., 2008) and
humans (e.g., Kennedy et al., 2000a,b; Leuthardt et al., 2004; Wolpaw and
McFarland, 2004b; Hochberg et al., 2006; Kim et al., 2008; Schalk et al.,
2008) can learn to move computer cursors and robotic arms to various target
locations simply by activating neural populations that participate in natural
arm movements.

Figure 7.1 illustrates the basic operating principle of neural prosthetic
systems. Neural activity from various arm movement–related brain regions
(e.g., Wise et al., 1997) is electronically processed to create control signals
for enacting the desired movement. Non invasive sensors can collect neural
signals representing the average activity of many neurons. When invasive
permanently implanted arrays of electrodes are employed, as depicted, it is
possible to use waveform shape differences to discriminate individual neurons
(e.g., Lewicki, 1998; Santhanam et al., 2004). After determining how each
neuron responds before and during a movement, which is typically accom-
plished by correlating arm movements made during a behavioral task with
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FIGURE 7.1

Concept sketch of cortically controlled motor and communication prostheses. Neural
signals are recorded from cortical areas such as PMd, M1, and intraparietal area/parietal
reach region (MIP/PRR) using intra-cortical electrode arrays. The times of action potentials
(spikes) are identified and assigned to neural units. A decoder then translates the activity
across a neural population into control signals for the prosthetic system. Please see this
figure in color at the companion web site: www.elsevierdirect.com/companions/
9780123750273

associated neural activity, estimation algorithms can be designed to decode
the desired movement trajectory (continuous decoder) or movement target
(discrete decoder) from the pattern of neural activity. The system can then
generate control signals appropriate for continuously guiding a paralyzed or
prosthetic arm through space (motor prosthesis) or positioning a computer
cursor on the desired letter on a keyboard (communication prosthesis).

Motor prostheses aim to provide natural control of the paralyzed limb,
via functional electrical stimulation of de-innervated muscle, or of a pros-
thetic replacement limb. In the case of upper-limb prostheses, natural control

http://www.elsevierdirect.com/companions/9780123750273/
http://www.elsevierdirect.com/companions/9780123750273/
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involves the precise movement of the arm along a desired path and with a
desired speed profile. Such control is indeed a daunting ultimate goal, but
presumably even intermediate steps along the way would lead to clinically
viable systems. For example, simply being able to feed oneself would help
thousands of tetraplegics (e.g., Velliste et al., 2008).

Communication prostheses do not aim to restore the ability to communi-
cate in the form of natural voice or natural typing (i.e., moving the fingers).
Instead, they aim to provide a fast and accurate communication mode, such as
moving a computer cursor on an onscreen keyboard so as to type out words.
Ideally performance could rival, or even surpass, the natural communication
rate at which most people can speak or type. For example, “locked-in” ALS
patients are altogether unable to converse with the outside world, and many
other neurodegenerative diseases severely compromise the quality of speech.
Being able to reliably type several words per minute on a computer will be a
meaningful advance for these patients. In fact, many of the most severely dis-
abled patients, who are the likely recipients of first-generation systems, will
benefit from a prosthesis capable of typing even a few words per minute (e.g.,
Donoghue, 2008).

While motor and communication prostheses are quite similar conceptually,
important differences critically affect their design. Motor prostheses must
produce movement trajectories as accurately as possible to enact precisely the
desired movement. The decoder translates, on a moment-by-moment basis,
neural activity into a continuous-valued movement trajectory. In this case, the
decoder solves a regression problem. In contrast, communication prostheses
are concerned with information throughput from the subject to the world; this
makes the speed and accuracy with which keys on a keyboard can be selected of
primary importance. Although a continuously guided motor prosthesis can be
used to convey information by moving to a key, only the key eventually struck
actually contributes to information conveyance. The decoder, thus, acts as a
classifier. This seemingly subtle distinction has implications that profoundly
influence the type of neural activity and the class of decoder to be used.

In this chapter, we focus on the engineering goal of improving prosthetic
system design, with particular emphasis on neural decoding algorithms. We
make no claims here about these decoding algorithms furthering our basic sci-
entific understanding of the relationship between neural activity and desired
movements, although such findings may well inform next-generation algo-
rithmic design. In the following sections, we will first describe the behavioral
task and the different types of neural activity that are used to drive motor
and communication prostheses. For both classes of prosthetic systems, we
will then briefly review existing and detail new decoding algorithms that we
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recently published (Yu et al., 2007; Santhanam et al., 2009). Finally, we will
consider future directions for further improving decoding performance and
increasing the clinical viability of neural prosthetic systems.

7.2 PLAN AND MOVEMENT NEURAL ACTIVITY
Two types of neural activity are commonly used for driving prosthetic systems:
plan and movement activity. Plan activity is present before arm movements
begin, or even without ultimate arm movement, and is believed to reflect
preparatory processing required for the fast and accurate generation of move-
ment (e.g., Churchland et al., 2006a,b,c; Churchland and Shenoy, 2007a). This
activity is readily observed before movement initiation in a “delayed reach
task” (Figure 7.2). In this task, a trial begins when the subject touches and visu-
ally fixates a central target. After a randomized delay period (typically 0–1000
ms), a “go cue” indicates that a reach (and saccade) may begin. Figure 7.2
illustrates that plan activity in a premotor cortex (PMd) unit of a monkey
performing this task is tuned for the direction of the upcoming movement,
with plan activity arising soon after target onset and persisting throughout the
delay period. Plan activity has also been shown to reflect movement extent
(e.g., Messier and Kalaska, 2000; Churchland et al., 2006b), peak velocity
(Churchland et al., 2006b), eye position (Batista et al., 2007), and attention
(e.g., Boussaoud and Wise, 1993). Movement activity follows plan activity in
a delayed reach task, being present 100–200 ms before and during the move-
ment. It is tuned for both the direction (as shown in Figure 7.2) and speed
of arm movement (e.g., Moran and Schwartz, 1999a). PMd neurons typically
exhibit strong plan activity, as well as some movement activity; neurons in
primary motor cortex (M1) typically exhibit the opposite pattern (e.g., Shen
and Alexander, 1997a,b).

Neural activity was recorded using a 96-channel silicon electrode array
(Blackrock Micosystems, Salt Lake City, UT) implanted in two rhesus
macaque monkeys (monkeys G and H). Several different data sets are used
in this chapter. A typical data set comprises 1000–2000 trials and 100–200
simultaneously recorded units. Of these units, 30–40% are typically single-
neuron and 60–70% are multi-neuron. For more details about the data sets
used, see Yu et al. (2007) and Santhanam et al. (2009).

Until recently, both motor and communication prostheses have focused pri-
marily on movement activity. As depicted in Figure 7.3(a), movement activity
can be elicited merely by “thinking” about moving the arm and, surprisingly,
it has been found that no movement or electromyographic (EMG) activity
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FIGURE 7.2

Plan and movement activity from a single PMd neuron in a delayed reach task. (a) Spike
histograms showing average plan (gray bar) and movement (black bar) activity associated
with center-out reaches to peripheral targets. Fifty representative reach trajectories to the
upward-right target are shown in light gray (mean trajectory in black). (b) Top panel: same
50 representative reach trajectories as in (a) shown as a function of time (horizontal
component only); middle panel: spike times associated with each of these 50
reaches—each row corresponds to a trial, black tick marks indicate spike times, light bar
indicates movement onset; bottom panel: a histogram of the average response.

need result (e.g., Taylor et al., 2002). With animal models, such as monkeys,
neural activity that can be generated in the absence of arm movements (or
presumably even with arm movements when descending nerves are intact and
without nerve block (Moritz et al., 2008)) is currently considered to be an
adequate proxy for neural signals from paralyzed subjects (e.g., Taylor et al.,
2002; Velliste et al., 2008). Movement activity is then decoded to generate
instantaneous direction and speed signals, which are used to guide a computer
cursor (e.g., Serruya et al., 2002; Taylor et al., 2002; Carmena et al., 2003) or
a robotic arm (e.g., Velliste et al., 2008) to a target. Motor prostheses incorpo-
rate movement activity because the goal is to recreate the desired movement
path and speed. Although largely reflecting movement target, plan activity
can play an important role in full trajectory estimation by providing an esti-
mate of where the movement will end, and thereby helping to constrain the
instantaneous movement estimates (Yu et al., 2007). This will be detailed in
Section 7.3.
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Differences between motor and communication prostheses. (a) For motor prostheses,
movement activity that is generated by “thinking” about moving to the desired target is
processed with a trajectory estimator, which guides a cursor (dark gray circle) along the
desired path at the desired speed. (b) For communication prostheses, plan activity that is
generated by “intending” to move to the desired target is then processed with a target
estimator, which directly positions a cursor (medium gray circle) on the desired target.

In contrast, communication prostheses are not obliged to move along a
continuous path in order to strike a target, such as a key on an onscreen key-
board (Figure 7.3(b)). Instead, if target location can be estimated directly
from neural plan activity, the cursor can be positioned immediately on the
desired key. Recent reports suggest that there may be a considerable perfor-
mance benefit in using plan activity and direct-positional prosthesis control
(e.g., Musallam et al., 2004; Santhanam et al., 2006). Figure 7.3(b) illustrates
that plan activity can be elicited merely by “intending” to move the arm to
a target/key location, and it is well established that it does not necessarily
produce movements or EMG activity. Plan activity is then decoded to yield
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the desired key; the prosthetic cursor then immediately appears and selects it.
In this way, communication prostheses can rely on plan activity alone.

7.3 CONTINUOUS DECODING FOR MOTOR PROSTHESES
In the late 1960 and early 1970, Fetz and colleagues discovered that non-
human primates could learn to regulate the firing rate of individual cortical
neurons (Fetz, 1969; Fetz and Finocchio, 1971; Fetz and Baker, 1972). These
pioneering experiments relied on straightforward forms of real-time feedback,
but clearly demonstrated that firing rates could be brought to requested lev-
els without accompanying muscle contraction, even in M1. In the 1970 and
early 1980, Schmidt, Humphrey, and colleagues proposed that neural activity
could be used to directly control prostheses (Humphrey et al., 1970). By the
late 1990, technological advances and a much better understanding of how
cortical neurons contribute to limb movement (e.g., Georgopoulos et al., 1986;
Schwartz, 1994) sparked renewed interest in developing clinically viable sys-
tems. This required an ongoing series of experiments with animal models
and disabled human patients with the goal of learning fundamental design
principles and quantifying performance.

Nicolelis and colleagues investigated one-dimensional (1D) control of a
motor prosthesis by training rats to press a lever to receive a liquid reward
(Chapin et al., 1999). The apparatus was then altered such that the lever was
controlled by movement activity across a population of cortical neurons. In
particular, the lever movement was estimated using a combination of prin-
cipal components analysis and an artificial neural network. The researchers
found that rats could still control the lever to receive their reward. Animals
soon learned that actual forelimb movement was not needed and stopped
movements altogether while continuing to move the lever with brain-derived
activity. This proved the basic feasibility of motor prostheses.

Meanwhile, investigations of 2D and full 3D control essential for
re-creating natural arm movements were underway. Schwartz and colleagues
demonstrated that 2D and 3D hand location could be reconstructed fairly
accurately from the movement activity of a population of simultaneously
recorded M1 neurons in rhesus monkeys (Isaacs et al., 2000), and Nicolelis
and colleagues reported similarly encouraging reconstructions using simul-
taneous recordings from parietal cortex, PMd, and M1 (Wessberg et al.,
2000). Together with similar recording studies from Donoghue and colleagues
(Maynard et al., 1999), the stage was set for the first “closed-loop” 2D and
3D motor prosthesis experiments.
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Schwartz and colleagues pursued 3D cursor control with rhesus monkeys
(Taylor et al., 2002). A few tens of M1 neurons were recorded with a
chronically implanted electrode array, and the monkeys made 3D reaching
movements to visual targets appearing in a 3D virtual reality environment.
Neural responses were characterized in terms of the movement direction elic-
iting maximal response (also known as the preferred direction) and were
combined to form a modified population vector. Let vi ∈ Rp×1 be a vector
pointing in the preferred direction of neural unit i, where p is the number of
dimensions of the workspace (in this case, three). In its simplest form, the
population vector x̂t ∈ Rp×1 at time t is defined as

x̂t =
∑q

i=1 yi
t vi∑q

i=1 yi
t

, (7.1)

where yi
t ∈ R is the activity of unit i ∈ {1, . . . ,q} at time t. The population

vector indicates the instantaneous movement of the hand or, in prosthesis
mode, the prosthetic cursor.

Monkeys then entered “brain-control” mode, wherein the 3D prosthetic
cursor was controlled by the neural population vector, as opposed to the loca-
tion of the hand. This group has since gone on to demonstrate that monkeys
can use these 3D control signals to feed themselves with an anthropomorphic
robotic arm, and open and close a hand-like gripper (Velliste et al., 2008).

The fitting procedure for the preferred directions vi and more sophisti-
cated variants of the population vector are described elsewhere (Zhang et al.,
1998; Moran and Schwartz, 1999b; Taylor et al., 2002). The population vector
assumes a uniform distribution of preferred directions; when this assumption
is not satisfied, the population vector is biased and an optimal linear estimator
(OLE) may be preferred (Salinas and Abbott, 1994). The OLE takes the same
form as Eq. (7.1); the only difference is how the parameters vi are obtained.
It was recently shown that, in a closed-loop setting, the subject could compen-
sate for a bias in the population vector arising from a nonuniform distribution
of preferred directions (Chase et al., 2009).

Donoghue and colleagues pursued 2D cursor control with rhesus monkeys
(Serruya et al., 2002). A few tens of M1 neurons were recorded simultane-
ously with a chronically implanted electrode array while monkeys moved
a manipulandum to guide the cursor. By recording spike activity while the
monkeys tracked a continuously, pseudorandomly moving target, a linear fil-
ter could be learned to relate neural activity to cursor movement. A linear filter
takes a linear combination of activity from different simultaneously recorded
neurons to estimate physical state variables, such as cursor position or velocity.
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The estimated state variable x̂t ∈ R at time t is

x̂t = b +
q∑

i=1

N−1∑
τ=0

yi
t−τai

τ (7.2)

where b ∈ R is an additive constant, yi
t ∈ R is the activity of neural unit

i ∈ {1, . . . ,q} at time t, and {ai
0, . . .ai

N−1} are the N filter weights for unit i.
These filter weights are fit using least squares (Warland et al., 1997). For a
multi-dimensional state variable, a separate set of filter weights and additive
constants is fit for each dimension. Unlike the population vector and OLE, the
linear filter can combine neural activity across multiple time steps and thus
produce smoother trajectory estimates. This linear filter was used in a new
task, where neural activity guided the prosthetic cursor to hit visual targets
appearing at random locations. Together with collaborators and Cyberkinet-
ics Neurotechnology Inc., this group has since gone on to show for the first
time that a population of M1 neurons from tetraplegic patients can be used to
control 2D cursors (Hochberg et al., 2006).

Nicolelis and colleagues pursued 2D cursor control, along with a form of
prosthetic grasping, with rhesus monkeys (Carmena et al., 2003). Hundreds of
M1, PMd, supplementary motor area (SMA), primary sensory area (S1), and
posterior parietal neurons were recorded with chronically implanted electrode
arrays while monkeys performed each of three behavioral tasks. The animals
were trained to move a pole to control the position of an onscreen cursor and
to grip the pole to control the size of the cursor, which indicated grip force.
Linear filters (Eq. (7.2)) were trained to relate neural activity to a variety
of motor parameters including hand position, velocity, and gripping force.
These models were used in “brain control” mode to translate neural activity
into cursor movement and cursor size. This study demonstrates (1) that grip
force may be controlled (as does the more recent Velliste et al. (2008) report),
which is essential once a prosthetic arm arrives as the desired location; and
(2) that combined positioning and gripping are possible.

7.3.1 Recursive Bayesian Decoders
While linear filters and population vectors are effective, recursive Bayesian
decoders have been shown to provide more accurate trajectory estimates
in offline (i.e., open-loop) settings (Brown et al., 1998; Brockwell et al.,
2004; Wu et al., 2004a, 2006) and online (i.e., closed-loop) settings (Wu
et al., 2004b; Kim et al., 2008). In contrast to linear filters and popula-
tion vectors, recursive Bayesian decoders are based on the specification of
an explicit probabilistic model, comprising (1) a trajectory model, which
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describes how the arm state changes from one time step to the next, and
(2) an observation model, which describes how the observed neural activity
relates to the time-evolving arm state. The trajectory and observation models
each include a probabilistic component, which attempts to capture trial-to-
trial differences in the arm trajectory and neural spiking noise, respectively.
These probabilistic relationships provide confidence regions for the arm state
estimates, in contrast to linear filters and population vectors. If the mod-
eling assumptions are satisfied, Bayesian estimation makes optimal use of
the observed data. With an explicit probabilistic model, it is straighforward
to relax the modeling assumptions and propose extensions, whereas such
changes are not easily incorporated in a linear filter or a population vector.
We will exploit this flexibility in the next subsection.

A widely used recursive Bayesian decoder is the Kalman filter, which is
based on a linear Gaussian trajectory model:

xt | xt−1 ∼ N (Axt−1, Q) (7.3)

x1 ∼ N (π , V) (7.4)

and a linear Gaussian observation model:

yt | xt ∼ N (Cxt , R), (7.5)

where xt ∈ Rp×1 is the arm state (which may include terms such as arm posi-
tion, velocity, and acceleration) at time t ∈ {1, . . . ,T}, and yt ∈ Rq×1

+ is the
movement-period activity across the q neural units at time t. The parame-
ters A ∈Rp×p, Q ∈ Rp×p, π ∈ Rp×1, V ∈ Rp×p, C ∈Rq×p , and R ∈Rq×q do
not depend on time and are fit to training data using maximum likelihood
(Wu et al., 2006). Linear Gaussian models have been successfully applied to
decoding the path of a foraging rat (Brown et al., 1998; Zhang et al., 1998),
as well as arm trajectories in ellipse-tracing (Brockwell et al., 2004), pursuit-
tracking (Wu et al., 2004a, 2006; Shoham et al., 2005), and “pinball” tasks
(Wu et al., 2004a; Wu et al., 2006).

The task of decoding a continuous arm trajectory involves finding the likely
sequences of arm states corresponding to the observed neural activity. At each
time step t, we seek to compute the distribution of the arm state xt given the
movement neural activity y1, y2, . . . , yt (denoted by {y}t

1) observed up to that
time. This distribution is written P

(
xt | {y}t

1

)
and termed the state posterior.

State posteriors can be obtained by iterating the following two updates. First,
the one-step prediction is found by applying Eq. (7.3) to the state posterior at
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the previous time step:

P
(

xt | {y}t−1
1

)
=

∫
P (xt | xt−1)P

(
xt−1 | {y}t−1

1

)
dxt−1. (7.6)

Second, the state posterior at the current time step is computed using Bayes’
rule

P
(
xt | {y}t

1

) =
P (yt | xt)P

(
xt | {y}t−1

1

)

P
(

yt | {y}t−1
1

) . (7.7)

Note that P
(
yt | xt,{y}t−1

1

)
has been replaced by P (yt | xt) to obtain Eq. (7.7)

since, given the current arm state xt , the current observation yt does not depend
on the previous observations {y}t−1

1 (Eq. (7.5)). The terms in the numerator of
Eq. (7.7) are the observation model from Eq. (7.5) and the one-step prediction
from Eq. (7.6). The denominator of Eq. (7.7) can be obtained by integrating
the numerator over xt .

The linear Gaussian trajectory and observation models (Eqs. (7.3) through
(7.5)) can then be substituted into Eqs. (7.6) and (7.7) to obtain the key equa-
tions of the Kalman filter. Because all variables xt and yt defined by Eqs. (7.3)
through (7.5) are jointly Gaussian, the one-step prediction P

(
xt | {y}t−1

1

)
and

state posterior P
(
xt | {y}t

1

)
are also Gaussian in xt. Thus, the distributions are

fully specified by their means and variances. Let E
[
xt | {y}τ1

]
be denoted by

xτt and let Var(xt | {y}τ1) be denoted by V τt . The mean and variance of the
one-step prediction are

xt−1
t = Axt−1

t−1 (7.8)

V t−1
t = AV t−1

t−1 A′ + Q (7.9)

The mean and variance of the state posterior are

xt
t = xt−1

t + Kt(yt − Cxt−1
t ) (7.10)

V t
t = (I − KtC)V

t−1
t , (7.11)

where

Kt = V t−1
t C′ (CV t−1

t C′ + R
)−1

The recursions specified by Eqs. (7.8) through (7.11) start with x0
1 = π and

V 0
1 = V . Thus, the Kalman filter produces an arm trajectory estimate with
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mean x1
1, . . .,xT

T and corresponding variance V 1
1 , . . .,V T

T . The variances define
the confidence intervals corresponding to the estimated mean trajectory. As
shown by Black and colleagues (Wu et al., 2006), the Kalman filter can be
viewed as a linear filter in which (1) all past neural activity is taken into
account, rather than just N − 1 timesteps in the past (Eq. (7.2)), and (2) a
confidence interval is produced to accompany the estimated trajectory.

7.3.2 Mixture of Trajectory Models
The function of the trajectory model is to build into the recursive Bayesian
decoder prior knowledge about the form of the reaches. The model may
reflect (1) the hard, physical constraints of the limb (for example, the elbow
cannot bend backwards), (2) the soft, control constraints imposed by neural
mechanisms (for example, the arm is more likely to move smoothly than in
a jerky motion), and (3) the physical surroundings of the patient and his/her
objectives in that environment. The degree to which the trajectory model
reflects the kinematics of the actual reaches directly affects the accuracy with
which trajectories can be decoded from neural data. When selecting a trajec-
tory model, one is typically faced with a trade-off between how accurately
a model captures the movement statistics and the computational demands of
its corresponding decoder. For example, in real-time applications, we may
decide to use a relatively simple trajectory model because of its low com-
putational cost, even if it fails to capture some of the salient properties of
the observed movements. While we may be able to identify a more com-
plex trajectory model that could yield more accurate decoded trajectories, the
computational demands of the corresponding decoder may be prohibitive in
a real-time setting.

Here, we review a general approach to constructing trajectory models that
can exhibit rather complex dynamical behaviors, whose decoder can be imple-
mented to have the same running time as that of simpler trajectory models.
The core idea was to combine simple trajectory models, each accurate within
a limited regime of movement, in a probabilistic mixture of trajectory models
(MTM) (Kemere et al., 2004; Yu et al., 2007). The development of the mix-
ture framework was made possible by viewing the neural decoding problem
as state estimation based on an explicit probabilistic model. We demonstrated
the utility of this approach by developing a particular mixture of trajectory
models suitable for goal-directed movements in settings with multiple goals.
In the following, we will review (1) how to decode movements from neural
activity under the general MTM framework, (2) the development of a partic-
ular MTM decoder for goal-directed movements, and (3) how this decoder
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can naturally incorporate prior goal information, when available, to improve
the accuracy of the decoded trajectories.

7.3.2.1 Mixture of Trajectory Models Framework
Ideally, we wanted to construct a complete model of neural motor control
that captures the hard physical constraints of the limb (Chan and Moran,
2006), the soft control constraints imposed by neural mechanisms, and the
physical surroundings and context. One way to approximate such a complete
model is to probabilistically combine trajectory models that are each accu-
rate within a limited regime of movement. Examples of movement regimes
include different parts of the workspace, different reach speeds, and different
reach curvatures. At the onset of a new movement, the movement regime is
unknown, or imperfectly known, so the full trajectory model is composed
of a mixture of the individual, regime-specific trajectory models. Here, we
review the development of a recursive Bayesian decoder based on a mixture
of trajectory models (Yu et al., 2007).

As with the Kalman filter, we sought to compute the state posteriors
P

(
xt | {y}t

1

)
, which define the decoded trajectory. If the actual movement

regime m� is perfectly known before the reach begins, then we can compute
the state posterior based only on the individual trajectory model correspond-
ing to that regime. This distribution is written P

(
xt | {y}t

1,m�
)

and termed the
conditional state posterior. However, in general the actual movement regime
is unknown or imperfectly known, so we needed to compute P

(
xt | {y}t

1,m
)

for each m ∈ {1, . . . ,M}, where M is the number of movement regimes (also
referred to as mixture components).

To combine the M conditional state posteriors, we simply expanded
P

(
xt | {y}t

1

)
by conditioning on the movement regime m:

P
(
xt | {y}t

1

) =
M∑

m=1

P
(
xt | {y}t

1,m
)

P
(
m | {y}t

1

)
(7.12)

In other words, the state posterior is a weighted sum of the conditional state
posteriors. The weights P

(
m | {y}t

1

)
represent the probability that the actual

movement regime is m, given the observed spike counts up to time t. Bayes’
rule was then applied to these weights in Eq. (7.12), yielding the key equation
for the MTM framework:

P
(
xt | {y}t

1

) =
M∑

m=1

P
(
xt | {y}t

1,m
) P

({y}t
1 | m

)
P(m)

P
({y}t

1

) (7.13)
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The conditional state posteriors P
(
xt | {y}t

1,m
)

in Eq. (7.13) can be
computed or approximated using any of a number of different recursive
Bayesian decoding techniques, including the Kalman filter (Wu et al., 2006),
Bayes’ filter (Brown et al., 1998), and particle filters (Brockwell et al., 2004;
Shoham et al., 2005). This is usually based on the recursions Eqs. (7.6) and
(7.7). The likelihood terms P

({y}t
1 | m

)
in Eq. (7.13) can be expressed as

P
({y}t

1 | m
) =

t∏
τ=1

P
(

yτ | {y}τ−1
1 ,m

)
(7.14)

where

P
(

yt | {y}t−1
1 ,m

)
=

∫
P (yt | xt)P

(
xt | {y}t−1

1 ,m
)

dxt (7.15)

The integral in Eq. (7.15) includes the observation model P (yt | xt) and the
one-step prediction P

(
xt | {y}t−1

1 ,m
)

(Eq. (7.6)) using the parameters of mix-
ture component m. If available, prior information about the identity of the
movement regime can be incorporated naturally into the MTM framework
via P(m) in Eq. (7.13). This information must be available before the reach
begins and may differ from trial to trial. If no such information is available,
the same P(m) (e.g., a uniform distribution) can be used across all trials.

The computational complexity of the MTM decoder is M times that of com-
puting P

(
xt | {y}t

1,m
)

and P
({y}t

1 | m
)

for a particular mixture component m.
Because the computations for each mixture component can theoretically be
carried out in parallel, it is possible to set up the MTM decoder so that its
running time remains constant, regardless of the number of mixture compo-
nents M. In other words, the MTM approach enables the use of more flexible,
and potentially more accurate, trajectory models without a necessary penalty
in decoder running time. Furthermore, the MTM decoder preserves the real-
time properties of its constituent estimators and thus is suitable for real-time
prosthetic applications.

7.3.2.2 Mixture of Trajectory Models for Goal-Directed Movements
For goal-directed movements, we proposed using the following mixture of
linear Gaussian trajectory models

xt | xt−1,m ∼N (Amxt−1 + bm, Qm) (7.16)

x1 | m ∼N (πm, Vm) (7.17)



7.3 Continuous Decoding for Motor Prostheses 233

where m ∈ {1, . . . ,M} indexes reach target and M is the number of reach targets
(Yu et al., 2007). In other words, each movement regime corresponds to move-
ments heading toward a particular reach goal. As before, xt ∈ Rp×1 is the
arm state at time t ∈ {1, . . . ,T} containing position, velocity, and acceleration
terms. We used the observation model

yi
t | xt ∼ Poisson

(
ec′

ixt+di�
)

(7.18)

where yi
t ∈ {0,1,2, . . .} is the movement-period spike count for unit i ∈

{1, . . . ,q} taken in a time bin of width�. For notational convenience, the spike
counts across the q simultaneously recorded units were assembled into a q × 1
vector yt, whose ith element is yi

t . The parameters Am ∈ Rp×p, bm ∈ Rp×1,
Qm ∈ Rp×p, πm ∈ Rp×1, Vm ∈ Rp×p, ci ∈ Rp×1, di ∈ R do not depend on time
and are fit to training data (for details, see Yu et al. (2007)). Note that, whereas
each mixture component indexed by m in the trajectory model (Eqs. (7.16) and
(7.17)) can have different parameters leading to different arm state dynamics,
the observation model (Eq. (7.18)) is the same for all m. It is also possible to
probabilistically mix other related trajectory models, in which trajectories are
directed toward a particular target location (Srinivasan et al., 2006; Kulkarni
and Paninski, 2008).

For this model, the conditional state posteriors can be obtained using the
recursions in Eqs. (7.6) and (7.7). Unlike for the Kalman filter, the observation
model (Eq. (7.18)) is not linear Gaussian. This leads to distributions that are
difficult to manipulate, and the integral in Eq. (7.6) cannot be computed ana-
lytically. We instead employed a modified Kalman filter that uses a Gaussian
approximation during the measurement update step (Eq. (7.7)). We approxi-
mated the conditional state posterior as a Gaussian matched to the location
and curvature of the mode of P

(
xt | {y}t

1,m
)

(MacKay, 2003). This Gaussian
approximation allows the integral in Eq. (7.6) to be computed analytically,
since each mixture component of the full trajectory model (Eq. (7.16)) is lin-
ear Gaussian. This yields a Gaussian one-step prediction, which is fed back
into Eq. (7.7).

7.3.2.3 Incorporating Target Information from Plan Activity
Up to this point, the neural activity discussed has been movement activity,
which takes place around the time of movement and specifies the moment-
by-moment details of the arm trajectory. In the delayed reach task, there is also
neural activity present during an instructed delay period that directly precedes
the “go cue” (termed plan activity). Neurons with plan activity are typically
also active in the absence of an instructed delay during the reaction time
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period (Crammond and Kalaska, 2000; Churchland et al., 2006c). Rather than
specifying the moment-by-moment details of the trajectory, plan activity has
been shown to reliably indicate the upcoming reach target (Shenoy et al., 2003;
Hatsopoulos et al., 2004; Musallam et al., 2004; Yu et al., 2004; Santhanam
et al., 2006). Both types of activity may be emitted by the same unit on a
single trial, as can be seen in Figure 7.2.

The following describes how the reach target can be decoded from plan
activity by applying Bayes’ rule. Let z be a q × 1 vector of spike counts across
the q simultaneously recorded units in a prespecified time window during the
delay period on a single trial. The distribution of spike counts (from training
data) for each reach target m are fit to a Gaussian (Maynard et al., 1999; Yu
et al., 2004):

z | m ∼ N (μm, Rm) (7.19)

where μm ∈ Rq×1 is a vector of mean counts for reach target m ∈ {1, . . . ,M},
and the covariance matrix Rm ∈ Rq×q is assumed to be diagonal. In other
words, the units are assumed to be independent given the reach target m.
In Section 7.4, we will describe how to relax this conditional independence
assumption.

For any test trial, the probability that the upcoming reach target is m given
the plan activity z can be computed by applying Bayes’ rule:

P(m | z)= P(z | m)P(m)

P(z)
= P(z | m)∑

m′
P (z | m′) (7.20)

where P(m) in Eq. (7.20) is assumed to be uniform. The target informa-
tion from the plan activity, P(m | z), can be incorporated naturally in the
MTM framework in the place of P(m) in Eq. (7.13). The distribution P(m) in
Eq. (7.13) represents the prior knowledge (i.e., prior to movement onset) that
the upcoming reach target is m. Because the plan activity entirely precedes
movement onset and provides information about the upcoming reach target,
it can be used to set P(m) in Eq. (7.13) on a per-trial basis.

It is important to note that the most likely target from Eq. (7.20) is not
simply assumed here to be the target of the upcoming reach. On a given trial,
the plan activity may not definitively indicate the target of the upcoming reach
(e.g., two different reach targets may have significant probability), or it may
indicate an incorrect target for the upcoming reach. In this case, you want to
allow the subsequent movement activity, to determine the target of the reach,
or even correct the mistake, “in flight”. Instead of making a hard target decode
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based on plan activity, the entire distribution P(m | z) is retained and passed
to the MTM framework.

7.3.3 Results
Here, we review the performance comparison of four decoders. The first is a
state-of-the-art decoder presented by Kass and colleagues (Brockwell et al.,
2004) based on a random-walk trajectory model (RWM) in acceleration. The
second decoder is based on a single linear Gaussian trajectory model (STM)
shared across reaches to all targets. It is defined by Eqs. (7.16) and (7.17) for
special case of M = 1. The STM decoder uses the observation model shown
in Eq. (7.18). The RWM and STM decoders provided points of comparison
for the following two MTM decoders, both of which are based on Eqs. (7.16)
and (7.18). Whereas the MTMM decoder uses only movement activity, the
MTMDM decoder uses plan activity as well. In Eq. (7.13), the same P(m)
(in this case, a uniform distribution) is used across all trials for MTMM. A
different P(m) is used on each trial for MTMDM based on the prior target
information extracted from plan activity.

For each of the four decoders, we first fit the model parameters to training
data, as detailed in Yu et al. (2007). The test data for a single trial consisted
of (1) the arm trajectory, taken from 50 ms before movement onset to 50 ms
after movement end at dt = 10 ms time steps; (2) the movement period spike
counts, taken in non-overlapping �= 10 ms bins and temporally offset from
the arm trajectory by an optimal lag found for each unit; and (3) the plan period
spike counts, taken in a single 200 ms bin starting 150 ms after the appearance
of the reach target. Arm trajectories in the test phase were used to evaluate
offline the accuracy of the trajectories estimated from neural data. Note that
natural arm movements accompanied the recorded movement activity (as is
typical in offline studies), in contrast to most online closed-loop studies in
which few or no arm movements are produced.

Figure 7.4 details, for a particular test trial, how the MTM-decoded tra-
jectory was obtained and compares the trajectory estimates produced by the
different decoders. From Eq. (7.12), the MTM-decoded trajectory E

[
xt | {y}t

1

]
is a weighted sum of component trajectory estimates E

[
xt | {y}t

1,m
]
, one for

each reach target indexed by m ∈ {1, . . . ,8}. In Figure 7.4(b) and (c), the com-
ponent trajectory estimates are plotted in the upper panels, while the middle
panels show how the corresponding weights P

(
m | {y}t

1

)
evolved during the

course of the trial.
The values of the weights at time zero (t = 0) represent the probability

that the upcoming reach target is m, before any movement neural activity is
observed. The distribution of weights at t = 0 is precisely P(m) in Eq. (7.13).
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FIGURE 7.4

A representative test trial in which the use of plan activity improved the MTM-decoded
trajectory. The upper panels compare the actual trajectory (all panels, black) with the
decoded trajectories for (a) RWM (dark green) and STM (light green), (b) MTMM (red), and
(c) MTMDM (orange). Ellipses denote 95% confidence intervals at three different time
steps. Yellow squares represent the visual reach targets presented to the monkey in actual
dimensions. The upper panels in (b) and (c) also show the eight component trajectory
estimates for the MTM (cyan, blue, magenta for the three components with the largest
weights; gray for the other five components). Their corresponding weights, as they evolve
during the trial, are plotted in the middle panels. The lower panels compare the actual and
estimated single-trial speed profiles using the same color conventions as in the upper
panels. Time zero corresponds to 60 ms before movement onset (i.e., one time step before
we begin to decode movement). Note that the red and orange traces in the upper panels
are overlaid with the cyan trace. For this trial, Erms was 11.8, 26.9, 10.9, and 10.5 mm for
the RWM, STM, MTMM, and MTMDM, respectively. Monkey G, 98 units. (Experiment
G20040508, trial ID 474). Please see this figure in color at the companion web site:
www.elsevierdirect.com/companions/9780123750273
Source: Reproduced with permission from Yu et al., 2007.

In Figure 7.4(b), we assumed that there was no information available about the
identity of the upcoming reach target before the reach began (i.e., no plan activ-
ity), so all eight targets wereequiprobable (i.e., P(m) = 1/8 for m ∈ {1, . . . ,8}).
As time proceeded, these weights were updated as more and more movement
activity was observed. Recall that P

(
m | {y}t

1

)
represents the probability that

the actual reach target is m, given the observed neural activity up to time t.

P
(m

|{
}t )

P
(m

|{
  }

t ) 11

http://www.elsevierdirect.com/companions/9780123750273/
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During the first 200 ms, the actual reach target (cyan) was more likely than the
other seven reach targets at nearly every time step; however, there was some
competition with the neighboring reach targets (blue and magenta). It was
only after approximately 200 ms that the decoder became certain of the actual
reach target (i.e., P

(
m | {y}t

1

)
approached unity) and remained certain for the

rest of the trial. A weighted sum of the eight component trajectory estimates
(upper panel) using these weights (middle panel) yields the MTM-decoded
trajectory (upper panel, red; Erms: 10.9 mm). To measure decoding perfor-
mance, we computed the root mean square position error (Erms) between the
actual and decoded trajectories.

If plan activity is available, it can be used to set a nonuniform P(m) in
Eq. (7.13) on a per-trial basis, as previously discussed. The only difference
between Figure 7.4(b) and (c) is that the MTM decoder used plan activity in the
latter but not the former. In Figure 7.4(c) (middle panel), the weights at t = 0
represent the probabilities of each reach target based only on plan activity,
before any movement activity was observed. In this case, the plan activity
indicated that the actual reach target (cyan) was more probable than the other
targets. This prior knowledge of the identity of the upcoming reach target
was then taken into account when updating the weights P

(
m | {y}t

1

)
during

the course of the trial as more and more movement activity was observed.
Note that using plan activity only affected P(m) in Eq. (7.13); the conditional
state posteriors P

(
xt | {y}t

1,m
)

and the likelihood terms P
({y}t

1 | m
)

remained
unchanged. As the means of the conditional state posteriors, the component
trajectory estimates therefore also remained unchanged, as can be verified
by comparing Figure 7.4(b) and (c) (upper panels). For the trial shown in
Figure 7.4, the use of plan activity reduced the competition between the actual
reach target (cyan) and the neighboring targets (blue and magenta). Compared
to Figure 7.4(b) (middle panel), the weight for the actual reach target (cyan)
in Figure 7.4(c) (middle panel) was higher at every time point, the clearest
effect seen during the first 200 ms. In other words, by using plan activity,
the decoder was more certain of the actual reach target throughout the trial.
In Figure 7.4(c), a weighted sum of the eight component trajectory estimates
(upper panel) using these weights (middle panel) yields the MTM-decoded
trajectory (upper panel, orange; Erms: 10.5 mm).

By comparing the MTM-decoded trajectories with the actual trajectory
in Figure 7.4(b) and (c) (upper panels), we see that the use of plan activ-
ity decreased the decoding error and tightened the confidence ellipses for
this trial. Both MTM-decoded trajectories had lower decoding error than the
RWM (Erms: 11.8 mm) and STM (Erms: 26.9 mm), whose decoded trajecto-
ries are plotted in Figure 7.4(a) (upper panel). On this trial, the RWM decoder
produced a reasonably accurate decoded trajectory, while the STM-decoded
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FIGURE 7.5

A representative test trial in which the movement activity corrected an incorrect target
identification from the plan activity. Figure conventions are identical to those in Figure 7.4.
For this trial, Erms was 27.7, 24.2, 11.2, and 13.0 mm for RWM, STM, MTMM, and
MTMDM, respectively. Monkey G, 98 units. (Experiment G20040508, trial ID 676). Please
see this figure in color at the companion web site: www.elsevierdirect.com/companions/
9780123750273
Source: Reproduced with permission from Yu et al., 2007.

trajectory proceeded slowly outwards with wide confidence intervals. These
decoders can also be used to estimate the bell-shaped speed profile of the
actual reach (Figure 7.4, lower panels).

In contrast to Figure 7.4, Figure 7.5 shows a trial where movement activ-
ity alone was able to quickly determine the actual reach target without much
competition from neighboring targets. This can be seen in Figure 7.5(b) (mid-
dle panel), where the weight corresponding to the actual reach target (cyan)
rose to unity after approximately 100 ms and stayed there for the remainder of
the trial. As a result, the resulting MTM decoded trajectory (upper panel, red;
Erms: 11.2 mm) was quite accurate. As in Figure 7.4, we can incorporate plan
activity if available; however, in this case, the dominant weight at t = 0 (blue)
did not correspond to the actual reach target (cyan), as seen in Figure 7.5(c)
(middle panel). In other words, the plan activity incorrectly indicated the iden-
tity of the upcoming reach target. However, as these weights were updated by
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the observation of movement activity, this “error” was soon corrected (within
approximately 100 ms). From that point on, the weight corresponding to the
actual reach target dominated. Despite this error at the beginning of the trial,
the MTM decoded trajectory in Figure 7.5(c) (upper panel, orange; Erms:
13.0 mm) still headed to the correct target and provided a reasonably accurate
estimate of the arm trajectory. The larger confidence ellipses for MTMDM
compared to MTMM reflect the competition between the actual (cyan) and
neighboring (blue) reach targets. The decoded trajectories for the RWM (dark
green) and STM (light green) are shown in Figure 7.5(a) for comparison. As
in Figure 7.4, both MTM-decoded trajectories yielded lower decoding error
than the RWM (Erms: 27.7 mm) and STM (Erms: 24.2 mm). Furthermore, as
shown in the lower panels, the speed profiles estimated by the MTM decoders
(red and orange) tracked the actual bell-shaped speed profile (black) more
closely than those estimated by the RWM (dark green) and STM (light green)
decoders.

Figures 7.4 and 7.5 together illustrate the benefits of the joint use of plan and
movement activity. When one type of activity is unable to definitively identify
(or incorrectly identifies) the actual reach target, the MTM framework allows
the other type of activity to strengthen (or overturn) the target identification in a
probabilistic manner. In Figure 7.4, the movement activity alone was unable to
definitively identify the actual reach target during the first 200 ms, as there was
competition with a neighboring target. When prior target information from
plan activity was incorporated, the decoder was more certain of the actual
reach target throughout the trial. In Figure 7.5, the plan activity incorrectly
indicated the identity of the upcoming reach target. However, the movement
activity overturned this incorrect target identification early on and rescued the
decoder from incurring a large Erms on this trial.

Having demonstrated how the MTM framework produces trajectory
estimates in individual trials, we now review the quantification and compari-
son of the average performance of the four decoders (RWM, STM, MTMM,
MTMDM) across entire data sets. Figure 7.6 illustrates the following two main
results, which hold true across both monkeys. First, a mixture of linear Gaus-
sian trajectory models (MTMM) provides lower decoding error than either
of the nonmixture trajectory models (RWM and STM) (Wilcoxon paired-
sample test, p< 0.01). Compared to the STM decoder, the MTMM decoder
reduced Erms from 22.5 to 13.9 mm (22.8 to 11.8 mm) in monkey G (H).
Second, the use of prior target information P(m) in the MTM framework
(MTMDM) can further decrease decoding error (Wilcoxon paired-sample test,
p< 0.01). Compared to the MTMM decoder, the MTMDM decoder reduced
Erms from 13.9 to 11.1 mm (11.8 to 10.5 mm) in monkey G (H). Because the
MTM decoder is inherently parallelizable (as described in Section 7.3.2.1),
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FIGURE 7.6

Erms (mean±SE) comparison for the RWM, STM, MTMM, and MTMDM decoders.
(a) Monkey G (98 units). (b) Monkey H (99 units).
Source: Reproduced with permission from Yu et al., 2007.

these performance gains can be obtained without an associated increase in
decoder running time. The superior performance of the MTMM compared
to the RWM and STM can be attributed to the fact that the MTM better
captures the kinematics of goal-directed reaches (see Figure A2 in Yu et al.
(2007)). If plan activity is available, this additional source of information can
be naturally incorporated in the MTM framework to further improve decoding
performance (MTMDM).

7.4 DISCRETE DECODING FOR COMMUNICATION
PROSTHESES

There has been considerable research on cortically controlled communica-
tions prostheses since at least the 1980s. This interest has been especially
prevalent among the noninvasive community, and the intra-cortical commu-
nity has recently begun to explore this domain as well. Using noninvasive
EEG recordings, researchers have explored several approaches for engi-
neering prostheses that allow discrete target selection. Some commonly
studied categories of EEG signals include slow cortical potentials (SCPs)
(Hinterberger et al., 2004), sensorimotor (μ and β) rhythms (McFarland
et al., 2003; Wolpaw and McFarland, 2004a), and evoked potentials (P300)
(Serby et al., 2005). More recently, minimally invasive communication
prostheses relying on subdural electrocorticographic (ECoG) surface arrays
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(Leuthardt et al., 2004; Schalk et al., 2008) and extra-cortical local field
potentials (Kennedy et al., 2004) have been developed.

In the invasive intra-cortical electrode domain, Kennedy and colleagues
demonstrated that just one or two neurons from the motor cortex of locked-in
ALS patients could be used to move a cursor across a virtual keyboard to type
out messages (Kennedy and Bakay, 1998; Kennedy et al., 2000a,b). Patients
reported simply “imagining” or “thinking” about moving various parts of their
bodies, and eventually the computer cursor itself, to guide the cursor.

In this section, we focus on decoding algorithms for communication
prostheses based on large populations of neurons, typically recorded using
intra-cortical electrode arrays. One possibility is to adapt a motor prosthesis
from Section 7.3 for use as a communication prosthesis. Schwartz and col-
leagues demonstrated that the continuous trajectory output from a prosthetic
system designed to reach to discrete targets could be processed by an algo-
rithm that chooses the most likely target location (Taylor et al., 2003). If only
a very early portion of the trajectory is needed to make the discrete classifi-
cation, the system can simply cut the trial short and prepare to decode a new
target.

More recent studies have shown that directly classifying the neural activity
(rather than taking a two-stage approach of first estimating cursor position,
then classifying) can lead to greater speed and accuracy of target selection
(Shenoy et al., 2003; Musallam et al., 2004; Santhanam et al., 2006). These
studies were performed using plan activity in medial intraparietal area (MIP),
area 5 and PMd in rhesus monkeys. In these studies, the authors computed
the most likely target m̂ given the observed neural activity z:

m̂ = argmax
m

P(m | z) (7.21)

where P(m | z) is given in Eq. (7.20). The performance of the decoder (mea-
sured in terms of speed and accuracy of target selection) depends on many
factors, including the duration and placement of the time window in which the
spikes z are counted, the arrangement of targets in the monkey’s workspace,
and the spike count model P(z | m) (Eq. (7.20)) (Santhanam et al., 2006). The
choice of P(z | m) is the topic of this section.

7.4.1 Independent Gaussian and Poisson Models
The most commonly used probabilistic models for spike counts are Gaussian
(Eq. (7.19)) (Maynard et al., 1999; Hatsopoulos et al., 2004; Santhanam et al.,
2006; Yu et al., 2007) and Poisson (Shenoy et al., 2003; Hatsopoulos et al.,
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2004; Santhanam et al., 2006)

P(z | m)=
q∏

i=1

P(zi | m) (7.22)

zi | m ∼ Poisson(λi,m)

where zi ∈ {0,1,2, . . .} is the spike count for neural unit i ∈ {1, . . . ,q}, and
λi,m ∈ R+ is the mean spike count for unit i and reach target m ∈ {1, . . . ,M}.
By construction, the units in Eq. (7.22) are assumed to be independent given
the reach target. For the Gaussian model, it is common to make the same
conditional independence assumption by constraining Rm in Eq. (7.19) to be
diagonal.

The assumption of conditional independence in both the Gaussian
(Eq. (7.19)) and Poisson (Eq. (7.22)) cases is largely for practical reasons.
In the Gaussian case, there are typically too few training trials to fit a full
covariance matrix, especially with a large number of units (many tens to
hundreds). In other words, a full covariance matrix is underconstrained; this
leads to overfitting of the training data, thereby reducing decoding perfor-
mance for the test data. Furthermore, the full covariance that is fit is often
not invertible, which is problematic when used for decoding in Eq. (7.21)
(Maynard et al., 1999). In the Poisson case, there is no standard multivariate
generalization.

Historically, Poisson-based algorithms have been found to perform better
than Gaussian-based algorithms in decoding applications (Hatsopoulos et al.,
2004; Santhanam et al., 2006). The observed spike counts are, by definition,
non-negative integers and can be relatively small in some cases (e.g., <5
spikes). In this regime, a Poisson distribution is typically a better fit to the
data than a Gaussian distribution. One might suspect that the data are not well
suited for a Gaussian distribution, especially since a Gaussian distribution has
nonzero probability density for noninteger values, as well as negative values.
It has been shown that taking the square root of the counts can improve
the Gaussian fit (Thacker and Bromiley, 2001). We employ this square root
transform when using Gaussian-based decoding algorithms here.

7.4.2 Factor Analysis Methods
While the assumption of conditional independence provides a simple and
effective decoder, we found that its performance began to deteriorate in
a closed-loop setting where monkeys planned to different targets in rapid
succession (Santhanam et al., 2006). Upon inspection of the neural activity
recorded across multiple trials while the monkey planned to the same target,



7.4 Discrete Decoding for Communication Prostheses 243

we observed that the firing rates across the neural population fluctuated
together in a systematic way that was dependent on chain position (i.e., the
number of targets that had already been planned in rapid succession) (Gilja
et al., 2005; Kalmar et al., 2005). In other words, it appeared that the activ-
ity of the units was not conditionally independent, which suggested that the
conditional independence assumption may have been limiting the accuracy of
the decoder. This provided the motivation for introducing conditional depen-
dencies into the spike count model. However, as described above, using a
fully dependent Gaussian distribution (i.e., a Gaussian distribution with a
full covariance matrix) is problematic due to practical considerations. In this
section, we explore a compromise by parameterizing the covariance matrix so
as to introduce conditional dependencies without having to fit a full covariance
matrix.

In addition to chain position, there is evidence that other factors may mod-
ulate PMd plan activity from trial to trial (for the same reach target) in a
systematic way across the neural population. These factors include reach cur-
vature (Hocherman and Wise, 1991), reach speed (Churchland et al., 2006b),
force (Riehle and Requin, 1994), the required accuracy (Gomez et al., 2000),
and the type of grasp (Godschalk et al., 1985). There may also be unobserved
influences, including attentional states (Musallam et al., 2004; Chestek et al.,
2007) that further modulate cortical activity, even when observable behavior
is held fixed. These various influences may inadvertently mask the signal of
interest (i.e., reach target) and thereby reduce decoding accuracy.

Figure 7.7(a) provides an example of the trial-to-trial variability present in
the activity of two recorded neural units. For each unit and reach target, the dis-
tribution of plan activity across many trials is shown. Note the large variability
in spike counts across trials for each target, which results in overlap between
the ranges of spike counts for the reach target. Part of this variability can be
attributed to the multitude of potential factors described above. These factors
presumably affect the activity of each unit in a different, yet reliable, way (e.g.,
as the intended reach speed increases, the firing rate for unit 1 increases while
that for unit 2 decreases) and are thus shared across the neural population. The
other part of this variability, which will simply be termed “spiking noise,” can
arise from various sources, including channel noise in the spiking process,
variability in active dendritic integration, synaptic failure, general quantal
(in the vesicle sense) release variation, and axonal failure in incoming spikes
(Faisal et al., 2008). These sources of variability presumably yield nonsystem-
atic, and therefore independent, perturbations across the neural population.
The challenge for the decoder is to avoid mistaking these variations (both
shared and independent) as being the signature for an entirely different reach
target.
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Figure 7.7(b) shows simulated data for two neurons that exhibit indepen-
dent variability and no shared variability for a particular reach target. The
spike counts for each neuron are different in each trial, but there is no inherent
correlation between the observations with regard to the magnitude or polarity
of these perturbations. In contrast, Figure 7.7(c) shows simulated data from
two neurons that exhibit shared variability and independent variability. The
inset shows a hypothetical factor, such as intended reach speed, undergoing
modulationacross trials for the same reach target (dark gray points correspond
to fast reaches; medium gray dots, to slow reaches). In this construction, when
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(a) Schematic of delayed reach task where subject reaches to one of eight reach targets.
Data from two real neural units are shown where spikes were counted in a 200-ms window
after target presentation for each trial. Trials were segregated by reach target, and a box
plot was generated denoting the median spike count (white circles), the 25th to 75th

percentile of the spike counts (dark gray rectangles), and the ranges of the outliers (thin
“whiskers”) for each target. (b) Simulation of two neurons whose trial-to-trial spike counts
were perturbed independently of one another. (c) Simulation of two neurons whose spike
counts were primarily perturbed by a shared latent factor (see inset). The diagonal
orientation relative to the main axes is a tell-tale sign of a correlated relationship between
these two neurons. Please see this figure in color at the companion web site:
www.elsevierdirect.com/companions/9780123750273
Source: Reproduced with permission from Santhanam et al., 2009.

http://www.elsevierdirect.com/companions/9780123750273/
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the speed is greater than average, neuron 1 emits slightly more spikes than
average and neuron 2 emits slightly fewer than average. When the factor is
below average, the reverse is true. By assuming conditional independence
(Eqs. (7.19) and (7.22)), both the shared and independent sources of variabil-
ity are treated as independent across the neural population. However, if we
explicitly account for this shared component of variability, we can potentially
increase decoding accuracy, as discussed below.

In reality, we do not have direct access to the inset in Figure 7.7(c), since
many different uncontrollable factors may be involved and many of them
are simply unobservable (e.g., cognitive attentiveness to the task). Although
we cannot explicitly identify these factors, we attempted to infer a set of
shared underlying factors for each trial, along with the mapping between these
factors and the observed data. By “mapping,” we mean the precise polarity
and magnitude by which a factor perturbs the response of a particular neuron.
Such mapping defines the systematic relationship between the latent factors
and the observed neural activity, providing a model of how the spike counts
of a population of neurons are expected to covary.

7.4.2.1 Modeling Shared Variability Using Factor Analysis
For a particular reach target, the independent Gaussian (Eq. (7.19)) and
Poisson (Eq. (7.22)) models treat all trial-to-trial variability as independent
between neural units. A model that could successfully capture spike count
correlations across the population might well yield a more accurate decoding
algorithm. As discussed above, fitting a Gaussian model with a full covariance
matrix to a large number of units would require an impractically large number
of trials. Instead, we recently proposed to use a parametrized form of covari-
ance matrix (Santhanam et al., 2009), which models correlations in a limited
number of principal directions. This is the central topic of this section. The
form we used derives from a standard statistical technique called factor analy-
sis (FA) (Everitt, 1984), where the observed quantities are modeled as a linear
function of unobserved, shared factors.

For our prosthetic system, the observed variables are the neural spiking data
that we recorded from the electrode array. The underlying factors represent
the physical, cognitive, or cortical network states of the subject that are uncon-
trolled or effectively uncontrollable. We used the larger number of observed
variables to help triangulate the smaller number of unobserved factors in the
system. FA is a well-established technique of multivariate statistics, and we
review the method here in the context of our prosthetic decoding application.

For each experimental trial, as before, we collected the (square root of the)
number of spikes observed from each neural unit within the neural integration
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window into the q-dimensional vector z. We also considered an abstract set of
latent factors, which were assumed to be Gaussian-distributed and assembled
into a vector x ∈ Rp×1. Without loss of generality, we took these p factors to
be independent and to have unit variance around 0.1 The observation z was
also taken to be Gaussian-distributed, but with a mean that depended on the
latent factors x. The complete model is as follows:

x ∼ N (0, I) (7.23)

z | x,m ∼ N (Cmx + μm, Rm) (7.24)

As in Eq. (7.19), μm ∈ Rq×1 contains the number of spikes that each neural
unit would produce for target m ∈ {1, . . .,M} if there were only target-related
variability in the system, and Rm ∈ Rq×q is a diagonal matrix that captures
the independent variability present in z from trial to trial. However, there is
now an additional mechanism by which trial-to-trial variability can emerge in
the neural observations: specifically, the neural data vector z is perturbed by
a linear function of the underlying factors. The matrix Cm ∈ Rq×p defines the
mapping between the factors and the observations. Given that the underlying
factors are shared between the observed neural units, there is a predefined
correlation structure between the neural units built into the model. Integrating
over all possible x, we obtained the likelihood of the data z for a reach target m:

z | m ∼ N (
μm, CmC′

m + Rm
)

(7.25)

Equation (7.25) shows that FA effectively partitions the data covariance matrix
into two components. The first term in the covariance, CmC′

m, captures the
shared variability across the neural population. The second term, Rm, captures
the remaining unexplained variability, which is assumed to be independent
across units. It may include biophysical spiking noise and other nonshared
sources of variability. Note that FA can be viewed as a generalization of
principal component analysis (PCA).As the diagonal elements ofRm approach
zero, the space spanned by the columns of Cm will be equivalent to the space
found by PCA (Roweis and Ghahramani, 1999).

1The following is why there is no loss of generality when assuming x ∼ N (0, I). Suppose that
x ∼ N (0, V ) for some V �= I . In other words, suppose that the latent factors are dependentand have
nonunit variance. This model is formally equivalent to one in which x ∼ N (0, I) and z | x,m ∼
N

(
CmV

1
2 x + μm, Rm

)
, in the sense that both models would give the same decoded target m̂ and

data likelihood P(z).
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7.4.2.2 Decoding Reach Targets Using Factor Analysis
The model parameters (μm, Cm, Rm for each target m) are fit by maximum
likelihood using the neural data z and the reach target m across all trials in the
training data set. Although P(z | m) is Gaussian (Eq. (7.25)), the parametric
form of the covariance makes direct calculation of the parameters difficult.
Instead, we applied the expectation-maximization (EM) algorithm (Dempster
et al., 1977), which iteratively updates the model parameters and latent factors
until convergence is reached. The update equations for fitting FA using EM
can be found elsewhere (Roweis and Ghahramani, 1999; Santhanam et al.,
2009).

When decoding test trials, we used the maximum likelihood estimator
previously described (cf. Eqs. (7.20) and (7.21)), where P(z | m) is given in
Eq. (7.25). We refer to this approach as FAsep since there is a separate Cm and
Rm per reach target m.2 To reiterate, the FA model provides a method by which
we can approximate the covariance structure of our observed variables without
fitting a full covariance matrix. Once we have fit the model, the decoding
procedure does not rely on finding the underlying factor vector x, but rather
operates solely with the distribution P(z | m).

An important question is how to select p, the number of underlying factors.
With too many factors in the model, the model parameters will be fit to any
idiosyncratic correlation structure in the training data and these features may
not appear in the test data. If p is too small (i.e., too few factors), the model
will be unable to capture all underlying correlation present in the training
data. One must ensure that the model is not overfit to the training data and
that it generalizes well for test data. Selecting the optimal p, or p∗, is part
of the process of model selection. It is important to keep in mind that the
underlying factors identified for each model are abstract. They are a vehicle
by which we are able to describe shared variability—the exact number of
factors selected does not necessarily have physical significance. The model
selection procedure is a simple, necessary step to ensure that a model fit with
the training trials will perform well when decoding the test data.

We used the standard approach of partitioning data into training and vali-
dation sets to find the value of p beyond which overfitting became a problem
(Hastie et al., 2003). Each data set was split approximately into two equal
halves, one to serve as a training set and the other as a test set. The trials in
the training set were further divided in order to perform a 5-fold or 10-fold
cross-validation. For example, in 5-fold cross-validation, roughly four-fifths

2Note that the overall model for z is very similar to the “mixture of factor analyzers” proposed by
Ghahramani and Hinton (1997), except that FAsep allows for a separate covariance Rm per mixture
component.
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of the training trials would be used to train the FA model and one-fifth to
validate the model’s prediction error. This would be repeated five times until
all of the original training set was used for validation. A series of models, each
with a different number of underlying factors p, were tested using this cross-
validation method. The p∗ was selected by identifying the model with the
lowest decoding error. The performance of this one model was then assessed
on the test data to compare the classification performance of the optimal FA
model against the independent Gaussian and Poisson models.

7.4.2.3 A Unified Latent Space
The FAsep approach in Eq. (7.25) is a straightforward extension of the inde-
pendent Gaussian model of (Eq. (7.19)). It defines a separate latent space for
each reach target indexed by m (Eq. (7.24)). To visualize the data points across
different reach targets in a unified latent space, we developed a second, novel
approach to FA that defines a single output mapping and incorporates the
separation of reach targets through the shared latent space (Santhanam et al.,
2009). The model is

x | m ∼N (μm, I) (7.26)

z | x ∼N (Cx, R) (7.27)

where μm is now a p-dimensional vector that describes the reach target
influence on the neural data within the lower-dimensional space. The map-
ping between the low- and high-dimensional spaces (defined by C ∈ Rq×p)
is shared across reach targets, thereby unifying the effect of target-related
and non-target-related factors on neural data. For each trial, the shared
target-related effect on the neural observations is Cμm, while the shared non-
target-related factors perturb the observations by C(x − μm). As before, R is
diagonal and describes the independent variability. We refer to this model as
FAcmb, since the output mapping is “combined” across reach targets.

We fit the model parameters (μm for each target m, C, R), again using the
EM algorithm. The EM update equations for FAcmb can be found in Santhanam
et al. (2009). To decode the reach target for test trials, we rewrote Eqs. (7.26)
and (7.27) as

z | m ∼ N (
Cμm, CC′ + R

)
(7.28)

and applied the same maximum likelihood decoder shown in Eqs. (7.20) and
(7.21).
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Visualization of FAcmb with a three-dimensional latent space. Each point corresponds to the
inferred x for a given trial. Axis scaling is determined by the fitted model. The various
shading of the data points denotes the upcoming reach target. Clusters correspond to
different reach targets. Analysis performed on data set G20040428. Please see this figure
in color at the companion web site: www.elsevierdirect.com/companions/9780123750273
Source: Reproduced with permission from Santhanam et al., 2009.

Figure 7.8 is an example of how these unified factors might manifest
themselves over many trials.3 There are three latent factors that capture both
target and non-target-related influences on the neural data z (which is not
shown and is much higher-dimensional). Each differently shaded cloud of
points corresponds to a different reach target, with trials to a given target
clustered next to one another. Note that even in this three-dimensional instan-
tiation of FAcmb, there is visible separation between the clouds, suggesting
that it is possible to discriminate between targets.

By comparing Eqs. (7.25) and (7.28), we can gain further insight into the
relationship between FAsep and FAcmb. Both models define a mixture of M
Gaussians in the high-dimensional space in which z lies. In both cases, the
Gaussian covariances take the same parameterized form of low-rank plus
diagonal. Whereas FAsep can have a different covariance for each reach
target indexed by m (e.g., each Gaussian cloud can be oriented in a dif-
ferent direction), they are constrained to be the same in FAcmb. In FAsep,

3We fix the number of factors in this example to be three to allow for convenient plotting of the
data; ordinarily, the number of factors (p) would be optimized using the model selection procedure
described earlier.

http://www.elsevierdirect.com/companions/9780123750273/
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the Gaussians can be centered anywhere in the high-dimensional space. In
FAcmb, however, they must lie within the lower-dimensional space spanned
by the columns of C, which is also used to describe the shared variability. In
other words, the single, low-dimensional space in FAcmb must be large enough
(i.e., have a high enough dimensionality) to capture both between-class and
within-class spread (where the latter is synonymous with shared variability).
In FAsep, each of the M low-dimensional spaces needs only to be large enough
to capture the within-class spread for that reach target. As will be reviewed
in the next section, we found that the optimal latent dimensionality of FAcmb
was typically larger than that of FAsep.

7.4.3 Results
We first chose the number of latent factors (p) that maximized cross-validated
decoding performance. Conceptually, we had to ensure that we had enough
factors to sufficiently describe the shared variability in the data but not so many
that we overfit the training data. This was a necessary step before we could
compare FA models to the independent Gaussian and Poisson models. We
examined two data sets, G20040401 and H20040916, which comprised 185
and 200 total trials per reach target, respectively. This yielded ∼80 training and
∼20 validation trials per reach target for each cross-validation fold. A spike
count window of 250 ms was used for this particular analysis, although we
saw similar results for smaller spike count windows as well.

Figure 7.9(a) shows the validation performance for these two data sets as
a function of p when fitting the FAsep algorithm. The performance for p = 0
corresponds to an independent Gaussian model where there is no Cm matrix
and only a diagonal covariance matrix, Rm, per reach target. The best validation
performance for FAsep was obtained for low p: p∗ = 1 for G20040401 and
p∗ = 3 for H20040916. The results show that as p was increased beyond p∗,
performance steadily declined. Overfitting was an issue for even relatively
small values of p. Why might this be? There are surely many factors that
influence the upcoming reach—direction, distance, curvature, speed, force,
and so forth. However, for our data set, reach trajectories to the same target
were highly similar. Moreover, the shared variability (captured by trial-to-trial
modulation of the factors) may be small relative to the independent variability.
Given a small number of training trials for each reach target (∼80) relative to
the number of units (∼100), it is likely that we were unable to identify more
latent factors without poorly estimating the model parameters and overfitting.
The penalty for overfitting is evident: by p = 30, all of the benefits from using
FAsep over the independent Gaussian approach (p = 0) are lost.
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FIGURE 7.9

Model selection for FAsep and FAcmb. The shaded area denotes the 95% confidence
interval (Bernoulli process) around the mean performance (embedded line). (a) Optimal
cross-validated performance for FAsep occurs for a low number of factors. (b) Optimal
cross-validated performance for FAcmb occurs between 10 and 20 factors. Please see this
figure in color at the companion web site: www.elsevierdirect.com/companions/
9780123750273
Source: Reproduced with permission from Santhanam et al., 2009.

We performed the same sweep of p for FAcmb, and the validation
performance is plotted in Figure 7.9(b). The best validation performance for
the combined FA model was obtained for higher p than for FAsep: p∗ = 31 for
G20040401 and p∗ = 12 for H20040916. This makes sense because the latent
space for FAcmb must capture both within-class and between-class spread,
whereas each of the M latent spaces for FAsep need only capture within-class
spread, as previously described. While at first it seems that the optimal num-
ber of factors for G20040401 is substantially higher than that for H20040916,
one can see that the validation performance reached a floor around p∗ = 15
for the G20040401 data set. There was negligible improvement when the
dimensionality was increased past that point. This, combined with the fact
that performance degradation due to overfitting in the H20040916 data set
was relatively minor, demonstrated that FAcmb is less sensitive to the exact
choice of p than is FAsep.

Next, we compared the performance of four different decoders grouped
into two pairs. One pair consisted of the independent Gaussian and Poisson
models. The second pair was the FA-based models, FAsep and FAcmb. We
computed decoding accuracy based on a spike count window of 250 ms. For
the independent algorithms, half of the trials in each data set were used to
train the model parameters, and the model was used to predict the reach target
for the other half. For the FA-based algorithms, the training set was first used

http://www.elsevierdirect.com/companions/9780123750273/
http://www.elsevierdirect.com/companions/9780123750273/
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FIGURE 7.10

Comparison of decoding algorithms on two example data sets. Error bars denote the 95%
confidence interval (Bernoulli process) for each measurement. (a) Data set G20040429.
(b) Data set H20040928.
Source: Reproduced with permission from Santhanam et al., 2009.

to select the optimal dimensionality p∗ using 5-fold cross-validation, and the
training set was then used in its entirety to fit a model with p∗ dimensionality.
As with the independent algorithms, the fitted model was finally applied to
the test data to compute the average decoding performance.

Figure 7.10 shows the relative performance of these four algorithms. There
wereagrand total of 1024 and 528 test trials for the G20040429 and H20040928
data sets, respectively. For data set G20040429, the independent Gaussian and
Poisson algorithms had roughly the same performance, while for data set
H20040928 the independent Gaussian algorithm had the worst performance,
with ∼5% worse accuracy than that of the independent Poisson algorithm.
The FAsep algorithm reduced the decoding error for monkey G’s data set by
nearly 10%, but showed only a modest improvement for monkey H’s data set.
The FAcmb algorithm showed by far the best performance. Our novel decoder
was able to drastically reduce the decoding error to only ∼5%.

7.5 DISCUSSION
We described two classes of neural prosthetic systems—motor and communic-
ation—that aim to assist disabled patients by translating their thoughts into
actions in the outside world. While many challenges remain (Andersen et al.,
2004; Schwartz et al., 2006; Donoghue, 2008; Ryu and Shenoy, 2009), one
of the major challenges is interpreting, or decoding, the neural signals. In this
chapter, we reviewed current decoding approaches and detailed advances that
we recently published (Yu et al., 2007; Santhanam et al., 2009). For motor
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prostheses, we showed that arm trajectories can be more accurately decoded
by probabilistically mixing trajectory models, each of which is accurate within
a limited regime of movement. The MTM is a general approach to construct-
ing trajectory models that can exhibit rather complex dynamical behaviors,
whose decoder can be implemented to have the same running time as as those
of simpler trajectory models. Furthermore, prior information about the identity
of the upcoming movement regime can be incorporated in a principled way.
For communication prostheses, we showed that the reach target can be more
accurately decoded by taking into account the correlation structure across the
neural population. These correlations arise because of unobserved or uncon-
trolled aspects of the behavioral task, possibly due to the subject being more
attentive or more fatigued. Using factor analysis methods, we exploited this
statistical structure in a maximum likelihood classifier.

For goal-directed reaches, the observed neural activity provides two cat-
egorically different types of information about the arm trajectory to be
estimated. One type is informative of the moment-by-moment details of the
arm trajectory (dynamic); the other is informative of the identity of the upcom-
ing reach target (static). If the moment-by-moment details of the arm trajectory
can be decoded perfectly using only the neural activity present during move-
ment, there is no need for target information in motor prostheses. However,
the moment-by-moment details of the arm trajectory and the target identity
are each decoded with varying levels of uncertainty. When both types of infor-
mation are available, it is desirable to combine them in a way that takes into
account their relative uncertainty and yields a coherent arm trajectory esti-
mate. The MTM framework provides a principled way to combine these two
types of information.

In this work, we extracted both types of information from the same cortical
areas: PMd and M1. The type of information being decoded depends on when
the neural activity occurs relative to the reach, which we assumed to be known.
In settings where the subject is free to decide when to reach, it will be necessary
to implement a state machine (Shenoy et al., 2003; Achtman et al., 2007;
Kemere et al., 2008) that determines the type of information being conveyed
by the neural activity at each time point.

The MTM can be viewed as a discrete approximation of a single, uni-
fied trajectory model with nonlinear dynamics. One may consider directly
decoding using a nonlinear trajectory model without discretization. Although
this makes the decoding problem more difficult, there are effective approx-
imate methods that can be applied (Yu et al., 2006b, 2008). In addition to
the MTM and decoding using a nonlinear model, other important extensions
to the basic Kalman filter include a switching state model (Srinivasan et al.,
2007), a switching observation model (Wu et al., 2004a; Srinivasan et al.,
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2007), and an adaptive Kalman filter whose parameters change over time (Wu
and Hatsopoulos, 2008).

The advances presented in Section 7.4 can be applied in a straightfor-
ward way to the MTM. In Section 7.3, we used the independent Gaussian
model (Eq. (7.19), assuming conditional independence across different units)
to obtain the prior target information P(m | z) (Eq. (7.20)). The results from
Section 7.4 suggest that a more accurate target prior can be obtained by using
either a Poisson model (Eq. (7.22)) or a Gaussian model that captures the
correlated activity across the neural population (Eq. (7.25) or (7.28)). This
could provide performance improvements beyond that shown in Section 7.3.

In Section 7.4, we introduced latent variables to capture unobserved or
uncontrolled aspects of the behavioral task (e.g., the subject’s level of attention
or fatigue) in the context of discrete decoding for communication prostheses.
The same idea can be applied to continuous decoding for motor prostheses.
Paninski and colleagues showed that a Kalman filter with latent variables can
outperform the standard Kalman filter (Wu et al., 2009).

For discrete decoding, we found that the independent Poisson model
yielded similar or better decoding accuracy compared to the independent
Gaussian model (see Figure 7.10). It is natural to ask whether the accuracy of
the independent Poisson model can be improved by if one takes into account
correlated activity across the neural population by replacing Eq. (7.24) or
(7.27) with a Poisson observation model. In Santhanam et al. (2009), we
developed a family of models called “factor analysis with Poisson output”
(FAPO). We found that, while these models often outperformed the indepen-
dent Poisson model, they tended to have higher levels of decoding error than
their Gaussian counterparts (FAsep and FAcmb). There are several possible
explanations for this result, including the fixed mean–variance relationship
for a Poisson distribution and the approximations required for fitting FAPO
models (Santhanam et al., 2009).

Although we sought to maximize classification performance in Section 7.4,
we trained a generative model by maximizing the likelihood of the observed
data. One would hope for a monotonic relationship between classification
performance and data likelihood, but there is no guarantee that this will be
the case. On the other hand, discriminative classifiers, such as support vector
machines (Vapnik, 1995), directly maximize classification performance. One
advantage of using a generative model is that we can recover and attempt to
interpret the latent variables (see Figure 7.8), whereas discriminative meth-
ods tend to yield a “black box” that is difficult to interrogate. Jordan and
colleagues compared these two types of classifiers and found that generative
classifiers tended to outperform discriminative classifiers in the regime of
small training set sizes, while the reverse was true for larger training set sizes
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(Ng and Jordan, 2002). We leave the exploration of discriminative classifiers
for communication prostheses, and their comparison to generative classifiers,
as a topic of future work.

7.6 FUTURE DIRECTIONS
There has been considerable progress in the development of neural prosthetic
systems in recent years, including FDA-approved clinical trials (Hochberg
et al., 2006; Kim et al., 2008). However, many critical research challenges
remain before invasive, electrode-based systems are ready for “clinical
prime time” (Donoghue et al., 2007; Ryu and Shenoy, 2009). Among
them are increasing decoding performance, minimizing surgical invasiveness,
increasing electrode lifetime and recording stability (Polikov et al., 2005), and
developing fully implantable, low-power electronics (Sodagar et al., 2007;
Chestek et al., 2009; Harrison et al., 2009). In this chapter, we considered
only the first of these challenges, neural decoding.

Within the scope of neural decoding, there remain many challenges, includ-
ing (1) furthering our understanding of the time course of plan and movement
activity and their relationship to arm movement, and (2) designing decoders
that are effective in a closed-loop setting. For the first challenge, in both
Sections 7.3 and 7.4 we collapsed the timecourse of plan activity by tak-
ing spike counts within a large time window. However, from Figure 7.2, it
appears that the time-varying nature of plan activity can, in principle, be
leveraged to improve the prior target information (Section 7.3) and target
classification (Section 7.4). For movement activity, most decoders (includ-
ing population vectors, linear filters, and all recursive Bayesian decoders
mentioned in this work) assume a simple relationship (e.g., linear cosine tun-
ing or some variant thereof) between arm state and neural activity. However,
there is mounting evidence that this relationship is more complex than pre-
viously appreciated (Churchland and Shenoy, 2007b; Scott, 2008), and leads
to model mismatch (see Figure A2 in Yu et al., 2007) in the training phase
and subsequent decoding error in the testing phase. In brief, we need methods
for studying the time course of plan and movement activity across a neural
population that does not collapse neural activity across a large window, or
assume an overly restrictive relationship with arm movement. One possible
approach is to extract a low-dimensional neural trajectory that summarizes
the activity recorded simultaneously from many units (Yu et al., 2006a, 2009;
Churchland et al., 2007, 2010). An advantage with this approach is that neural
trajectories are extracted using neural activity alone, and no assumption needs
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to be made about the relationship between the neural activity and arm move-
ment. Figure 7.11 shows neural trajectories extracted from 61 units in PMd
and M1 during a delayed reach task. Each trace corresponds to a single trial of
planning and executing a reach to the upper-right target (medium gray traces)
or lower-left target (light gray traces). For different reach targets, the trajecto-
ries head off toward different parts of the low-dimensional space in a reliable
fashion. After the neural trajectories are extracted, they can then be related
to the subject’s behavior, such as arm kinematics and muscle activity (Afshar
et al., 2008). Such analyses should provide insight into how the time course of
plan activity should be incorporated and how to better capture the relationship
between movement activity and desired arm movement in prosthetic decoders.

For the second challenge, Kass and colleagues have shown that the open-
loop performance of decoding algorithms does not necessarily reflect their
closed-loop performance (Chase et al., 2009). The reason is that the subject
receives visual (and potentially other sources of) feedback in a closed-loop
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FIGURE 7.11

Neural trajectories extracted by Gaussian-process factor analysis (GPFA). Each trace
corresponds to a single trial of planning and executing a reach to the upper-right target
(dark gray traces) or the lower-left target (light gray traces). Indicated are time of reach
target onset (black dots), go cue (triangles), and movement onset (open circles). Please
see this figure in color at the companion web site: www.elsevierdirect.com/companions/
9780123750273

http://www.elsevierdirect.com/companions/9780123750273/
http://www.elsevierdirect.com/companions/9780123750273/
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setting, which enables the subject to compensate for systematic errors in the
decoded cursor movements. Furthermore, there is increasing evidence that
neurons can change their firing properties between open-loop and closed-
loop settings (Taylor et al., 2002; Carmena et al., 2003), and that the brain can
learn the mapping between neural activity and cursor movement (Jarosiewicz
et al., 2008; Ganguly and Carmena, 2009). This suggests that we not only
should carefully compare existing decoders in a closed-loop setting (Kim et al.,
2008; Chase et al., 2009), but should also design decoding algorithms that are
specifically tailored for closed-loop use. Currently missing from decoding
algorithm development are control theoretic concepts (Scott, 2004), such as
feedback, signal delays (in the nervous system and in the signal processing
machinery of the prosthetic system), and system stability. To design a decoder
that accounts for sensory feedback, we need to develop a deeper understand-
ing of how the subject alters his neural activity based on feedback received to
achieve task success. Because the cursor motion is different from one exper-
imental trial to the next, simply averaging the neural activity across trials
will likely obscure neural signatures of the brain attempting to correct for
errors in cursor motion. Instead, we need statistical methods that can char-
acterize the time course of neural population activity on a single-trial basis
(Yu et al., 2006a, 2009; Churchland et al., 2007, 2010). Such methods will
allow us to study (1) how corrections in cursor motion are brought about by
changes in the pattern of neural population activity, and (2) how the pattern of
neural activity shifts when transitioning from an open-loop to a closed-loop
setting.
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8.1 INTRODUCTION
Spike trains are a representation of neural activity. In neurophysiological stud-
ies, spike trains are obtained by detecting intra- or extra-cellularly the action
potentials (i.e., “spikes”), but preserving only the time instant at which they
occur. By neglecting the stereotypical shape of an action potential, spike trains
contain an abstraction of the neurophysiological recordings, preserving only
the spike times (i.e., the time at which action potentials occur) (Dayan and
Abbott, 2001). Then, a spike train s is simply a sequence of ordered spike
times s = {tn ∈ T : n = 1, . . . ,N}, with spike times in the interval T = [0,T ]
corresponding to the duration of the recording period. However, this abstrac-
tion poses a major problem in the way spike trains are manipulated. Indeed, put
in this way, spike trains can be more readily modeled as realizations of point
processes (Snyder, 1975). This means that any information, if present, is con-
tained only in the location of the spike times. This is a very different perspec-
tive from the usual (functional) random processes, where the information is
coded in the amplitude of the signal. For this reason, the usual operations of fil-
tering, classification, and clustering are not directly applicable to spike trains.

A commonly used methodology for spike train analysis and processing
starts by converting the spike train to its binned counterpart and proceeding
as with functional random processes. The binned spike train is obtained by
sliding a window in constant intervals over the spike train and counting the
number of spikes within the window (Dayan and Abbott, 2001). The fun-
damental property of this transformation is that it maps randomness in time
(expressed in the spike times) to randomness in amplitude of a discrete-time
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random process. Hence, after binning the spike trains, statistical analysis and
machine learning methods can be applied as usual, making this methodology
very straightforward and thus highly attractive. On the other hand, the impact
of the lossy binning transformation must be taken into account. Note that, by
binning, information about the exact spike times is lost because an implicit
time quantization takes place (with the quantization step equal to the width
of the sliding window). Therefore, any subsequent analysis will have limited
accuracy, as demonstrated, for example, by Park et al. (2008) while compar-
ing the usual cross-correlogram to an approach that avoids this quantization.
This loss of information is of special concern in studies focusing on temporal
dynamics because differences in spike timing smaller than the binning step
will likely not be detected.

An alternative methodology is to utilize machine learning tools using a
statistical characterization of the point process model. In concept, this method-
ology is very similar to the use of Bayesian methods in machine learning
(Jordan, 1998; Jensen, 2001). This approach is supported by the extensive
characterizations of point processes in the statistical literature (Snyder, 1975;
Karr, 1986; Daley and Vere-Jones, 1988; Reiss, 1993), but their analysis from
realizations (such as spike trains) typically requires knowledge or the assump-
tion of an underlying model (Barbieri et al., 2001; Brown et al., 2001; Eden
et al., 2004). Thus, the result is inaccurate if the model chosen is incomplete
(i.e., if it is not capable of fully describing time-dependencies in the spike
train). To characterize spike trains from more general models the standard
approach has been to utilize generalized linear models (GLM) (Kass et al.,
2005; Truccolo et al., 2005), which have many parameters and require large
amounts of data for parameter estimation. Hence, GLMs are not appropri-
ate for analysis of spike train data from a single trial. More fundamentally,
statistical approaches do not provide an effective way to handle multiple
spike trains. To avoid handling high-dimensional joint distribution, statis-
tical approaches systematically assume the spike trains to be independent,
which neglects potentially synergistic information (Schneidman et al., 2003;
Narayanan et al., 2005). Finally, using a statistical characterization directly,
general machine learning methods are not easily developed and are very com-
putationally expensive unless Gaussian approximations are used (Wang et al.,
2009).

A number of other spike train methods are available, such as frequency
methods, Volterra series modeling, and spike train distance measures. How-
ever, these approaches are limited in scope and in the class of problems they
are capable of tackling, whereas we are interested in developing a frame-
work for general machine learning. Frequency-based methods (Baccalá and
Sameshima, 1999; Pesaran et al., 2002; Hurtado et al., 2004) can be useful for
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analysis of the frequency contents and to search for repetitive patterns, and
phase synchrony, but they do not directly allow machine learning. Moreover,
stationarity must be assumed, at least piecewise, which limits the dynam-
ics that the frequency decomposition can expose. Volterra series (Marmarelis,
2004; Song et al., 2007) have been utilized to model neural systems by express-
ing the system in a series of “kernels” that combine the input spike train(s) at
multiple time instants. Intuitively, the Volterra series is the generalization of
the Taylor series to systems with memory. The Volterra series decomposition
can be utilized to reproduce a neural process or to study a complex system
by analyzing the (simpler) “kernels” (Marmarelis, 2004). However, it can-
not be utilized for general machine learning since, for example, its intrinsic
supervised formulation prevents its use for any unsupervised learning method.
Another recent approach is based on spike train measures. Some of the most
widely utilized distance measures include Victor-Purpura’s distance (Victor
and Purpura, 1996, 1997) and van Rossum’s distance (van Rossum, 2001).
A key advantage of using spike train distances is that they avoid problems with
binning by operating with the spike times directly. Moreover, several prob-
lems can be posed and solved resorting only to distances. On the other hand,
distances do not provide the necessary “mathematical structure” for general
machine learning. Most methods require other operations, such as the ability
to compute means and projections, which are not possible with distance alone.

In this chapter we present a general framework to develop analysis and
machine learning methods for spike trains. The core concept of the frame-
work is the definition of spike train inner product operators. By defining these
operators, we build on the mathematical theory of reproducing kernel Hilbert
spaces (RKHS) and the ideas from kernel methods, thus allowing a multitude
of analysis and learning algorithms to be easily developed. The importance
of RKHS theory and the corresponding induced inner products have shown
in a number of problems, such as statistical signal processing and detec-
tion (Parzen, 1959; Kailath, 1971; Kailath and Duttweiler, 1972). Moreover,
inner products in RKHS spaces are the fundamental construct behind ker-
nel machine learning (Wahba, 1990; Vapnik, 1995; Schölkopf et al., 1999).
However, rather that tacitly choosing kernels, as is typically done in kernel
methods (Schölkopf et al., 1999), inner products will be defined here from
functional representations of spike trains. We motivate these representations
from two perspectives: as a biological modeling problem and as a statistical
description. The biological modeling approach highlights the potential biolog-
ical mechanisms that take place at the neuron level and that are quantified by
the inner product. On the other hand, by interpreting the representation from
a statistical perspective, one relates to other work in the literature. Hence,
for spike trains, the two perspectives are closely related. One of the most
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interesting consequences of this observation is that it exposes the advantages
and limitations of some neural models.

It must be noted that applications of this framework are not restricted to
neural spike trains. Recently, there has been great interest in using spike trains
directly for biologically inspired computation paradigms, rather than the more
traditional firing rate network models (Dayan and Abbott, 2001). Examples
of such paradigms are liquid-state machine computational models (Maass
and Bishop, 1998; Maass et al., 2002), spiking neural networks (Maass and
Bishop, 1998; Bohte et al., 2002), and neuromorphic hardware design (Jabri
et al., 1996). In all of these applications, and regardless of the nature of the
process generating the spike trains, there is a need to analyze and decode the
information that the spike trains express.

8.2 FUNCTIONAL REPRESENTATIONS OF SPIKE TRAINS
Two complementary forms of functional spike train representation are pre-
sented in this section. By functional representation we mean a function of
time that characterizes the spike train. These functional representations will
be utilized later in defining inner products for spike trains. By first introduc-
ing them we aim (1) to show the connection between neuron modeling and
statistical approaches, and (2) to make clear how the inner product definitions
in Section 8.3 reflect synapse processing dynamics and statistical knowledge.

8.2.1 Synaptic Models
In spite of the “digital” characteristics embodied in spike trains, neurons are
analog entities. Hence, some form of “spike-to-analog” conversion must take
place in the synapses, which converts spike trains into a functional form.
Indeed, a spike propagated and arriving at the axon terminal will trigger the
release of neurotransmitters through the synaptic cleft onto to receptors in the
dendrite of the efferent neuron (Dowling, 1992). This induces an increase
in the dendrite’s conductance, which allows the transfer of ions between
the surrounding and the dendrite, resulting in the post-synaptic potential.
Immediately after, the neurotransmitters unbind and are metabolized, and
the difference in potential between the dendrite and the surrounding makes
ions flow toward the base potential, terminating the post-synaptic potential.

If the diffusion of neurotransmitters and the induced increase in conduc-
tance is assumed instantaneous, this process can be described through a very
simple model. A spike arriving at the axon terminal results in the increase in
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conductance g:

g → g +�g (8.1a)

where the constant�g denotes the increase in conductance. Then the unbind-
ing of neurotransmitters leads to a decrease in conductance:

τs
dg

dt
= −g (8.1b)

considering a decrease controlled by a constant membrane time constant τs.
Similarly, the model can be written in terms of the membrane potential.

For a spike train, the dynamics expressed by Eqs. (8.1a) and (8.1b) can be
written quite simply. If the input spike train is written as

s =
N∑

i=1

δ(t − ti) (8.2)

with δ(·), the Dirac delta impulse function, then the post-synaptic potential
can be written as

v(t)=
N∑

i=1

h(t − ti) (8.3)

where h is the stereotypical evoked post-synaptic potential. With the param-
eters above, h(t)= (�g)exp[−t/τs]u(t), where u(t) denotes the Heaviside
step function.

It is interesting to verify that Eq. (8.3) is the same as the filtered spike train
definition in van Rossum (van Rossum, 2001, Eq. (2.2)). Van Rossum defines
the distance between two filtered spike trains vi(t) and vj(t) as

D(vi,vj)=

√√√√√ 1

τs

∞∫
0

[vi(t)− vj(t)]2dt (8.4)

That is, van Rossum’s distance is merely the Euclidean distance between the
evoked post-synaptic potentials according to this simple model.

One of the fundamental limitations of the previous model is that it neglects
the limited availability of receptors in the efferent dendrite. When two spikes
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arrive at a synapse within a short time interval (i.e., such that the conductance
has not returned to zero), the second spike will induce a smaller change in the
conductance because many of the receptors are already bound to neurotrans-
mitters because of the previous spike. This observation can be inserted in the
model by modifying Eq. (8.1a) to

g → g + �g

gmax
(gmax − g) (8.5)

where gmax is the maximum value the conductance can attain. The equation
expressing the unbinding, Eq. (8.1b), remains the same. Eq. (8.5) means that,
for small conductance values, the conductance is increased by ≈�g, but the
increase saturates as g approaches gmax. Put differently, this equation behaves
much like Eq. (8.1a) followed by a nonlinear function, such as the hyperbolic
tangent. Hence, Eq. (8.5) can be approximated as

g → f (g +�g) (8.6)

where f denotes a nonlinear function, appropriately scaled by gmax. For exam-
ple, both f (x)= gmax tanh(x/gmax) or f (x)= gmax(1 − exp(−x2/(2g2

max)))

are valid possibilities. In fact, any monotonic increasing function inR+ that is
zero at zero and saturates as the argument goes toward infinity, can potentially
be utilized under the appropriate scaling. Actually, nonlinear “sigmoid” func-
tions that verify these requirements have been measured in neurophysiological
recordings (Freeman, 1975). Correspondingly, the post-synaptic potential can
be written as

v†(t)= f

(
N∑

i=1

h(t − ti)

)
(8.7)

affected by the same nonlinear function.1 Note that the argument of the non-
linearity f equals the evoked membrane potential given by the previous model
(Eq. (8.3)). An example of the evoked membrane potentials by the different
models is given in Figure 8.1.

Obviously, more complex synaptic models can be formulated (see, for
example, Gerstner and Kistler (2002) for an extensive review). A common

1Actually, Eq. (8.7) is only an approximation of the model characterized by Eq. (8.6) because the
nonlinearity also shapes the dynamics of the unbinding (Eq. (8.1b)), and the actual dynamics will
depend on the exact choise of f .
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FIGURE 8.1

Comparison of evoked membrane potentials with different synapse models. The input spike
train to the synapse model is shown in (a). The potentials in (b) through (d) correspond,
respectively, to the linear model (Eq. (8.3)), the nonlinear model (potential corresponding
to the conductance given by Eq. (8.5)), and the nonlinear model through nonlinear
transformation (Eq. (8.7)). The same scale was used for the y-axis in (b) through (d).

modification is to account for the diffusion time of the neurotransmitters across
the synapse and their binding with the dendrite receptors. Similarly, the model
can be augmented to account for the depletion of neurotransmitters in the axon
terminal (Tsodyks and Markram, 1997).

Overall, these synaptic models aim to emulate the filtering process that
occurs at the synapses. In its simpler form, such as shown by Eq. (8.3), and
even if the diffusion time is taken into account, the filter is linear. In mod-
eling the depletion of neurotransmitters and/or receptors, however, the filter
becomes nonlinear. A very important observation is that nonlinear mecha-
nisms incorporate a dependency on previous spikes, whereas a linear filter
expresses only their superposition. In other words, the output of a nonlinear
filter can reflect interactions in time between spikes. This observation can
be made explicit, for example, if one substitutes f in Eq. (8.7) by its Taylor
series expansion and develops the expression, which reveals that the post-
synaptic potential depends on interactions between the smoothed spikes (see
Appendix A for details).
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As in van Rossum (2001), functional Euclidean distances can also be
defined between the post-synaptic potentials evoked according to any of these
models. In spike trains from zebra finch recordings, Houghton (2009) showed
an improvement in classification performance when more complex models
were used. The improvement was particularly significant when accounting
for the depletion of receptors, which suggests the importance of multiple
interacting spike trains.

8.2.2 Intensity Estimation
Although spike trains are sets of discrete events in time, the underlying point
process has an intrinsic functional representation: the intensity function, or
more generally the conditional intensity function. The conditional inten-
sity function is a powerful functional descriptor because, rather than only
explaining the spike train per se, it aims to describe the statistics of the under-
lying process, which is more closely tied to the information the spike train
encodes.

The conditional intensity function is defined for t ∈ T = (0,T ] as

λs(t|Ht)= lim
ε→0

1

ε
Pr [N(t + ε)− N(t)= 1|Ht] (8.8)

where N(t) is the counting process (i.e., the number of spikes in the interval
(0, t]), and Ht is the history, up to time t, of the point process realization and
any other random variables or processes the point process depends on. The
conditional intensity function fully characterizes a point process because it
describes the probability of an event (i.e., a spike) given its past.

Estimation of a general conditional intensity function is very difficult, if not
impossible, because the definition in Eq. (8.8) can accommodate an infinite
number of dependencies. Even if this is number is small, one has to estimate
how each parameter affects the probability of an event for any time in the
future, and how these influences may change because of correlations in the
parameters.

Nevertheless, one can attempt to estimate the conditional intensity function
by constraining its functional form. An example is the statistical estimation
framework recently proposed by Truccolo et al. (2005). Briefly, the spike
train is first represented as a realization of a Bernoulli random process (i.e., a
discrete-time random process with 0/1 samples), and then a generalized linear
model (GLM) is used to fit a conditional intensity function to the spike train.
The GLM considers that the logarithm of the conditional intensity function
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has the form (Truccolo et al., 2005),

logλsi
( t̂n|Hi

n)=
q∑

m=1

θmgm(νm( t̂n)) (8.9)

where t̂n is the nth discrete-time instant, {gm} are general linear transforma-
tions of independent functions {vm(·)}, {θm} are the parameters of the GLM
and q is the number of parameters. The terms {gm(vm(t̂n))} are called the
predictor variables in the GLM framework and, if one considers the condi-
tional intensity to depend linearly on the spiking history, then the {gm} can be
simply delays. In general the intensity can depend nonlinearly on the history
or external factor such as stimuli. Other functional forms of the log condi-
tional intensity function can also be utilized. Examples are the inhomogeneous
Markov interval (IMI) process model proposed by Kass and Ventura (2001),
and the point process filter proposed by Brown et al. (2001).

These approaches, however, have a main drawback: For practical use, the
functional form of the conditional intensity function must be heavily con-
strained to only a few parameters, or long spike trains must be available for
estimation of the parameters. The first approach has been utilized by Brown
et al. (2001). Conversely, in the framework proposed by Truccolo et al. (2005),
a large number of parameters need to be estimated since q must be larger that
the average inter-spike interval.

The estimation of the conditional intensity function is greatly simplified if
a (inhomogeneous) Poisson process model is assumed. This is because there
is no history dependence. Hence, in this case the conditional intensity function
is only a function of time λs(t) and is called the intensity function. Several
methods exist in the point process literature for intensity function estimation.
The obvious approach is to divide the duration of the spike trainS(T )= [0,T ]
in small intervals and average the number of spikes in each interval over real-
izations. In essence, binning aims at exactly this, without the average over
realizations. A common alternative is kernel smoothing (Richmond et al.,
1990; Reiss, 1993; Dayan and Abbott, 2001), which is much more data effi-
cient, as demonstrated by Kass et al. (2003). Given a spike train s comprising
spike times {tm ∈ T : m = 1, . . . ,N}, the estimated intensity function is

λ̂si
(t)=

Ni∑
m=1

h(t − ti
m) (8.10)

where h is the smoothing function. This function must be non-negative and
integrate to oneover the real line (just likeaprobability density function (pdf )).
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Commonly used smoothing functions are the Gaussian, Laplacian and
α-function, among others. Note that binning is nothing but a special case
of this procedure in which h is a rectangular window and the spike times are
first quantized according to the width of the rectangular window (Dayan and
Abbott, 2001).

Comparing Eqs. (8.10) and (8.3) the resemblance between them is clear.
However, based on the context in which they were introduced, those equations
provide two seemingly very different perspectives. Equation (8.3) aims to
describe the evoked membrane potential due to a spike. On the other hand,
Eq. (8.10) suggests that this mechanism is equivalent to intensity estimation.
Conversely, it is possible to think statistically of the former synapse model
as an approximation of the expectation of the dendrite response to a spike
train. Perhaps more important, the connection between these equations proves
that the synapse model described by Eq. (8.3) is limited to Poisson spike
trains. In other words, this model is memoryless. Thus, potential information
contained in interactions between spikes in a spike train will be neglected.
In contrast, the model characterized by Eq. (8.7) has memory due to the
nonlinearity. An mentioned in the previous section and shown in Appendix A,
the nonlinear function introduces higher-order correlations in the smoothed
spike train obtained from the linear model.

In summary, although spike train’s content could be decoded using a sta-
tistical characterization, there is a severe trade-off between complexity of the
model and inference, and its estimation ability. For these reasons, this is not
the goal of this chapter. Instead, we build a general framework for machine
learning using inner products. A fundamental reason to define inner products
as spike train operators is that we do not need an explicit statistical charac-
terization. Instead, we need only to ensure that the inner product detects the
implicit statistical similarities between two spike trains.

8.3 INNER PRODUCTS FOR SPIKE TRAINS
As mentioned in the introduction,because spike trains are realizations of point
processes, it is not straightforward to devise machine learning algorithms to
operate with them. In this section we show that inner products are fundamen-
tal operators for signal processing, and that their definition for spike trains
provides the necessary structure for machine learning.

Using a few signal processing and machine learning applications as exam-
ples, let us demonstrate why inner products are so important (Figure 8.2). In
filtering, the output is the convolution of the input with an impulse response;
for principal component analysis (PCA), one needs to be able to project the
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FIGURE 8.2

Inner products are fundamental operators for signal processing and machine learning.

data; for clustering, the concept of similarity (or dissimilarity) between points
is needed; and for classification, it is necessary to define discriminant func-
tions that separate the classes. In all of these applications, the operators needed
are either implemented directly by an inner product or can be constructed with
one. Convolution implements an inner product at each time instant between
a mirrored and shifted version of the input function and the system’s impulse
response. Projection is by definition an inner product between two objects. An
inner product is also a similarity measure, and dissimilarity measures (such
as distances) can be defined given an inner product. Discriminant functions
cannot be obtained directly with an inner product, but they can be nonlinearly
combined to approximate it to the desired precision, as happens for example
in neural networks where the linear projections in the processing elements are
implemented by inner products.

Many more examples can be shown to rely entirely on inner products, or
can be formulated and solved using only inner products. In fact, using inner
products to solve general machine learning problems is the enabling idea
behind kernel methods (Schölkopf et al., 1999). There are many studies in the
literature that show how this idea can be utilized in statistical signal process-
ing (Parzen, 1959; Kailath, 1971; Kailath and Duttweiler, 1972; Kailath and
Weinert, 1975), smoothing and spline methods (Wahba, 1990), classification
(Vapnik, 1995; Schölkopf et al., 1999), and so forth. Similarly, what we pro-
pose is to establish such a general framework for spike train signal processing
and pattern recognition by defining inner product operators.

On the other hand, there has been much work recently on spike train dis-
tance measures (van Rossum, 2001; Victor, 2002; Houghton and Sen, 2008).
Hence, a natural question is, Are spike train metrics sufficient for general
machine learning with spike trains? The answer is no. The reason for this is
that most machine learning methods require the mathematical structure of a
vector space, which is not provided by a metric but implicitly attained with
the definition of an inner product. For example, it is not possible to cluster



276 CHAPTER 8 Inner Products for Representation and Learning

spike trains using a k-means-like algorithm with only a distance, because there
is no way to compute the center points (the “means” in k-means). However,
computing the mean is trivial in a inner product (vector) space. Moreover, the
definition of spike train inner products naturally induces at least two spike
train metrics, as shown later. Clearly, it is possible to define a distance with-
out having an inner product associated with it (see, for example, Victor and
Purpura (1996); Christen et al. (2006); Kreuz et al. (2007)). Yet, in addition to
the limitations just discussed, these approaches tend to obscure the assumed
point process model.

8.3.1 Defining Inner Products for Spike Trains
In this section we discuss how to define inner products for spike trains and the
advantages and limitations of each approach. There are two main approaches.
One is to start by defining an inner product for spike times and then uti-
lize the linearity in the inner product space, and the fact that spike trains are
sets of spike times, to extend the inner product to spike trains (Carnell and
Richardson, 2005; Schrauwen and Campenhout, 2007; Paiva et al., 2009). An
alternative methodology is to define inner products on functional represen-
tations of spike trains (Paiva et al., 2009). Both of these methodologies are
discussed next.

8.3.1.1 Inner Products for Spike Times
In the first approach there are two key design elements: the definition or choice
of the inner product between spike times and how these are combined to obtain
the final spike train inner product. Often, the inner product for spike times
is simply set by choosing a symmetric and positive definite kernel to operate
on them (Carnell and Richardson, 2005; Schrauwen and Campenhout, 2007;
Paiva et al., 2009). Using RKHS theory (see Appendix C for a brief intro-
duction), it immediately follows that a kernel obeying these conditions will
induce a reproducing kernel Hilbert space, for which the kernel represents the
evaluation of the inner product (Aronszajn, 1950). Conceptually, these kernels
operate in much the same way as the kernels operating on data samples in
machine learning (Schölkopf et al., 1999). Then, depending on the applica-
tion, the spike time kernels can be combined differently to capture information
that matches one’s understanding or a priori knowledge of the problem. For
example, defining the inner product between two spikes as

〈δ(t − tm),δ(t − tn)〉 = exp

(
−|tm − tn|

τ

)
= κ(tm, tn) (8.11)
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and using the fact that a spike train can be written as a sum of spikes, Eq. (8.2),
one obtains the spike train inner product (Carnell and Richardson, 2005),

K(si,sj)=
〈
si,sj

〉

=
〈 Ni∑

m=1

δ(t − ti
m),

Nj∑
n=1

δ(t − tj
n)

〉

=
Ni∑

m=1

Nj∑
n=1

〈
δ(t − ti

m),δ(t − tj
n)
〉

=
Ni∑

m=1

Nj∑
n=1

κ(ti
m, tj

n)

(8.12)

Another example is the kernel

K∗(si,sj)=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

max
l=0,1,...,(Ni−Nj)

Nj∑
n=1

κ(ti
n+l − tj

n), Ni ≥ Nj

max
l=0,1,...,(Nj−Ni)

Ni∑
n=1

κ(ti
n − tj

n+l), Ni < Nj

(8.13)

which quantifies the presence of related spike patterns between spike trains
si,sj (Chi and Margoliash, 2001; Chi et al., 2007). Since this kernel measures
if spike trains have a one-to-one correspondence of a given sequence of spike
times, it can be utilized, for example, to study temporal precision and reliability
in neural spike trains in response to stimulus, or to detect/classify these stimuli.

The prime advantage of this approach is that it allows for spike train inner
products to be easily designed for a specific application by utilizing available
a priori knowledge about the problem, as the second example illustrates. On
the one hand, this is also a disadvantage. If the inner product is designed
without this information, as in the first example, it is not easy to determine
what the inner product is quantifying. More fundamentally, it is unclear what
the implicitly assumed point process model is or if the inner product has any
biological interpretation. From this point of view, the methodology presented
next is clearly more advantageous.

8.3.1.2 Functional Representations of Spike Trains
Rather than defining the spike train inner products directly, in the following
we define inner products on functional representations of spike trains. This
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bottom-up construction from fundamental data descriptors is unlike the pre-
viously mentioned approach and is rarely taken in machine learning, but it
explicitly shows the implied synaptic model and/or the assumed point process
model. Hence, this explicit construction is very informative about the inner
product and derived constructs because it clearly exposes the limitations of
a given definition. This knowledge can be of paramount importance in both
theoretical and neurophysiological studies because the outcome of these stud-
ies depends on the implied model and the expressive power of the measures
utilized to quantify it.

Consider two spike trains, si,sj ∈ S(T ), and denote their corresponding
evoked membrane potentials by vsi

(t) and vsj
(t), with t ∈ T . For spike trains

with finite duration (i.e., t ∈ T , with T any finite interval), the membrane
potentials are bounded, and therefore

∫
T

v2
si
(t)dt <∞ (8.14)

That is, membrane potentials are square integral functions in T . Hence,
vsi
(t),vsj

(t) ∈ L2(T ). Consequently, an inner product for spike trains can be
taken as the usual inner product of membrane potentials in L2(T ) space:

V(si,sj)=
〈
vsi
(t),vsj

(t)
〉
L2(T )

=
∫
T

vsi
(t)vsj

(t)dt (8.15)

Clearly, the inner product can quantify only spike train characteristics ex-
pressed in the membrane potential. That is, the limitations of the inner product
are set by the chosen synapse model.

Similarly, inner products for spike trains can be easily defined from their
statistical descriptors. Considering spike trains si and sj and the conditional

intensity functions of the underlying point processes, denoted by λsi
(t|Hi

t )

and λsj
(t|Hj

t ), the inner product can be defined as

I(si,sj)=
〈
λsi
(t|Hi

t ),λsj
(t|Hj

t )

〉
L2(T )

=
∫
T
λsi
(t|Hi

t )λsj
(t|Hj

t )dt (8.16)

where, as before, the usual inner product in L2(T ) was utilized. Note that,
just like membrane potentials, conditional intensity functions are square inte-
grable in a finite interval. This is the cross-intensity (CI) kernel defined in
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Paiva et al. (2009). The advantage in defining the inner product from the con-
ditional intensity functions is that the resulting inner product incorporates
the statistics of the point processes directly. Moreover, in the general form
given, this inner product can be utilized for any point process model since
the conditional intensity function is a complete characterization of the point
process (Cox and Isham, 1980; Daley and Vere-Jones, 1988).

Both of these definitions are very general but, in practice, some particular
form must be considered. Some of these particular cases are presented and
discussed next.

For the simplest synaptic model presented, with membrane potential given
by Eq. (8.3), it is possible to evaluate the inner product without explicit com-
putation of the integral. Substituting Eq. (8.3) in the inner product definition
Eq. (8.15), and using the linearity of the integral, yields

V(si,sj)=
Ni∑

m=1

Nj∑
n=1

∫
T

h(t − ti
m)h(t − tj

n)dt =
Ni∑

m=1

Nj∑
n=1

k(ti
m, tj

n)dt (8.17)

where k is the auto-correlation of h. As remarked at the end of Section 8.2.2,
it is possible to reason about the membrane potential in Eq. (8.3) as an estima-
tion of the intensity function through kernel smoothing Eq. (8.10). Indeed, if
we consider the cross-intensity inner product Eq. (8.16) constrained to inho-
mogeneous Poisson processes, and substitute the kernel smoothing intensity
estimator in Eq. (8.10), we obtain the result in Eq. (8.17). This shows that
the inner product in Eq. (8.17) is limited to Poisson point processes, and will
fail to distinguish between spike trains with the same intensity function even
if they were generated by point processes with different statistics. For this
reason, this inner product was called the memoryless cross-intensity (mCI)
kernel in Paiva et al. (2009). It is noteworthy that in this case the inner product
also matches the definition obtained directly from the spike times, shown in
Eq. (8.12). However, the meaning of the inner product, what it quantifies, and
its limitations are now easily understood in light of the latter derivation.

The limitations of the previous inner product are easily verified, both from
its implied synapse model and its assumed point process. A more expressive
inner product can be obtained if the synapse model with saturation is utilized
instead. The inner product takes the same general form of Eq. (8.15) but with
the membrane potential now given by equation (8.7), and can be written as,

V †(si,sj)=
∫
T

v†
si
(t)v†

sj
(t)dt,=

∫
T

f
(

vsi
(t)
)

f
(

vsj
(t)
)

dt (8.18)
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where vsi
(t),vsj

(t) denotes the potentials one obtains from the linear synapse
model (Eq. (8.3)). Equivalently, the dual interpretation of the potentials
vsi
(t),vsj

(t) as intensity functions of inhomogeneous Poisson processes can
be utilized to write the above inner product as

V †(si,sj)=
∫
T

f
(
λsi
(t)
)

f
(
λsj
(t)
)

dt (8.19)

This inner product is conceptually similar to the nonlinear cross-intensity
(nCI) kernel defined by Paiva et al. (2009),

I†
σ (si,sj)=

∫
T

Kσ
(
λsi
(t),λsj

(t)
)

dt (8.20)

where Kσ is a symmetric positive definite kernel with kernel size parameter
σ . The difference is that in Eq. (8.19) the nonlinear coupling of the intensity
functions is shown explicitly, whereas in the nCI kernel it is merely implied by
K. Hence, an advantage of the derivation given here is that it explicitly shows
the implied synapse model, which supports the plausibility and significance of
the inner product known from spike train signal processing. Moreover, from
RKHS theory it is known that K denotes an inner product of the transformed
linear membrane potentials, but the transformation is usually unknown. Taking
the definition in Eq. (8.19), we can define K(x,y)= f (x)f (y), which connects
the two definitions and gives explicitly the nonlinear transformation into the
inner product space.

As remarked in Sections 8.2.1 and 8.2.2, an important characteristic of the
synapse model with binding saturation (Eq. (8.7)) is the dependence on higher-
order interactions between multiple spikes in time. That is, the nonlinearity
introduces memory.Statistically, this means that, if kernel smoothing is used as
the intensity function estimator in Eq. (8.19), this inner product is sensitive to
point processes with memory. This statement has been verified empirically for
the nCI (Paiva et al., 2009). In theory, depending on the nonlinearity utilized,
the memory depth of the inner product can be infinity. However, in practice the
decaying dynamics of the conductance after a spike and the saturation in the
nonlinearity forces the influence of past spikes to die out. This also means that,
because of the decreasing weighting of the higher-order spike interactions, the
inner product will lose specificity as the memory requirements to distinguish
spike trains from different point processes increase.
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As mentioned earlier, in its general form, I(si,sj) (Eq. (8.16)) is an optimal
inner product because the conditional intensity functions completely char-
acterize the underlying point process. On the other hand, as discussed in
Section 8.2.2, estimation of general conditional intensity functions is not fea-
sible in practice, and even their estimation under constrained scenarios is
troublesome. Although both V † and I† also have constrained memory depen-
dencies, their estimation is very simple and offers a shortcut around the current
difficulties in the estimation of conditional intensity functions, providing a
trade-off between memory depth and specificity.

8.3.2 Properties of the Defined Inner Products
In this section some properties of the inner products defined in the previous
section are presented. The main purpose of the properties shown is to prove the
defined inner products are well defined and have an associated reproducing
kernel Hilbert space (RKHS), which provides the necessary mathematical
structure for machine learning.

Property 8.3.1 In Eqs. (8.15) and (8.16)

1. The inner products are symmetric.
2. The inner products are linear operators in the space of the evoked membrane

potentials or intensity functions, respectively.
3. The inner product of a spike train with itself is non-negative and zero if and only

if the spike train is empty (i.e., has no spikes).

This property asserts that the proposed definitions verify the axioms of
an inner product. Actually, because the defined inner products operate on
elements of L2(T ) and correspond to the usual dot product in that space, this
property is a direct consequence of the properties inherited from L2.

Property 8.3.2 The inner products in Eqs. (8.15) and (8.16) correspond to symmetric
positive definite kernels in spike train space.

The proof is given in Appendix B. Through the work of Moore (1916) and
from the Moore-Aronszajn theorem (Aronszajn, 1950), the following two
properties result as corollaries.

Property 8.3.3 For any set of n spike trains (n ≥ 1), the inner product matrix, with
the ijth element given by inner product of spike trains si and sj is symmetric and
non-negative definite.

Property 8.3.4 There exists a Hilbert space for which the defined spike train’s inner
products is a reproducing kernel.
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Properties 8.3.2 through 8.3.4 are equivalent in the sense that any of them
imply the other two. To verify this, note that property 8.3.3, by definition,
is merely a restatement of property 8.3.2,2 and a kernel being symmetric
and positive definite is a necessary and sufficient condition to property 8.3.4
(Aronszajn, 1950).

An important consequence of these properties, explicitly stated in prop-
erty 8.3.4, is the existence of a unique RKHS associated with each of the inner
products defined earlier. This is of importance because it ensures the existence
of a complete metric space,3 and it abstracts the design of machine learning
methods from the exact inner product definition.

Property 8.3.5 The inner products in Eqs. (8.15) and (8.16) verify the Cauchy-
Schwarz inequality:

V2(si ,sj) ≤ V(si ,si)V(sj ,sj)and

I2(si ,sj) ≤ I(si ,si)I(sj ,sj)
(8.21)

for any two spike trains si ,sj ∈ S(T ).
As before, the proof is given in Appendix B. The Cauchy-Schwarz

inequality will be shown to lead to a spike train metric in the next section.

Property 8.3.6 The inner products defined on functions in L2(T ), using either
membrane potentials or conditional intensity functions, are congruent4 to the
corresponding inner product in the RKHS.

This property is a direct consequence of the approach we used to define
the inner product. In other words, in our case we defined the inner product
between spike trains as the inner product of their functional representations
in L2(T ). Hence, by definition, that inner product establishes the existence of
the RKHS and its inner product, making them equal. See Paiva et al. (2009,
section 5.1) for further details.

2Note that we are consideringa “positivedefinite”kernel in the sense of Aronszajn (1950) and Parzen
(1959). That is, a kernel (i.e., a function of two arguments), κ : X × X → R, is positive definite if
and only if

n∑
i=1

n∑
j=1

aiajκ(xi,xj)≥ 0

for any n > 0, x1, . . .,xn ∈ X and a1, . . . ,an ∈ R.
3A complete metric space is one in which every Cauchy sequence is convergent. The metric space
is naturally induced with the inner product definition, basically ensuring that any sequence of points
and their limit are contained in the space.
4See Appendix C for the definition of congruent inner products.
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8.3.3 Distances Induced by Inner Products
Metrics, and distances in particular, can be very useful in classification and
analysis of data. Spike trains are no exception. The importance of spike train
metrics can be observed from the attention they have received in the litera-
ture (Victor and Purpura, 1997; van Rossum, 2001; Schreiber et al., 2003).
However, when used without further mathematical structure, their usefulness
is limited. In this section we demonstrate that by first defining inner prod-
ucts we naturally induce two distances in the inner product space. More than
presenting spike train distances, we aim to further support the argument that
defining inner products is a principled way to build, from the bottom up, the
required structure for general machine learning.

Given an inner product space, two distances, at least, can be immediately
defined. The first utilizes the fact that an inner product naturally induces a
norm,5 which in turn provides a distance between differences of elements.
The second distance derives from the Cauchy-Schwarz inequality.

Consider the inner product between spike trains defined in Eq. (8.15). (The
same idea applies directly for any spike train inner product.) The natural norm
induced by this inner product is given by

∥∥vsi
(t)
∥∥=

√〈
vsi
(t),vsi

(t)
〉
L2(T ) =

√
V(si,sj) (8.22)

Hence, the norm distance between spike trains si,sj ∈ S(T ) is

dND(si,sj)=
∥∥∥vsi

− vsj

∥∥∥=
√〈

vsi
− vsj

,vsi
− vsj

〉
(8.23a)

=
√〈

vsi
,vsi

〉− 2
〈
vsi

,vsj

〉
+
〈
vsj

,vsj

〉
(8.23b)

=
√

V(si,si)− 2V(si,sj)+ V(sj,sj) (8.23c)

where the linearity of the inner product is utilized from Eqs. (8.23a) to (8.23b).
Note that, even if we do not have an explicit functional decomposition of
the inner product, as occurs for the inner products (or kernels) defined in
Section 8.3.1.1, the same idea applies as long as symmetry and positive defi-
niteness holds. In this case, the inner products in Eqs. (8.23a) through (8.23c)
are simply the inner products in the induced RKHS.

5One can also reason in terms of the norm in the RKHS, because an RKHS is a Hilbert space and
therefore, has a norm. In fact, the two norms are equivalent because of the congruence between the
spaces (Paiva et al., 2009).
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An alternative distance can be obtained based on the Cauchy-Schwarz
inequality (property 8.3.5). We can define the Cauchy-Schwarz (CS) distance
between two spike trains as

dCS(si,sj) = arccos
V(si,sj)

2

V(si,si)V(sj,sj)
(8.24)

From the properties of norm and the Cauchy-Schwarz inequality, it is easy
to verify that either distance satisfies the three distance axioms: symmetry,
positiveness, and the triangle inequality. Indeed, the norm distance is basically
the generalization of the idea behind the Euclidean distance to a space of
functions. On the other hand, the CS distance measures the “angular distance”
between spike trains, as suggested by the usual dot product between two
vectors �x,�y written as �x · �y = ‖�x‖‖�y‖cos(θ), with θ the angle between the
two vectors. Hence, a major difference between the norm distance and the CS
distance is that the latter is not an Euclidean measure but a Riemannian metric,
which measures the geodesic distance between points in a curved space.

As observed by Houghton (2009), it is possible to define a van Rossum-like
distance (van Rossum, 2001) for each synaptic model. Clearly, taking the inner
product in the definition of the norm distance to be the inner product between
membrane potentials given by each synapse model, Eq. (8.15), one obtains
the distances suggested by Houghton. In other words, van Rossum’s distance
as originaly defined (van Rossum, 2001) is a particular case of the norm dis-
tance. More specifically, van Rossum’s distance considers the inner product in
Eq. (8.15), with the potential given by Eq. (8.3), using a causal decaying expo-
nential function as the smoothing function h. Also, it was noted before that
other smoothing functions could be utilized (Schrauwen and Campenhout,
2007). However, the approach taken here requires only an inner product and
thus is far more general. Moreover, the dual perspective in terms of condi-
tional intensity functions clearly identifies that, regardless of the choice of
smoothing function h, van Rossum’s distance is sensitive at most to Pois-
son process statistics. On the other hand, using nonlinear synapse models one
introduces memory into the inner product, explaining Houghton’s results both
neurophysiologically and statistically.

A spike train metric closely related to the CS distance has also been sug-
gested in the literature. Indeed, the Cauchy-Schwarz distance can be compared
with the “correlation measure” between spike trains proposed by Schreiber
et al. (2003). We can observe that the latter corresponds to the argument of
the arc cosine and thus denotes the cosine of an angle between spike trains.
In the case of the metrics proposed by Schreiber et al., the norm and inner
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product were given by Eq. (8.15), with the potentials given by Eq. (8.3) using
the Gaussian smoothing function. However, the metric suffers from the same
limitation as van Rossum’s distance because it implicitly assumes Poisson pro-
cesses. With our methodology the metric can be easily extended. Moreover,
notice that Schreiber and colleagues’ “correlation measure” is only a pre-
metric since it does not verify the triangle inequality. In dCS this is ensured
by the arc cosine function.

8.4 APPLICATIONS
To exemplify the importance of the developments shown here, in the follow-
ing we derive two fundamental machine learning algorithms for spike trains:
principal component analysis (PCA) and Fisher linear discriminant (FLD).
These two algorithms serve to demonstrate that the framework presented here
allows the development of both supervised and unsupervised learning meth-
ods. The primary aim is to demonstrate the ease with which machine learning
algorithms for spike trains can be developed once the mathematical structure
created by an inner product and the induced RKHS is established.

8.4.1 Unsupervised Learning: Principal Component Analysis
Principal component analysis (PCA) is widely used for data analysis and
dimensionality reduction (Diamantaras and Kung, 1996). It is derived for
spike trains directly in the RKHS induced by any of the inner products defined.
This approach highlights that optimization with spike trains is possible by the
definition of an inner product and, more specifically, through the mathematical
structure provided by the induced RKHS. This is also the traditional approach
in functional analysis literature (Ramsay and Silverman, 1997) and has the
advantage of being completely general, regardless of the spike train inner
product.

8.4.1.1 Derivation
In the following, let P denote a spike train inner product inducing an RKHS
H, such as any of the inner products defined earlier. Consider a set of spike
trains, {si ∈ S(T ), i = 1, . . . ,N}, for which we wish to determine the principal
components. Computing the principal components of the spike trains directly
is not feasible because we do not know how to define a principal component
(PC); however, this is a trivial task in the RKHS induced by a spike train inner
product.
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Let {�si
∈ H, i = 1, . . . ,N} denote the set of elements in the RKHS H

(associated with P) corresponding to the given spike trains—that is, the trans-
formation or mapping of the spike trains intoH. The mean of the transformed
spike trains is

�̄= 1

N

N∑
i=1

�si
(8.25)

Thus, the centered transformed spike trains (i.e., with the mean removed) can
be obtained:

�̃si
=�si

− �̄ (8.26)

PCA finds an orthonormal transformation providing a compact description
of the data. Determining the principal components of spike trains in the RKHS
can be formulated as the problem of finding the set of orthonormal vectors in
the RKHS such that the projection of the centered transformed spike trains
{�̃si

} has maximum variance. This means that the principal components can
be obtained by solving an optimization problem in the RKHS. A function
ξ ∈ H (i.e., ξ : S(T ) →R) is a principal component if it maximizes the cost
function

J(ξ)=
N∑

i=1

[
Projξ (�̃si

)
]2 − ρ (‖ξ‖2 − 1

)
(8.27)

where Projξ (�̃si
) denotes the projection of the ith centered transformed spike

train onto ξ , and ρ is the Lagrange multiplier for the constraint
(‖ξ‖2 − 1

)
that the principal components have unit norm. To evaluate this cost function
one needs to be able to compute the projection and the norm of the principal
components. In an RKHS, an inner product is the projection operator and the
norm is naturally defined (see Eq. (8.22)). Thus, the above cost function can
be expressed as

J(ξ) =
N∑

i=1

〈
�̃si

,ξ
〉2 − ρ (〈ξ ,ξ〉 − 1) (8.28)

In practice, we always have a finite number of spike trains. Hence, by the
representer theorem (Kimeldorf and Wahba, 1971; Schölkopf et al., 2001), ξ
is restricted to the subspace spanned by the centered transformed spike trains
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{�̃si
}. Consequently, there exist coefficients b1, . . . ,bN ∈ R such that

ξ =
N∑

j=1

bj�̃sj
= bT �̃ (8.29)

where bT = [b1, . . . ,bN ] and �̃ =
[
�̃s1

, . . . ,�̃sN

]T
. Substituting in Eq. (8.28)

yields

J(ξ) =
N∑

i=1

⎛
⎝ N∑

j=1

bj

〈
�̃si

,�̃sj

〉⎞⎠
(

N∑
k=1

bk

〈
�̃si

,�̃sk

〉)

+ ρ
⎛
⎝1 −

N∑
j=1

N∑
k=1

bjbk

〈
�̃si

,�̃sk

〉⎞⎠

= bT P̃
2
b + ρ

(
1 − bT P̃b

)

(8.30)

where P̃ is the inner product matrix of the centered spike trains—that is, the
N × N matrix with elements

P̃ij =
〈
�̃si

,�̃sj

〉
=
〈
�si

− �̄,�sj
− �̄

〉

=
〈
�si

,�sj

〉
− 1

N

N∑
l=1

〈
�si

,�sl

〉
− 1

N

N∑
l=1

〈
�sl

,�sj

〉
+ 1

N2

N∑
l=1

N∑
n=1

〈
�sl

,�sn

〉

= P(si,sj)−
1

N

N∑
l=1

P(si,sl)−
1

N

N∑
l=1

P(sl,sj)+
1

N2

N∑
l=1

N∑
n=1

P(sl,sn)

(8.31)

In matrix notation,

P̃ = P − 1

N
(1N1T

NP + P1N1T
N)+

1

N2 1N 1T
NP1N1T

N (8.32)

where P is the spike train inner product matrix, Pij =
〈
�si

,�sj

〉
= P(si,sj),

and 1N is the N × 1 vector with all ones (such that 1N1T
N is an N × N matrix

of ones). This means that P̃ can be computed directly from P without the need
to explicitly remove the mean of the transformed spike trains.
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From Eq. (8.30), finding the principal components makes the problem
simply one of estimating the coefficients {bi} that maximize J(ξ). Since J(ξ)
is a quadratic function, its extrema can be found by equating the gradient to
zero. Taking the derivative with regard to b (which characterizes ξ) and setting
it to zero results in

∂J(ξ)

∂b
= 2P̃

2
b − 2ρP̃b = 0 (8.33)

and thus corresponds to the usual eigendecomposition problem6:

P̃b = ρb (8.34)

This means that any eigenvector of the centered inner product matrix is a
solution to Eq. (8.33). Thus, the eigenvectors determine the coefficients of
Eq. (8.29) and characterize the principal components. It is easy to verify that,
as expected, the variance of the projections onto each principal component
equals the corresponding eigenvalue squared. So the ordering of ρ specifies
the relevance of the principal components.

To compute the projection of a given input spike train s onto the kth

principal component (corresponding to the eigenvector with the kth largest
eigenvalue), we need only compute the inner product of �s with ξk in the
RKHS. That is,

Projξk
(�s) = 〈�s ,ξk

〉
H

=
N∑

i=1

bki

〈
�s ,�̃si

〉

=
N∑

i=1

bki

⎛
⎝P(s,si)−

1

N

N∑
j=1

P(s,sj)

⎞
⎠

(8.35)

In summary, the algorithm proceeds as follows:

1. Compute P̃, the centered inner product matrix, according to Eq. (8.32).
2. Compute the k leading eigenvectors of P̃ (i.e., the eigenvectors correspond-

ing to the largest eigenvalues).

6Note that the simplification in the eigendecomposition problem is valid whether or not if the inner

product matrix is invertible, since P̃
2

and P̃ have the same eigenvectors and the eigenvalues of P̃
2

are the eigenvalues of P̃ squared.
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3. Compute the projections onto the k principal components, according to
Eq. (8.35).

One can easily see that the above result is very similar to kernel PCA
(Schölkopf et al., 1998). Indeed, kernel PCA is a well-known example of
functional PCA applied in an RKHS of discrete data (Ramsay and Silverman,
1997), which is in essence what we do here.

8.4.1.2 Results
To demonstrate the algorithm and empirically verify the differences between
the various inner products, we show some results with synthetic spike trains
generated from two homogeneous renewal point processes. The goal of the
simulation is, first, to show that spike train PCA can be utilized to statistically
analyze a set of spike trains in an unsupervised manner, and, second, to verify
which inner products yield a projection consistent with our expectation. That
is, an inner product should be able to differentiate the different statistical
characteristics in the spike trains because of the different renewal processes,
from intrinsic spike train variability, and therefore yield two separate clusters.7

The spike trains used in the simulation were one second long with mean
spike rate of 20 spikes/s. The inter-spike interval was gamma-distributed,
with shape parameters θ = 0.5 and θ = 3, for the two renewal processes. The
algorithm is applied on two data sets, one for computation of the principal
components (a “training set”), and the other for testing. The evaluation and
testing data sets comprised a total of 50 and 200 spike trains, respectively, half
from each renewal process. The simulated spike trains are shown in Figure 8.3.

The PCA algorithm was applied using three different spike train inner
products, defined in Eqs. (8.17), (8.18) and (8.20). In the first case, k was
chosen to be the Laplacian function, k(x,y) = exp(−|x − y|/τ)/2τ with
τ = 50ms, which corresponds to a causal exponential smoothing function h
with the same width (Paiva et al., 2009). In the second case, the same smooth-
ing function, also with τ = 50ms, and the tanh nonlinearity function were
used. For the nCI kernel (Equation (8.20)), the fast implementation described
in Paiva (2008) was used, with smoothing width τ = 50ms and Gaussian ker-
nel Kσ with σ = 1. These parameters, and the choice of smoothing function
and k, allow the algorithms to be directly compared, with differences only due
to the actual form of the inner product. From an implementation perspective,
the only difference between different inner products is in the computation of

7Although in general PCA does not preserve separability, this can be expected in this case because
the clusters due to each renewal process should be compact. That is, the inner product should yield
higher values between spike trains from the same renewal process (low in-cluster variability) and
lower values between spike trains from different renewal processes (highbetween-cluster variability).
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FIGURE 8.3

Spike trains used for computing the principal components (a) and for testing (b). In either
case, the bottom half corresponds to spike trains drawn from a renewal process with shape
parameter θ = 0.5; the top half, from a renewal process with θ = 3. Notice the difference in
variability of the inter-spike intervals, with spike trains in the top half (θ = 3) being much
more regular because of the more compact distribution of the inter-spike intervals.

the centered inner product matrix (Eq. (8.31). The remainder of the algorithm
remains unaltered.

For the inner product defined in Eq. (8.17), the result of the eigendecompo-
sition and projection of the spike trains onto the first two principal components
is shown in Figure 8.4. The first observation is that there is no clear distinction
in spike train variability in the first two principal components, but rather the
variability decreases gradually. Moreover, both the eigenvectors and the pro-
jections shown in Figure 8.4(b)–(d) reveal an overlap of the spike trains from
the two renewal processes, which is noticeable only in the higher dispersion
of spike trains from the first renewal model (θ = 0.5) due to the more irregular
firing. This means that the inter-process variability is smaller than the within-
process variability. In other words, the inner product does not distinguish
between spike trains with different inter-spike interval statistics, but senses
only the difference in variability. This result is not surprising. As pointed out
in Section 8.3.1.2, this inner product is memoryless and can discriminate only
differences in intensity, as in this case.
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FIGURE 8.4

Eigendecomposition (top) and projected spike trains on the first two principal components
(bottom) for PCA computed using the inner product in Eq. (8.17). (Different marks in the
projection plots denote spike trains from different renewal processes.)

Similarly, we computed the principal components of the same set of spike
trains using the inner product defined in Eq. (8.18). However, in this case
the choice of the gmax scaling parameter was very important. This param-
eter controls the transition point between the linear and saturation regions
of the nonlinearity. More fundamentally, gmax controls the weighting of the
higher-order spike interaction in time (see Eq. (8.46)) and, therefore, the abil-
ity to sense different inter-spike interval statistics. The results are shown in
Figure 8.5. It is easy to verify that lower values of gmax yield more mean-
ingful (i.e., better separated) projections of the spike trains from the two
renewal processes. This is noticeable, for example, in the top left plot, which
show a better separation between the first principal components. However,
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FIGURE 8.5

Eigendecomposition (top) and projected spike trains on the first two principal components
(bottom) for PCA computed using the inner product in Eq. (8.18). Each column
corresponds to the results for a given value of gmax shown at the top. (Different marks in
the projection plots denote spike trains from different renewal processes.)

if gmax is decreased further the results start to worsen (not shown). This is
understandable since the nonlinearity will almost always be in the saturated
region and thus the functional representations will be almost always equal.
Conversely, as gmax is increased, the results converge toward those shown in
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Figure 8.4. This occurs because as gmax is increased the nonlinearity operates
in its linear region, having almost no effect.

Finally, we computed the principal components using the inner product
in Eq. (8.20)—that is, the nCI kernel proposed in Paiva et al. (2009). The
results are shown in Figure 8.6. Although this inner product has a kernel
size parameter (of Kσ ), the results were very similar with any value within
the range 0.1 to 10. In the distribution of the eigenvalues, the significantly
higher variability captured in the first principal component versus the remain-
ing is obvious. In comparison with the previous inner products, only the
results in Figure 8.5 for gmax = 2 approximate this behavior. The importance
of the first principal component can be verified from the first eigenvector
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Eigendecomposition (top) and projected spike trains on the first two principal components
(bottom) for PCA, computed using the inner product in Eq. (8.20). (Different marks in the
projection plots denote spike trains from different renewal processes.)
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of the eigendecomposition (Figure 8.6(b)), which shows a clear distinction
between spike trains generated from different renewal processes. This obser-
vation is noticeable in the projections of spike trains from the two processes
(Figure 8.6(c)–(d)). It is obvious that in this case the within-process variabil-
ity is smaller than between-process variability. This seems a more faithful
representation of the data since the within-process variability is only “noise”
(due to stochasticity in the realizations). The separation between projections
of the spike trains from different renewal processes was also noticeable in
the results in Figure 8.5 (for gmax = 2), although not as strikingly. Moreover,
differences in variability between processes were clearly represented, because
in this latter case the nonlinear kernel K measures differences rather than the
products in the smoothed spike train, which factors out the variability between
realizations as long as they are similar.

8.4.2 Supervised Learning: Fisher’s Linear Discriminant
Classification of spike trains is very important. It can be used to decode the
applied stimulus from a spike train. In neurophysiological studies, this has
been utilized to study spike coding properties (Victor and Purpura, 1996;
Machens et al., 2001, 2003). Indeed, it was the need to classify spike trains
that first motivated several spike train distances (Victor and Purpura, 1996).

In the following, we derive Fisher’s linear discriminant for spike trains.
Note that in spite of the linear decision boundary, the discrimination occurs
in the RKHS. Hence, depending on the inner product, the decision boundary
can easily be nonlinear in the spike train (or its functional representation)
space. From a different perspective, one can think that, given an appropriate
inner product, the classes can be made linearly separable, as occurs in kernel
methods. The approach shown turns out to be very similar to that of kernel
Fisher discriminant proposed by Mika et al. (1999).

8.4.2.1 Derivation
As before, we will use P to denote a generic spike train inner product inducing
an RKHS H with mapping � to it. Consider two sets of spike trains, C1 =
{s1

i ∈ S(T ), i = 1, . . . ,N1} and C2 = {s2
j ∈ S(T ), j = 1, . . . ,N2}, one for each

class. With some abuse of notation, the set of all spike trains will be denoted
C = C1 ∪ C2 = {sn ∈ S(T ),n = 1, . . . ,N}, with N = N1 + N2. Without loss of
generality, only the case for two classes is considered here. For the general
case, one can repeatedly apply the procedure discussed next between each
class versus all others, or extend the derivation to find a subspace-preserving
discrimination.

The Fisher linear discriminant in the RKHS associated with the inner prod-
uct is given by the element ψ ∈ H, such that the means μk and variances σ 2

k
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of the data classes projected onto ψ maximize the criterion:

JF(ψ) = (μ1 −μ2)
2

σ 2
1 + σ 2

2

(8.36)

with the mean and variance of the projected classes given by

μk = 〈ψ ,�̄k
〉= 1

Nk

Nk∑
i=1

〈
ψ ,�sk

i

〉
(8.37a)

σ 2
k = 1

Nk

Nk∑
i=1

(〈
ψ ,�sk

i

〉
−μk

)2 = 1

Nk

Nk∑
i=1

〈
ψ ,�sk

i

〉2 −μ2
k (8.37b)

where �̄k = 1
Nk

∑Nk
i=1�sk

i
is the mean, in the RKHS, of the kth class.

By the representer theorem (Kimeldorf and Wahba, 1971; Schölkopf et al.,
2001), ψ can be written as a linear combination of the spike trains mapped
onto the RKHS {�si

∈ H : i = 1, . . . ,N ,si ∈ C}. That is, there exist coefficients
c1, . . . ,cN ∈ R such that

ψ =
N∑

j=1

cj�sj
= cT� (8.38)

where cT = [b1, . . . ,bN ] and � = [�s1
, . . . ,�sN

]T . Substituting in Eq. (8.37a)
yields

μk = 1

Nk

Nk∑
i=1

N∑
j=1

cj

〈
�sj

,�sk
i

〉
= 1

Nk
cT Pk1Nk = cT Mk (8.39)

with Mk = 1
Nk

Pk1Nk and with 1Nk as the Nk × 1 vector of all ones. Likewise,
substituting in Eq. (8.37b) results in

σ 2
k = 1

Nk

Nk∑
i=1

N∑
j=1

N∑
n=1

cjcn

〈
�sj

,�sk
i

〉 〈
�sk

i
,�sn

〉
−μ2

k

= 1

Nk
cT PkPT

k c − 1

N2
k

cT Pk1Nk 1T
Nk

PT
k c

= 1

Nk
cT Pk

(
INk − 1

Nk
1Nk 1T

Nk

)
PT

k c

(8.40)
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where Pk is the N × Nk matrix with the ijth element given by the inner product
between the ith spike train of C and the jth spike train of Ck , and INk is the
Nk × Nk identity matrix. Consequently, the Fisher criterion in Eq. (8.36) can
be written as

JF(c)= cT Sbc
cT Swc

(8.41)

with between-class scatter matrix, Sb, and within-class scatter matrix, Sw,
given by

Sb = (M1 − M2)(M1 − M2)
T (8.42a)

Sw =
∑

k=1,2

Pk

(
INk − 1

Nk
1Nk 1T

Nk

)
PT

k (8.42b)

As in the usual Fisher linear discriminant result (Duda et al., 2000), the vector
c that maximizes JF can be obtained as

c = S−1
w (M1 − M2) (8.43)

Clearly, this solution is ill posed in general since Sw is not guaranteed to be
invertible. Hence, in practice Sw + εIN is used instead. Basically, the term
εIN implements Tikhonov regularization, with multiplier ε.

To compute the projection of a given spike train onto the Fisher linear
discriminant, in the training set (i.e., the set C) or in testing, we need to
compute the inner product, in the RKHS, between the transformed spike train
and ψ , given as

Projψ(�s)=
〈
�s ,ψ

〉

=
N∑

j=1

cj

〈
�s ,�sj

〉

=
N∑

j=1

cjP(s,sj)

(8.44)

After projection onto the Fisher linear discriminant, one still needs to find
the optimum threshold for classification. However, this is a relatively simple
task and many methods exist in the literature (Duda et al., 2000).
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To summarize, the algorithm can be implemented in the following steps:

1. Compute the Pk matrices, k = 1,2.
2. Compute the matrices Mk and Sw according to Eqs. (8.39) and (8.42b).
3. Compute the vector c which defines the Fisher linear discriminant in the

RKHS, according to Eq. (8.43).
4. Find the optimum classification threshold in the training set.
5. Classify the testing spike trains by computing their projection onto the

Fisher linear discriminant (Eq. (8.44)) and thresholding.

8.4.2.2 Results
In this section, we demonstrate the algorithm for synthetic spike trains gener-
ated from two homogeneous renewal point processes. Specifically, we utilized
the same data sets used to evaluate the PCA algorithm in Section 8.4.1.2,
shown in Figure 8.3. In this example, classification is primarily a task
of discriminating between spike trains with different inter-spike interval
distributions.

As before, the Fisher linear discriminant algorithm was compared using
three different spike train inner products, defined in Eqs. (8.17), (8.18) and
(8.20). The same parameters were used. As with the PCA algorithm, the
Fisher linear discriminant algorithm is independent of the inner product used;
the difference is only in the computation of the inner product matrices, Pk .
The classification threshold was the value that minimized the probability of
error in the training set.

For the inner product of Eq. (8.18) one must carefully choose the appropri-
ate scaling parameter gmax of the f nonlinearity. For simplicity, in this case we
tested the Fisher discriminant classifier using a range of values between 0.5
and 50, and reported the best result on the testing set, obtained with gmax = 2.
Of course, in a practical scenario the optimum gmax value would have to be
found by cross-validation. The probability of error in the testing set is shown
in Figure 8.7. The figure can be intuitively understood in light of the role of
nonlinearity in the inner product. For large values of gmax, the nonlinearity
operates in its linear range, and therefore the result is similar to using the inner
product in Eq. (8.17). As gmax is decreased, theclassification improves because
the nonlinearity allows the inner product to utilize more information from the
higher-order moments (see Eq. (8.46)). However, for very small values the
performance decreases because the nonlinearity obfuscates the dynamics of
the linear component of the synapse model.

The classification results using each of the inner products are summa-
rized in Table 8.1, with mean ± standard deviation statistics estimated over
100 Monte Carlo runs. To help understand the results, the distribution of
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FIGURE 8.7

Probability of error in the testing set of the Fisher discriminant classifier for different values
of gmax . The statistics, mean and standard deviation, were estimated over 100 Monte
Carlo runs.

Table 8.1 Probability of Error in the Testing Set of the Fisher
linear Discriminant Classifier Using Three Different Inner
Products.

Inner Product Probability of Error

Equation (8.17) 0.401 ± 0.040
Equation (8.18) 0.207 ± 0.048
Equation (8.20) 0.025 ± 0.013

the projections onto the Fisher discriminant for one of the Monte Carlo runs
is shown in Figure 8.8. Overall, these results clearly show the importance
of using inner products that can capture memory information. For these data
sets, the inner product defined in Eq. (8.17) performs clearly worse (notice
in Figure 8.8(a) the overlap in the projections onto the Fisher discriminant).
Because the discriminating characteristic is the different inter-spike interval
distributions, but since this inner product is sensitive only to differences in
intensity, the results are only slightly above chance level. Using the inner
product in Eq. (8.18) greatly improves the probability of error because of the
use of memory information from the higher-order interactions, but only if an
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For the inner product in Eq. (8.18), distributions are shown for three values of gmax .
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appropriate value of gmax is chosen, as shown in Figure 8.7 and noticed in
Figure 8.8(c). Finally, using the inner product in Eq. (8.20) yields the best
results. As with the PCA these results are considerably better than the previ-
ous ones because the latter inner product nonlinearly measures the similarity
between functional representations. This avoids the ambiguity in the inner
product in equation (8.18),8 adding to the expressiveness of the inner product
(Figure 8.8(b)). Also, in the latter inner product we have to choose the band-
width parameter σ of the nonlinear kernel Kσ . However, unlike the former,
the sensitivity on this parameter is very low. We tried values between 0.1 and
10, but the results changed only ±0.1%.

8.5 DISCUSSION
A general framework to develop spike train machine learning methods was
presented. The most important contribution of this work is in defining spike
train inner products for building the framework. Unlike the top-down approach
often taken in kernel methods, the approach emphasized here builds the
inner products bottom up from basic spike train descriptors. As argued in
Section 8.3, inner products are the fundamental operators needed for machine
learning. Then, utilizing the mathematical structure of the reproducing kernel
Hilbert space induced by aspike train inner product, it is easy to derivemachine
learning algorithms from first principles, as demonstrated in Section 8.4.

Two approaches to defining spike train inner products were presented. The
first, introduced in Section 8.3.1.1, builds on spike times as basic elements.
Although it allows for a priori knowledge of the spike domain to be eas-
ily incorporated in the inner product definition, these definitions per se lack
a more in-depth understanding of both biological and/or statistical implica-
tions. Hence, the approach emphasized in this chapter is based on functional
representations of spike trains, which were motivated either as a biological
modeling problem or as statistical descriptors. One of the key advantages of
this approach is the explicit construction of the inner product. In this way,
the properties of the inner product, induced RKHS, and derived constructs
are brought forth. The biological modeling perspective highlights the role of
synaptic models, and thus aims to approximate the computational mechanisms
in a neuron. On the other hand, by defining the inner products from condi-
tional intensity functions, one focuses on the characteristics of the underlying

8Specifically, we are referring to theambiguity arising from the fact that the functional representations
of pairs of spike trains with the same geometric mean in time and/or the same arithmetic mean over
time have the same inner product value.
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point processes. Perhaps most important, verifying the duality between the
two representations can provide valuable insight into the statistical limita-
tions of a synaptic model. Therefore, these inner products (or their derived
constructs) can be used to analyze neurophysiological data, and they hint at
the underlying principles of information encoding from these perspectives.

The inner product with the form given in Eq. (8.16) is statistically, com-
pletely general but, in practice, its usefulness is limited by the current methods
for estimation of the conditional intensity function. Although methods for
point processes with memory have been recently proposed in the literature,
currently effective intensity function estimators exist only for Poisson pro-
cess.9 In this regard, however, the inner products defined in Eqs. (8.18) and
(8.20) show considerable promise. Through the use of a nonlinearity, these
inner products circumvent these limitations and show sensitivity to spike time
statistics, albeit with limited expressiveness. In our experiments using renewal
point processes, both inner products clearly outperform the inner product in
Eq. (8.17). It must be remarked that the inner product in Eq. (8.17) is in
essence a continuous version of the widely used cross-correlation of binned
spike trains (Paiva et al., 2008; Park et al., 2008), which shows the fundamental
limitations of many spike train methods currently in use.

Appendix A HIGHER-ORDER SPIKE INTERACTIONS
THROUGH NONLINEARITY

In this section we prove the statement that the nonlinearity in Eq. (8.7) reflects
higher-order interactions in the spike train.

As an example, consider the nonlinear function

f (x)= gmax

[
1 − exp

(
− x2

2g2
max

)]
(8.45)

That is, f is an inverted Gaussian, appropriately scaled by gmax. The
MacLaurin series expansion of f (i.e., Taylor series around the origin) is

f (x)= 1

2

x2

gmax
− 1

8

x4

g3
max

+ 1

48

x6

g5
max

− 1

384

x8

g7
max

+ ·· · (8.46)

9By “effective” it is meant estimation with a reasonably small amount of data, such as 1-second
spike trains.
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In the nonlinear model in Eq. (8.7), the argument of the nonlinearity is the
evoked potential according to the linear model, given by Eq. (8.3). Hence, the
powers on x in the MacLaurin series extend to

x2 =
(

N∑
i=1

h(t − ti)

)2

=
N∑

i=1

N∑
j=1

h(t − ti)h(t − tj)

x4 =
N∑

i=1

N∑
j=1

N∑
k=1

N∑
l=1

h(t − ti)h(t − tj)h(t − tk)h(t − tl)

. . .

(8.47)

This shows that the membrane potential of the nonlinear model, Eq. (8.7), is a
weighted sum of the moments of the linear potential. In turn, these moments
depend on the interactions, smoothed by h, of a number of spikes of the same
order as the moment.

The moments accounted for and their weighting in the nonlinear membrane
potential depend on the choice of f . In the case just shown, it depends only
on even-order moments. However, if the tanh nonlinearity is utilized in f
instead,

f (x)= gmax tanh

(
x

gmax

)
, x ∈ R+ (8.48)

the nonlinear membrane potential depends only on odd-order moments.

Appendix B PROOFS
This section presents the proofs for properties 8.3.2, 8.3.3, and 8.3.5, given in
Section 8.3.2.

Proof of Property 8.3.2. The symmetry follows immediately from property 8.3.1. In
the following we will use the general form of the inner products in Eqs. (8.15) and
(8.16), denoted P:

P(si ,sj)=
〈
φsi

,φsj

〉
=
∫
T

φsi
(t)φsj

(t)dt (8.49)

where φ denotes either the membrane potential or the conditional intentity function.
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By definition, a kernel on spike trains, P : S(T )×S(T )→R, is positive definite
if and only if (Aronszajn, 1950; Parzen, 1959)

n∑
i=1

n∑
j=1

aiajP(si ,sj) ≥ 0 (8.50)

for any n > 0, s1,s2, . . . ,sn ∈ S(T ) and a1,a2, . . . ,an ∈R. Using the general form
yields

n∑
i=1

n∑
j=1

aiajP(si ,sj)=
n∑

i=1

n∑
j=1

aiaj

∫
T

φsi
(t)φsj

(t)dt

=
∫
T

⎛
⎝ n∑

i=1

aiφsi
(t)

⎞
⎠
⎛
⎝ n∑

j=1

ajφsj
(t)

⎞
⎠dt

=
〈

n∑
i=1

aiφsi
,

n∑
j=1

ajφsj

〉

=
∥∥∥∥∥

n∑
i=1

aiφsi

∥∥∥∥∥≥ 0

(8.51)

since the norm is non-negative by definition.

Proof of Property 8.3.3. Again, symmetry follows immediately from property 8.3.1.
A matrix P is non-negative definite if and only if aTPa ≥ 0, for any aT = [a1, . . . ,an]
with ai ∈R. For an inner product matrix, we have that (using the general inner product
form)

aTPa =
n∑

i=1

n∑
j=1

aiajP(si ,sj) ≥ 0 (8.52)

as shown in the previous proof (Eq. (8.51)). Hence, the inner product matrices are
symmetric and non-negative definite.

Proof of Property 8.3.5. Consider the 2 × 2 inner product matrix associated with any
of the defined inner products,

P =
[

P(si ,si) P(si ,sj)

P(si ,sj) P(sj ,sj)

]
(8.53)
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From property 8.3.3, this matrix is symmetric and non-negative definite. Hence, its
determinant is non-negative (Harville, 1997, p. 245). That is,

det(P) = P(si ,si)P(sj ,sj)− P(si ,sj)
2 ≥ 0 (8.54)

which proves the result in Eq. (8.21).

Appendix C BRIEF INTRODUCTION TO RKHS THEORY
In this appendix, we briefly introduce some basic concepts of reproducing
kernel Hilbert space (RKHS) theory necessary for understanding the concepts
in this chapter. The presentation here is meant to be as general and introductory
as possible.

The fundamental result in RKHS theory is the well-known Moore-
Aronszajn theorem (Moore, 1916; Aronszajn, 1950). Let K denote a sym-
metric and positive definite function of two variables defined on some space
E. That is, a function K(·,·) : E × E → R, which verifies

1. Symmetry: K(x,y) = K(y,x), ∀x,y ∈ E.
2. Positive definiteness: for any finite number of n ∈ N points x1,x2, . . . ,xn ∈

E, and any corresponding n coefficients c1,c2, . . . ,cn ∈ R,

l∑
i=1

l∑
j=1

cicjK(xi,xj)≥ 0 (8.55)

These are sometimes called Mercer conditions (Mercer, 1909). The Moore-
Aronszajn theorem (Moore, 1916; Aronszajn, 1950) guarantees that there
exists a unique Hilbert space H of real-valued functions on E such that, for
every x ∈ E,

1. K(x,·) ∈ H.
2. For any f ∈H,

f (x)= 〈 f (·),K(x,·)〉H (8.56)

The identity in Eq. 8.56 is called the reproducing property of K , and, for this
reason, H is said to be a reproducing kernel Hilbert space with reproducing
kernel K . Note Eq. (8.55) is equivalent to saying that, for a set of points
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{xi ∈ E : i = 1, . . . ,n}, the matrix

K =

⎡
⎢⎢⎢⎣

K(x1,x1) K(x1,x2) . . . K(x1,xn)

K(x2,x1) K(x2,x2) . . . K(x2,xn)
...

...
. . .

...
K(xn,x1) K(xn,x2) . . . K(xn,xn)

⎤
⎥⎥⎥⎦ (8.57)

is positive semi-definite. K is often referred to as the Gram matrix.
A very important result of this theorem is that K evaluates the inner product

in the RKHS. This can readily verified using the reproducing property,

K(x,y) = 〈K(x,·),K(y,·)〉H (8.58)

for any x,y ∈ E. This identity is the kernel trick, well known in kernel methods,
and the main tool for computation in the RKHS because most algorithms can
be formulated using only inner products, as discussed in the introduction of
Section 8.3.

Another important concept is that of congruent spaces. Two spaces, say
E and F, are said to be congruent if there exists an isometric isomorphism
between them. This means that there exists a one-to-one mapping (i.e., an
isomorphism) G : E → F, such that, for any x,y ∈ E,

〈x,y〉E = 〈G (x),G (y)〉F (8.59)

That is, if there exists a one-to-one inner product–preserving mapping between
the two spaces. The mapping G is called a congruence. By two congruent inner
products it is meant that there exists a mapping between the spaces where the
inner products are defined, such that Eq. (8.59) holds.
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9.1 INTRODUCTION
The simultaneous acquisition of electroencephalography (EEG) and func-
tional magnetic resonance imaging (fMRI) is a potentially powerful mul-
timodal imaging technique for measuring the functional activity of the
human brain. Given that EEG measures the electrical activity of neural
populations while fMRI measures hemodynamics via a blood oxygenation-
level–dependent (BOLD) signal related to neuronal activity, simultaneous
EEG/fMRI (hereafter referred to as EEG/fMRI) offers a modality to inves-
tigate the relationship between these two phenomena within the context of
noninvasive neuroimaging. Though fMRI is widely used to study cognitive
and perceptual function, there is still substantial debate regarding the relation-
ship between local neuronal activity and hemodynamic changes (Logothetis
and Wandell (2004); Sirotin and Das (2009)). That is, there is a need for a
more comprehensive understanding of the specific mechanisms underlying
neurovascular coupling.

Another rationale for EEG/fMRI is that, despite the fact that the indi-
vidual modalities measure markedly different physiological phenomena, in
terms of spatial and temporal resolution they are quite complementary. EEG
offers millisecond temporal resolution; however, the spatial sampling density
and ill-posed nature of the inverse model problem limit its spatial resolu-
tion. On the other hand, fMRI provides millimeter spatial resolution, but
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because of scanning rates and the low-pass nature of the BOLD response,
the temporal resolution is limited. One approach that has been adopted to
take advantage of this complementarity is to use fMRI activations to seed
EEG source localization (Menon et al. (1997); Obitz et al. (1999); Wang
and Zhou (1999)). Though in this case simultaneous acquisition may be
convenient, for many experimental paradigms it may not add substantially
to separate acquisitions, particularly if there are no significant adaptation
or learning effects that would change the fMRI activation maps. Similarly,
approaches that link trial-averaged ERP features (such as amplitude and
latency) to BOLD activation (e.g., Philiastides and Sajda (2007)) could
in principle benefit from EEG/fMRI, though once again true simultane-
ous acquisition may be more for convenience than for providing additional
information, unless the trial-averaged ERPs are significantly affected via
adaptation/learning.

Perhaps the most compelling reason for EEG/fMRI is that temporally
specific variations in the EEG’s trial-to-trial fluctuations can be captured
and correlated with the fMRI BOLD signal. Many aspects of perception
and cognition, including decision making, attentional shifting, and mem-
ory encoding, are essentially characterized by trial-to-trial fluctuations, and
there is the potential that many of the associated neural correlates can
be measured via scalp EEG. Several groups have investigated single-trial
analysis of EEG/fMRI. Some have considered the frequency domain, mea-
suring trial-to-trial power variations in subbands of single electrodes (Mantini
et al., 2007) while others have considered single-trial variations in features
of the time domain signal, such as amplitude and latency, extracted from
individual-channel ERPs (Bénar et al., 2007; Muler et al., 2008).

Multivariate analysis, both unsupervised and supervised, has been used to
identify meaningful linear projections of the EEG and subsequently correlate
single-trial variations along these projections with the BOLD activity. For
example, independent component analysis (ICA), an unsupervised approach,
has been used to exploit statistical correlations between electrodes, particu-
larly in high-density arrays, to identify “meaningful” variations in component
amplitude—the source separation problem, which in neuroscience has been
termed the “neural cocktail party problem” (Makeig et al., 1999). Sev-
eral groups have applied ICA to EEG acquired simultaneously with fMRI
(Debener et al., 2005; Eichele et al., 2008; Eichele et al., 2009). The ICA
method typically requires visual inspection and can thus introduce significant
bias when choosing components.

In the following sections we describe the hardware design, signal process-
ing and machine learning for a system we developed for single-trial EEG/fMRI
analysis. We address issues related to the hardware and software of data
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acquisition, MR-induced artifacts in the EEG, lead-induced artifacts in the MR
images, MR gradient and RF artifacts in the EEG, and the ballistocardiogram
(BCG) artifact. We then focus on a specific method for single-trial analysis
that uses supervised learning to extract task-relevant discriminant compo-
nents. It is the single-trial variability of the projection onto these task-specific
components that we correlate with the BOLD signal. We present results for an
auditory detection paradigm and describe the significance of the results rel-
ative to standard fMRI analyses. We then conclude by discussing challenges
and future directions, particularly within the context of statistical analysis and
machine learning.

9.2 HARDWARE DESIGN AND SETUP: CHALLENGES IN
EEG/ fMRI ACQUISITION

Acquiring EEG and fMRI simultaneously poses a significant technical chal-
lenge since the large magnetic field gradients and radio frequency (RF) pulses
used to produce the MR images are major noise sources in the EEG. EEG leads
are by definition a conducting loop, and the time-varying magnetic fields
required to form the MR images thus induce an electromotive force (EMF)
in the lead wires by Faraday’s law. On present-day scanners, the time rate of
change in the scanning gradients, or slew rate, is quite high (e.g. 200 mT/m/ms
on our scanner) and therefore induces large artifacts in the EEG every time
the gradients fire. The RF pulses are also a large source of noise, for even
though they are typically only about 10µT in amplitude, they have a funda-
mental frequency of 42.6 MHz/T (128 MHz on a 3T scanner) and are turned
on rapidly, at about 4000 T/s. These very high magnetic fluxes through the
EEG lead wires can completely obscure the EEG signals (Ives et al., 1993;
Huang-Hellinger et al., 1995; Goldman et al., 2000).

Conventional EEG amplifiers use AC-coupled inputs to high-pass-filter the
signal of interest (typically microvolts) before it is digitized in order to remove
the DC component resulting from the potential differences across the scalp
(typically millivolts). This is usually accomplished by placing a simple RC
filter with a long time constant between the output of the first-stage amplifiers
and the input to the analog-to-digital converters. This AC filter is designed to
pass frequencies in the EEG range, above about 0.3 Hz, and thus has a time
constant on the order of several seconds. In a conventional EEG setting, sat-
uration of the input stage rarely occurs. However, when the MR gradients are
active, the induced EMF is large enough to saturate the initial input stage for
several milliseconds, leading to long recovery times for the EEG signal fol-
lowing each MR acquisition (Huang-Hellinger et al., 1995; Bonmassar et al.,
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1999; Krakow et al., 1999; Lovblad et al., 1999). For simultaneous EEG and
fMRI studies, this means that the EEG amplifier must be specially designed
to remove the DC component without allowing the gradients to saturate the
input stage.

As mentioned, an EMF is induced in the EEG leads with any time variation
in B field through the lead wire loop. The imaging gradients are one such time-
varying field, but EMF is also induced by motion of the leads in the large (1.5
to 3 T in most scanners) static field of the magnet. For this reason, motion
artifacts in the EEG are greatly amplified when a subject is placed in the MR
scanner (Hill et al., 1995).

Perhaps not so obvious, however, is another prominent artifact caused by
motion of the leads in the static field. Every time the heart beats, the electrodes
and leads move with the small translations of the scalp caused by circulation of
the blood. This pulsatile motion of the scalp is enough to induce an EMF in the
leads. Further, motion of a conductive fluid (e.g. blood) in a magnetic field can
cause voltage differences. These two effects give rise to an artifact in the EEG
called the ballistocardiogram (Ives et al., 1993; Muri et al., 1998; Goldman
et al., 2000). This artifact differs from lead pair to lead pair because of the
differing orientations of the loops in the static field and the slight differences in
motion across the scalp. It also varies rather widely from subject to subject—
in some people, the ballistocardiogram is in the microvolt range and can be
twice as high in amplitude as the EEG itself; in others, the artifact is barely
noticeable in the EEG traces.

An important issue when recording EEG in an MR environment is subject
safety. Currents induced in the EEG leads from MR gradients, RF pulses, or
even motion of the leads in the static field could potentially cause harm to the
subject. The risks include ulcers due to electrolysis from DC currents, electric
shock or stimulation from AC currents below 100 kHz, and tissue heating or
burns from AC currents above 100 kHz (Lemieux et al., 1997). The problem
is not from current passing through the subject per se (current is induced in
subjects during MR scanning under normal circumstances and is not harmful),
but instead from the concentration of current in low impedance components
that then yield high current density in tissue they come in contact with. The
largest risk for such high currents to be induced comes from low impedance
loops. These can be formed by exposed lead wire touching the subject, two
leads in direct electrical contact, or even a single lead wire crossing back on
itself and current flowing through the insulation. Long lead wires can also act
as dipole antennas and pick up the electrical component of the RF, yielding
current in the leads even without such loops. Filters at the front end of the pre-
amp can also be low impedance at RF frequencies, making the entire circuit
through the subject a burn risk. In addition, eddy currents can form in metallic
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components, and thus, standard EEG electrodes made from silver or gold can
be a problem as well. For these reasons, great care must be taken to design the
amplifiers and leads used in EEG/fMRI studies to ensure that the circuits are
high impedance, such that there is little risk of large currents flowing through
the subject. Lemieux calculated impedance thresholds to ensure subject safety
from the currents induced in their EEG/fMRI scanning environment (Lemieux
et al. (1997)), and we used these thresholds in our design.

Introduction of standard EEG equipment into the scanner potentially
causes significant artifacts in the MR images. When highly conductive mate-
rials such as electrodes, EEG paste, and leads are brought into the field of
view, they can greatly disrupt the homogeneity of the magnetic field and
cause susceptibility artifacts in the images (Ives et al., 1993; Bonmassar et al.,
2001). Such artifacts can be greatly diminished by using nonferrous materials
(Lufkin et al., 1988). In addition, the EEG electronics can introduce RF noise.
Such problems, however, are relatively easy to overcome by using specialized
magnet-compatible hardware (Goldman et al., 2000, 2009; Sajda et al., 2007).

9.2.1 EEG Cap Design
Our EEG cap includes features that address many of the above issues. It is
designed both to minimize induced EMF in the leads and to ensure subject
safety. To minimize lead loop area, and thus induced EMF, the leads for each
electrode are twisted with the lead of a neighboring electrode for its entire
length. In this way, the flux through the leads is self-canceling for all but
the small area at the electrode pair (Figure 9.1(a)). So that all leads can be
twisted with a neighboring electrode, each electrode is connected to either
two or three lead wires creating a chained bipolar montage (Figure 9.1(b)).
The signal from each twisted pair is fed to a separate differential amplifier.
Our current cap consists of 36 Ag/AgCl electrodes and 43 bipolar pairs. This
oversampling makes the cap robust to any given electrode failing, as rerefer-
encing of the electrode pairs can follow algebraically over multiple lead paths.
It also enables a novel signal separation method for removing artifacts (see
Section 9.4). To ensure subject safety from lead heating, there is a 10K-Ohm
current-limiting surface mount resistor in series with each lead wire where it
terminates at the electrode.

9.2.2 EEG Amplifier
To remove MR-induced artifacts, EEG recorded during MR scanning must
be kept in the linear range. Because the signal generated in the EEG traces
by MR gradients and RF pulses can be on the order of 100 times that of the
EEG signal itself, scanner-induced voltages must be attenuated before the
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FIGURE 9.1

Bipolar electrode and EEG cap montage design. (a) A pair of EEG electrodes (small circles)
are connected to a differential amplifier to form a bipolar channel. Leads from the
electrodes to the differential amplifiers are twisted so as to minimize the inductive loop area
and cancel induced currents. (b) In our current design, 34 electrodes are connected to
form 43 bipolar channels. Electrodes are labeled using the standard 10–20 labeling and
each line between electrodes represents a bipolar channel. The montage for the cap is
designed so as to minimize the loop area as well as be robust to any given electrode failing
(i.e., if one electrode fails, all channels in its loop will be affected). In addition, the
overcomplete sampling of the montage enables a novel signal separation method for
removing BCG artifacts (see Section 9.4). Please see this figure in color at the companion
web site: www.elsevierdirect.com/companions/9780123750273

final amplification stage. This can be achieved with sharp low-pass filtering,
because the gradients and RF signals are well above the 100 Hz clinical EEG
frequency range.

We designed a special amplifier for this purpose (Goldman et al., 2000,
2009; Sajda et al., 2007). In each of its 64 channels, the RF contamination is
attenuated passively using a balanced LC low-pass filter and a pair of crossed

http://www.elsevierdirect.com/companions/9780123750273/
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diodes provide input protection against high-voltage signals. Baseline drifts
that bring the signal near the maximum or minimum voltage of the amplifier
are detected and automatically reset as needed to ensure that the amplifier does
not saturate. The input is differentially amplified with a user-defined gain (10k
or 2 k), and filtered with a 24 dB/octave Butterworth low pass filter tuned to
either 125 or 300 Hz (set by the user), which limits the signal bandwidth
to attenuate gradient artifacts with spectral energy out of the EEG bands of
interest. The signal is then digitized using the synchronized method described
below.

9.2.3 Synchronized Sampling
Identically repeating signals, such as the artifacts caused by the MR gradients
and RF with each fMRI volume acquisition (TR), can be removed from the
EEG traces using simple averaging and subtraction if they are well character-
ized. In our system, analog-to-digital conversion of the EEG is synchronized
to the MR scanner clock by sending a transistor-transisitor logic (TTL) trigger
pulse at the start of each image TR to a field-programmable array (FPGA)
card (National Instruments, Austin, TX). This card is programmed to emit
a pulse train that resets with each TTL trigger pulse. A simple schematic of
the hardware and a photo of the amplifier and cap are shown in Figure 9.2.

9.3 SIGNAL PROCESSING AND REMOVAL OF
BCG ARTIFACTS

Removal of the BCG artifact is perhaps the greatest challenge for obtain-
ing a high-fidelity EEG signal during simultaneous acquisition of fMRI. As
mentioned earlier, the BCG artifact is believed to arise via electromagnetic
induction from heart beat-related movement of the head/electrodes and from
flow-related phenomena when a subject is situated inside the magnetic field of
an MRI scanner (see for example Debener et al., 2007). Methods for removing
the BCG can provide cleaner-looking EEG with reduced power at the BCG
frequencies; at the same time, however, they attenuate or distort that part of the
underlying neural signal informative for single-trial classification (Dyrholm
et al., 2009). As a result, our goal has been to develop a BCG removal method
that does not suffer from this problem.

Roughly speaking, BCG removal methods can be grouped in two main
categories: component analysis for identifying a linear BCG subspace based
on temporal assumptions (see for example Srivastava et al. (2005)), and tem-
plate fitting using ECG related information (see for example Goldman (2000);
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FIGURE 9.2

Overview of the system. (a) Leads from a pair of electrodes from the EEG cap (only one pair
shown) are twisted to form a bipolar channel, feeding to a differential amplifier that
includes RF filtering at its inputs. The channel is low-passed-filtered and then amplified by
a selectable gain stage. There is also circuitry to reset the amplifiers in case of saturation.
The amplifiers, all of which are co-located in the MR scanner room (outside 5 Gauss line),
pass their outputs through the RF shield to the acquisition computer located outside the
scanner room. The A/D conversion is triggered by the gradient pulse from the MR scanner,
via an FPGA card. (b) A photograph of our current 43-channel MR-compatible EEG
system. Please see this figure in color at the companion web site: www.elsevierdirect.com/
companions/9780123750273

Bonmassar et al. (2002); Niazy et al. (2005)). The method that we developed
belongs to the first category, but includes a non-linear pre-processing step
such that the BCG subspace is identified, not within the raw data, but within
a suitable representation of it.

ICA has been proposed for removing BCG artifacts from EEG by con-
catenating data epochs along the temporal dimension and performing a
decomposition assuming temporal independence between BCG and EEG
(Srivastava et al., 2005). Although this method is appealing because it does not
rely on an ECG regressor signal, the artifact is extracted by linear unmixing;
hence, the rank of the cleaned EEG matrix plus the rank of the BCG matrix
must not exceed the rank of the data matrix. Consequently, as BCG compo-
nents are subtracted from the ICA decomposition, the rank of the remaining
EEG matrix decreases; in other words, the neural signal is distorted or
attenuated.

The method we have developed relies on the multipath properties of our
EEG cap and provides an overcomplete basis that can then be used to infer a

http://www.elsevierdirect.com/companions/9780123750273/
http://www.elsevierdirect.com/companions/9780123750273/
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matrix of latent variables. This matrix has extra dimensions that are spanned
if the data cannot be accounted for using the simplified set of Maxwell’s
equations known as Kirchhoff’s laws (Dyrholm et al., 2009). An ICA decom-
position is then performed on the matrix, and the cleaned EEG can be produced
without rank deficiency.

9.3.1 The Kirchhoffian Account
The key idea in our method is to identify more components than there are
sensors available. With such “overcomplete representation,” components can
be subtracted but the remaining representation suffers no rank deficiency.
Overcomplete representations can in some cases be estimated blindly from
data (see for example Bofill and Zibulevsky (2000); Lewicki and Sejnowski
(2000)); however, it turns out that our multi-path cap can provide the necessary
redundancy for building an overcomplete basis. The remainder of the problem
thus boils down to inferring a matrix of latent variables assuming appropriate
priors.

To see how the overcomplete basis can be derived, let up denote the dif-
ferential voltage of channel p at an arbitrary point in time. Now, split the
differential measurement in two parts up = ep + np where ep is a voltage that
sums to zero over closed loops and np is everything else. Voltages always sum
to zero over closed loops if the system is in a conservative magnetic field—the
assumption behind Kirchhoff’s laws—and we say that the e-terms are Kirch-
hoffian while the n-terms are not. Adding Kirchhoffian contributions along
any path connecting the two electrodes, say of channel p, always adds up to
exactly ep—that is, ±ex ± . . .± . . .± ey = ep. The sum can be taken over any
path that connects the electrodes of channel p, and the individual ± can be
either + or − depending on the amplifier polarities in that path relative to
the amplifier polarity of ep. For any non-Kirchhoffian component, this does
not hold; hence, a non-zero np would indicate that up has a non-Kirchhoffian
component. The BCG artifact is non-Kirchoffian because it involves defor-
mation and rotation of the twisted-pair loops (within the magnetic field), so
our method tries to estimate np such that it can be used to subtract the BCG.

Consider all possible routes on the wiring diagram in Figure 9.1, leading
from the electrodes of channel p without adding the same measurement twice:

up = ep + np

±ux ± . . .± uy = ep ± nx ± . . .± ny

...

(9.1)



320 CHAPTER 9 Signal Processing and Machine Learning

where the pattern of +’s and −’s for the u-terms is the same as for the n-terms.
These equations all include one single e-term, namely ep, while adding differ-
ent combinations of n-terms. The resulting set of equations can be formulated
as a matrix (of zeros, ones, and minus ones), denoted by Mp, so that in matrix
notation

Mpu = [
1p Mp

][
ep
n

]
(9.2)

where u is a 43-dimensional vector of all the differential amplifier measure-
ments, n the corresponding vector of n-terms, and 1p is a column vector
of implicit length filled with ones. The matrix Mp can be determined by
exhaustive search. For instance, given our cap, there are 70 different routes
between frontal electrodes FP1 and FP2. Figure 9.3 shows some of the rows
of MFP1-FP2. The joint linear system involving all measurements and latent
variables is found by consolidating Eq. (9.2) for all channels p, and the over-
complete basis is then the joint system matrix that forwards the latent variables

FIGURE 9.3

Matrix representation of the 70 different routes between electrodes FP1 and FP2. Plus
signs represent a+1 element; circles represent a−1. The first row represents the shortest
route, which is simply the measurement uFP1,FP2 itself. The differential amplifier is
connected with the + terminal on FP1, so the matrix element is +1. The second row
represents the path going through electrodes AF3–F3–FC1–FZ–FC2–F4–AF4. The signs
are set according to the differential amplifier polarity.
Source: Reproduced/adapted from Dyrholm et al. (2009).
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n and e to form u. Note that the overcomplete basis matrix is rectangular, and
isolation of n and e requires a pseudo-inverse; in other words, the problem of
inferring the latent variables becomes that of maximizing the posterior assum-
ing an appropriate prior. If we were to assume a Gaussian prior, the latent
variable inference would boil down to the Moore-Penrose pseudo-inverse,
which simply produces various linear combinations of the 43 input channels.
However, linear mixing of 43 inputs can never produce an output of rank
higher than 43; thus, we conclude that a Gaussian prior is too vague for our
purpose. We expect the BCG to be somewhat sparse, compared to a Gaus-
sian distribution, which might lead us more in the direction of the Laplace
distribution.

The Laplace distribution has been suggested as a generically useful prior
in overcomplete representations, and the inference can be carried out by a
linear program that minimizes the 1-norm of the latent variables (Lewicki and
Sejnowski (2000)). However, it is clear that minimizing the 1-norm of {ê, n̂}
does not uniquely determine the balance between ep and np. In particular,
there is the trivial solution (ê, n̂)= (0,u) from which we learn nothing about
the Kirchhoffian component. In fact, by our initial definition of ep, we seek a
solution that is as far from this trivial solution as possible. It can be achieved
by minimizing the 1-norm of n without regard to the norm of e. It is beneficial
to consider this problem in the electrode domain:

v̂ = argmin‖n‖1 = argmin‖u−Av‖1 (9.3)

where v represents electrode potentials, and A represents the electrode-
amplifier connections. We solve Eq. (9.3) using Eq. (9.1) and finally let ê = Av̂
and n̂ = u −Av̂. This solution has the desired property that, in the event that u
is strictly Kirchhoffian, the data will remain unaltered (n̂ becomes zero). Now,
since ê and n̂ are distinguished by their Kirchhoffian–to–non-Kirchhoffian
content ratio, the non-Kirchhoffian BCG activity in n̂ can be used to remove
Kirchoffian BCG activity from u. To do so we use ICA in the latent space of
{ê, n̂}. We inspect the component time courses visually, and remove all com-
ponents that are dominated by BCG activity. This leads to a varying number
of components, which are then removed from the data by subtracting from
u its contributions to ê + n̂. Since the inference is carried out with a tem-
poral IID assumption, the components are smoothed (lowpass-filtered at 15
Hz) before subtraction. This choice of transition frequency is simply based
on visual inspection and suggests that ∼15 harmonics, having a fundamental
frequency of 1 Hz, will reproduce a realistic BCG waveform.

Example raw EEG and cleaned epochs are shown in Figure 9.4. Looking
at the raw versus the cleaned EEG, we see that the cleaned data has visi-
bly reduced BCG artifacts. Besides producing clean-looking data, our new
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FIGURE 9.4

Epochs for the first five target or standard events, each showing 200 ms before to 1000 ms
after each event, for channels 1–10 are shown for subject 11 in two cases (same scale).
(a) The raw data with BCG artifact. One can clearly see the BCG artifact “bumps” in the
signal. (b) The cleaned data using our new method to remove the BCG artifacts. The
artifacts are visibly reduced.
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method results in the best average single-trial classification performance (see
Section 9.4.1) in comparison to two prominent methods: the optimal basis
sets (OBS) (Niazy et al., 2005) and ICA (Srivastava et al., 2005). When using
either OBS or ICA, the single-trial classification was significally worse than
when BCG was not removed at all (12 subjects, two-sided, signed rank test,
p< 0.05; see Dyrholm et al. (2009) for details). With our method, the average
single-trial classification performance was higher in comparison to no BCG
removal, but not significantly so. This result clearly indicates that the neural
activity is not attenuated or distorted by our method.

9.4 LINKING SINGLE-TRIAL VARIATIONS OF
TASK-RELEVANT EEG COMPONENTS TO THE BOLD
SIGNAL

Traditionally, the analysis of EEG has relied on averaging across tens to hun-
dreds of trials to uncover the neural signatures related to any given behavioral
paradigm. The underlying assumption has always been that trial averaging
increases signal-to-noise ratio (SNR). Although this assumption is generally
valid, it has a major detriment—it conceals inter-trial response variability.
Single-trial variability can arise from a number of factors, including changes
in attention, adaptation, and habituation, as well as changes in the recording
environment.

Single-trial methods usually exploit the multi-channel electrode arrays to
integrate spatially across the scalp and determine spatial components that
discriminate between experimental conditions. Spatial integration enhances
signal quality without the loss of temporal precision common in trial averaging
in event-related potential (ERP) analysis.Methods that havebeen used for such
analysis include ICA (Makeig et al., 2002), common spatial patterns (CSP)
(Guger et al., 2000), and, by our group, linear discrimination (LD) (Parra et al.,
2002, 2005). Specifically, our group pioneered the use of supervised linear
discriminant analysis to identify neural correlates of perceived error detection
(Parra et al., 2003), target detection (Gerson et al. (2005)), and perceptual
decision making (Philiastides et al., 2006; Philiastides and Sajda, 2006).

9.4.1 Identifying EEG Components Using Linear Discrimination
We use logistic regression to find an optimal basis for discriminating between
the two conditions over a specific temporal window (Parra et al., 2002). Specif-
ically, we define a training window starting at a post-stimulus onset time τ ,
with a duration of δ, and use logistic regression to estimate a spatial weighting
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vector wτ ,δ that maximally discriminates between electrode array signals X
for two conditions (e.g., binary-labeled trials):

y = wT
τ ,δX (9.4)

where X is an N × T matrix (N electrodes and T time samples). The result
is a “discriminating component” y that is specific to activity correlated with
condition 1 but minimizes activity correlated with both task conditions. In
practice, we choose a duration of the training window (δ) and vary the window
onset (τ) across time. We use the reweighted least squares algorithm to learn
the optimal discriminating spatial weighting vector wτ ,δ (Jordan and Jacobs,
1994). To provide a functional neuroanatomical interpretation of the resultant
discriminating activity, and given the linearity of our model, we compute the
electrical coupling coefficients for the linear model (see Parra et al., 2005 for
derivation):

a = Xy
yT y

(9.5)

Equation (9.5) describes the electrical coupling a of the discriminating com-
ponent y that explains most of the activity X. Strong coupling indicates low
attenuation of the component and can be visualized as the intensity of the “sen-
sor projections” a. Training the discriminator over several temporal windows
allows us to visualize the temporal evolution of the discriminating component
activity by displaying the coupling coefficients a.

We quantify the performance of the linear discriminator by using a leave-
one-out approach (Duda et al., 2001) and computing the area under the ROC
curve, which we refer to as Az. We use the Az metric to characterize the discrim-
ination performance and compute a significance level for Az by performing
the leave-one-out test after randomizing the truth labels. We repeat this ran-
domization process 100 times to produce an Az randomization distribution
(i.e., bootstrapping) and identify the Az value leading to a significance level
of p = 0.01. Figure 9.5 provides a graphical representation of our single-trial
analysis.

9.4.2 Constructing fMRI Regressors from Single-Trial Variability
in EEG Components

To obtain EEG-derived fMRI activation maps that depend on task- and subject-
specific electrophysiological source variability, we construct fMRI regressors
based on the output of our single-trial EEG analysis. Specifically, we use the
output of our linear discriminator for the different EEG components we iden-
tify to construct these regressors. Given an EEG component identified using a
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FIGURE 9.5

Summary of our single-trial analysis of the EEG. We construct discriminant component
maps, aligning trials to the event onset (black vertical line) and sorting them by reaction
time (sigmoidal curves). Each row of the discriminant component map represents a single
trial across time. Discriminant components are represented by the y vectors. To construct
this map we choose a training window, indicated by white vertical bars (for this example
starting at 180 ms post-stimulus), during which we train the linear discriminator to estimate
a weighting vector w across all sensors in X, such that y is maximally discriminating
between the two experimental conditions (e.g., trial type 1 versus trial type 2). Once w is
estimated using data derived only from the training window, we apply w to the data across
all trials and all time. The resultant discriminant component map is shown here. Medium
gray represents positive activity, and dark gray represents negative activity. For this
example the resultant discriminating component appears ≈ 180 ms after the onset of the
stimulus and is stimulus-locked. Response-locked components have a sigmoidal profile
similar to the subject’s actual response times. We use the forward model to project this
discriminating component back to the sensors. The resultant scalp projections, a are
shown and are used for interpreting the neuroanatomical significance of the components.
To quantify the discriminator’s performance we use ROC analysis and compute the area
under the ROC curve (Az value). Finally, in order to assess the significance of the resultant
discriminating component we use a bootstrapping technique to compute an Az value,
leading to a significance level of p = 0.01 shown here by the dotted medium gray line.
Please see this figure in color at the companion web site: www.elsevierdirect.com/
companions/9780123750273
Source: Reproduced/adapted from Philiastides and Sajda (2006).
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FIGURE 9.6

Graphical representation of how EEG can be used to construct fMRI regressors during a
simultaneous EEG/fMRI acquisition. The EEG components shown are taken from the
auditory oddball experiments discussed in Section 9.5. (a) Output for all trials of the
single-trial EEG discriminator for two stimulus-locked 50 ms windows (data between black
vertical bars) centered at 250 ms and 400 ms post-stimulus onset. The medium gray
indicates positive and the dark gray negative values of the projection (i.e., positive and
negative correlations). (b) EEG discriminator output for a single target trial for each of the
two components (black curves), showing the fMRI event model amplitude as the average of
the discriminator output for each window, 250 ms (dark gray) and 400 ms (medium gray),
for the trial. (c) Single-trial fMRI model for target trials across the entire session for the
250-ms and 400-ms windows. Note that the event timing for each of the two windows is
the same, but the event amplitudes are different. Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273
Source: Reproduced from Goldman et al. (2009).
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linear discriminator trained with an N-ms training window, the discriminator
output y has dimension N × T , where T is the number of trials. We average
across all training samples and compute:

yj = 1

N

N∑
i=1

yij (9.6)

where j is the trial number index. We use yj to vary the amplitude of our fMRI
regressor. The onset and duration of the events making up each regressor are
determined by the temporal characteristics of the discriminating EEG discrim-
inating components as identified by the single-trial EEG analysis. Figure 9.6
illustrates how two EEG components, identified for different time windows,
can be used to construct fMRI regressors specific to each EEG discriminating
component. To identify the unique contribution of each component, we must
orthogonalize regressors with respect to one another.

9.5 RESULTS
Wepresent results showing how our approach yields activations that areunique
to the single-trial variability of EEG components (for a complete description
see Goldman et al. (2009)). Using the system described, we tested our method-
ology for coupling EEG component variability with BOLD for an auditory
oddball task. The oddball task generates the P300 (P3), which is the well-
studied late positive complex in the EEG observed when subjects discriminate
rare stimuli (targets) from frequent stimuli (standards) (Donchin and Coles,
1988; Picton, 1992; Polich, 2007). There is substantial evidence via analy-
sis of the EEG that the P300 is in fact a superposition of subcomponents
that reflect underlying constituent processes of the discrimination task, from
stimulus evaluation to response execution (Makeig et al., 1999).

We analyzed the EEG data—both stimulus-locked and response-locked—
and constructed fMRI regressors from the single-trial variability of both
stimulus-locked and response-locked EEG components. We emphasize that
our approach utilizes the trial-to-trial amplitude variability of temporally spe-
cific EEG components to differentiate hemodynamic activations associated
with the different components. That is, we differentiate EEG components by
their temporal onset and subsequently differentiate hemodynamic activations
(via regressors) by the components’ trial-to-trial variability. In this way, there
is no issue with the temporal resolution of the hemodynamic changes given
sufficient inter-stimulus interval (ISI), since the timing of regressor events is
determined by the ISI.
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FIGURE 9.7

Areas of significant activation for targets versus standards using the traditional
event-related model, ERAR-TargVsStand. These areas are activated on average to the
presentation of target tones versus standard tones. Axial slices (MNI space) ranging from
z = −24mm to z = +60mm are shown. The shading bar at the bottom displays the
number of windows, or analyses (see methods in Goldman et al. (2009)), out of 12 total for
which the ERAR-TargVsStand contrast passed the threshold of per-voxel p < 0.005, cluster
> 10 voxels at that voxel (positive correlation). Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273
Source: Reproduced from Goldman et al. (2009).

Figure 9.7 shows the EEG/fMRI results using a purely stimulus-derived
event-related analysis (i.e., contrasts constructed as target versus standard
trials). The distributed activity of this event-related contrast is consistent with
previous fMRI-only studies investigating the auditory oddball task (Linden
et al., 1999; Kiehl et al., 2005; Friedman et al., 2009). We analyzed the data
using the EEG-derived regressors, via the procedure outlined in Figure 9.6
(additional details can be found in Goldman et al. (2009)). These regressors
were orthogonalized with respect to the event-related regressors as well as the

http://www.elsevierdirect.com/companions/9780123750273/
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(a) fMRI activations for the stimulus-locked single-trial analysis showing regions with
significant BOLD signal correlation (p< 0.005, cluster > 73 voxels, negative correlation) with
single-trial variability to targets for the 450-ms window, S-STV450-Targ. For target tones,
only the stimulus-locked 450-ms window passed both the EEG and fMRI thresholds. Shown
also is the scalp topography of the corresponding 450-ms window stimulus-locked EEG
discriminating component (arbitrary units). (b) fMRI activations for the response-locked
single-trial analysis showing regions with significant BOLD signal correlation (p< 0.005,
cluster >73 voxels, negative correlation) to response-locked single-trial variability to target
tones. The response-locked 50-ms window, R-STV50-Targ (dark gray), and 150-ms
window, R-STV150-Targ (light gray), passed both the EEG and fMRI thresholds. The scalp
maps of the output of the EEG discriminator for the three windows from 50-150–ms
response-locked are also shown (arbitrary units). Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273
Source: Reproduced from Goldman et al. (2009).

reaction times of the subjects. Activations seen with the regressors are thus
due purely to the trial-to-trial variability of the EEG components. Figure 9.8
shows the results for EEG-derived regressors (for discussion of the criteria
used to identify activations and the cluster criteria used to correct for multiple
comparisons, see Goldman et al. (2009)). We found negative correlations in
the somatosensory cortex (SMC) and the lateral occipital complex (LOC).

Given that one interpretation of the single-trial variability of our EEG com-
ponents is as a surrogate for attentional engagement in the task, our results are
consistent with the hypothesis that though the SMC and LOC are not activated
by auditory stimuli, the ongoing waxing and waning of attention modulates

http://www.elsevierdirect.com/companions/9780123750273/
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a large number of areas, including those not directly participating in the
information processing for the task. This in fact may also explain why we see
our single-trial EEG components producing negative BOLD correlations. As
attention shifts to the auditory task, it reduces attentional resources available
for visual processing and somato-sensation (a push-pull effect) (Shomstein
and Yantis (2004))–that is, an increase in the single-trial regressor for a trial
represents an increase in auditory attention at the cost of a decrease in visual
and somatosensory attention; the result is a negative correlation in those areas.
Additional simultaneous EEG/fMRI experiments that explicitly probe audi-
tory, visual, and somatosensory target detection within the context of push-pull
attentional resources are needed to further substantiate this hypothesis.

Figure 9.8 also shows the resulting scalp plots for the EEG components
constructed via Eq. (9.5). It is important to note that these highlighted areas
show excellent spatial consistency with the scalp topographies independently
derived from the forward models of the discriminating components. This is
in spite of the fact that the spatial information in the scalp topographies is not
used in any way for localizing the fMRI activations. This finding provides even
greater confidence that the EEG variability that generates fMRI activations
is in fact related to the task and the cortical areas localized via fMRI. In
summary, these results provide compelling evidence that single-trial analysis
of simultaneous EEG/fMRI can be used to measure the effects of latent brain
states such as attention on areas not directly participating in the information
processing of the task at hand.

9.6 FUTURE DIRECTIONS
EEG/fMRI is in its infancy as a neuroimaging tool, and there are many direc-
tions for future research. Specific to our system, we have yet to determine an
optimal number of EEG electrodes and, perhaps more intriguing, an optimal
number of bipolar channels—that is, how much oversampling should we do?
With regard to the MRI methodology, we believe extending the acquisition to
3 Tesla will result in increased sensitivity and better spatial localization.

From the perspective of optimally utilizing the information in the simul-
taneously acquired EEG and fMRI data, more principled methods are needed
for linking the multivariate signals of the EEG with the multi-voxel measure-
ments of the fMRI. For instance, the approach we described in this chapter
treats EEG as a multivariate signal, extracts linear components from it, and
then links these components to the fMRI data using a conventional massive
univariate GLM. More compelling would be to treat both EEG and fMRI as
multivariate signals and identify components in a joint multivariate space.
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Though there has been substantial effort focused on multivariate analyses of
fMRI (for a review see Norman et al. (2006)), research on analysis of the joint
space of EEG/fMRI has been limited because neuroimaging modalities are
relatively new (for an exception, see Martinez-Montes et al. (2004)).

The EEG components we identify are modulated by task, stimulus, and/or
the state of the user. One area for future work is to consider an alternative
method of directly modulating EEG activity in a certain region of the brain
through transcranial magnetic stimulation (TMS). This approach might enable
us to directly identify causal changes between EEG patterns and BOLD sig-
nals, and may provide a powerful check on the results of these analyses as it
would directly confirm the accuracy of the methods. Also, replacing BOLD
image acquisition with a sequence sensitive to cerebral blood flow (CBF)
using arterial spin labeling (ASL) should yield similar results, although we
would expect the localized regions to be smaller since CBF studies based
on ASL are known to be less affected by the “draining vein” problem that
spatially spreads the BOLD response (Turner (2002)).

In summary, we believe that simultaneously acquired EEG/fMRI is a won-
derful example of sophisticated imaging technology, signal processing, and
machine learning ultimately enabling an entirely new type of multimodal
imaging with the potential for increasing our understanding of how the mind,
the brain, and behavior relate to one another.
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Machine Learning in
Brain–Computer Interfaces
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Brain–computer interfaces (BCIs) allow a subject to directly control objects
such as a cursor or a robot using brain signals. BCIs depend crucially on the
ability to reliably identify behaviorally induced changes (or “cognitive states”)
in the brain signals being recorded. Statistical pattern recognition and machine
learning algorithms play an important role in identifying these changes in
brain signals and mapping them to appropriate control signals.We focus in
this chapter on brains signals recorded from the scalp (EEG) and from the
surface of the brain (ECoG) in humans. We provide an overview of some of the
major feature extraction, pattern recognition, and machine learning techniques
that have been successfully applied to EEG- and ECoG-based BCIs. The
techniques reviewed include methods to enhance the signal-to-noise ratio of
EEG and ECoG signals (e.g., Laplacian rereferencing and common spatial
patterns (CSP)), feature extraction techniques, classification methods (e.g.,
linear discriminant analysis (LDA) and support vector machines (SVMs)),
and methods for evaluating BCI performance. We conclude by illustrating
the application of these methods in two BCI systems, one for controlling
a humanoid robot and another for operating the popular global navigation
program Google Earth.

10.1 INTRODUCTION
Brain–computer interfaces (BCIs) augment the human ability to communicate
and interact with the external world by directly linking the brain to computers
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and robotic devices. BCIs bypass the normal neuromuscular output pathways
for translating brain signals into action. Instead, physiological brain signals
are processed in real time by digital signal processing methods to allow a
novel form of communication and interaction with the environment.

A major goal of BCIs has been to improve of the quality of life of
physically impaired individuals, including those paralyzed because of degen-
erative neurological diseases such as amyotrophic lateral sclerosis, spinal
cord injury, or stroke. BCIs have been developed to aid communication (e.g.,
spelling devices (Birbaumer et al., 1999; Obermaier et al., 1999; Donchin
et al., 2000; Millàn and Mourino, 2003; Scherer et al., 2004; Müller and
Blankertz, 2006; Pfurtscheller et al., 2006) and Internet browsing (Tomori
and Moore, 2003; Karim et al., 2006; Bensch et al., 2007; Mugler et al.,
2008)); to restore motor control (e.g., grasp function for individuals with
spinal cord injury) (Pfurtscheller et al., 2003; Müller-Putz et al., 2005b, 2006;
Hochberg et al., 2006); to control wheelchairs and other robotic devices
(Millàn et al., 2002, 2004; Moore, 2003; Rebsamen et al., 2007; Vanacker
et al., 2007; Bell et al., 2008) to facilitate rehabilitation of neurological con-
ditions (e.g., stroke (Birbaumer et al., 2006; Pfurtscheller and Neuper, 2006;
Birbaumer and Cohen, 2007; Dobkin, 2007; Tecchio et al., 2007; Scherer
et al., 2007); and to enhance entertainment (e.g. performing arts or computer
games (Pineda et al., 2003; Lalor et al., 2005; Leeb et al., 2007; BrainPlay,
2007; Krepki et al., 2007a,b; Scherer et al., 2007, 2008)). Since an additional
hands-free communication channel is useful in many other areas, the field
has been steadily growing. Recent developments include the manipulation of
topographic maps (Trejo et al., 2006; Scherer et al., 2007), person authenti-
cation (Marcel and Millán, 2007), and enhancement of astronaut capabilities
(Rossini et al., 2009).

In this chapter, we introduce the reader to basic concepts in BCI research.
We review some of the most common statistical pattern recognition and
machine learning methods used in EEG/ECoG-based BCIs. We illustrate
the application of these methods using two BCI systems, one for con-
trolling a humanoid helper robot and another for navigating in a virtual
world. Given the limited space available, we have been forced to omit
some important alternative approaches; we hope that the extensive refer-
ence list compensates for some of these omissions. The chapter emphasizes
approaches that have been evaluated by our group and demonstrated in prac-
tical implementations, along with some new trends and ideas. We hope that
the overview it provides helps stimulate further research in this exciting new
discipline.
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FIGURE 10.1

Basic components of a brain−computer interface.

10.2 SIGNAL PROCESSING AND PATTERN RECOGNITION
IN BCI SYSTEMS

Figure 10.1 illustrates the typical components found in a brain–computer
interface. The aim is to translate brain activity into messages (control com-
mands) for devices. This translation typically involves a series of processing
stages—signal acquisition, preprocessing, feature extraction, and classifica-
tion (or regression)—to generate a control signal, followed by feedback to the
user from the application being controlled. We review each of these stages in
the following sections.

10.2.1 Signal Acquisition and Major Signal Types
The noninvasive electroencephalogram (EEG) (Birbaumer et al., 1999;
Millàn and Mourino, 2003; Pfurtscheller et al., 2003, 2006; Pineda et al.,
2003; Blankertz et al., 2006; Piccione et al., 2006; Vaughan et al., 2006) and
the invasive electrocorticogram (ECoG) (Crone et al., 1998; Graimann et al.,
2004; Leuthardt et al., 2004; Engel et al., 2005; Miller et al., 2007; Schalk
et al., 2007) have emerged as important sources of brain signals for BCI in
humans. EEG and ECoG signals are potential differences recorded from elec-
trodes placed on the scalp or on the surface of the cortex, respectively. The
measured signals are thought to reflect the temporal and spatial summation of
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post-synaptic potentials from large groups of cortical neurons located beneath
the electrode (Purpura, 1959). EEG and ECoG have similar time resolution
(in the millisecond range). EEG has a spatial resolution in the range of cm2

with amplitudes in the range of a few microvolts (±100µV). ECoG, in con-
trast, has a spatial resolution in the mm2 range with amplitudes up to 100
times greater than EEG amplitudes (Walter, 1936; Cooper et al, 1965). The
poor spatial resolution of EEG is caused primarily by the different layers
of tissue (meninges, cerebrospinal fluid, skull, scalp) interposed between the
source of the signal (neural activity in the cortex) and the sensor placed on
the scalp. These layers act as a volume conductor and effectively low-pass-
filter and smear the original signal (Adrian and Matthews, 1934). Because
of their small amplitude, EEG signals are very sensitive to noise and arti-
facts. The most frequent artifacts are muscle activities (electromyogram
(EMG)) and eye movements (electro-oculogram (EOG)) generated by the
user and signal contamination due to nearby electrical devices (e.g., 60-Hz
power line interference). Additional noise sources include changing elec-
trode impedance and the user’s varying psychological states due to boredom,
distraction, stress, or frustration (e.g., caused by BCI mistranslation). The
muscle and movement artifacts commonly seen in EEG are minimized in
ECoG because signals are measured directly from the brain surface. However,
being invasive, ECoG has an increased medical risk. Another drawback is its
availability: ECoG is typically recorded in patients who are being monitored
prior to epilepsy surgery. Electrodes usually remain implanted for less than a
week, and BCI-related experiments are only performed if the patient is willing
and able.

Two major types of EEG/ECoG signals that have been used in BCIs
are event-related potentials (ERPs) and event-related desynchronization/
synchronization (ERD/ERS). ERPs are electrical potential shifts which are
time-locked to perceptual, cognitive, and motor events; thus they represent
the temporal signature of macroscopic brain electrical activity. Typical ERPs
include the P300, so named because it is characterized by a positive poten-
tial shift occurring about 300 ms after stimulus presentation (Donchin et al.,
2000; Allison and Pineda, 2003; Bayliss, 2003; Serby et al., 2005; Sellers
and Donchin, 2006; Piccione et al., 2006; Bell et al., 2008), and the steady-
state visually evoked potential (SSVEP) (Middendorf et al., 2000; Cheng et al.,
2002; Lalor et al., 2005; Müller-Putz et al., 2005a; Scherer et al., 2007; Müller-
Putz and Pfurtscheller, 2008) Steady-state refers to the fact that by presenting
external stimuli in a rapid sequential order, one can evokeoverlapping brain
responses, thereby reflecting the actual stimulation frequency. ERD and ERS
(Pfurtscheller and Aranibar, 1977; Pfurtscheller and Lopes da Silva, 1999a,b;
Pfurtscheller and Neuper, 2001) are time-locked but have phase jitter—that
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is, a varying onset time. They can be initiated, for example, through motor
imagery and involve a decrease (ERD) or increase (ERS) in power in particu-
lar frequency bands. Further details regarding the use of ERPs and ERD/ERS
in BCIs are given in Section 10.3.

10.2.2 Pattern Recognition and Machine Learning
Two major problems confronting BCI developers are the nonstationarity and
inherent variability of EEG and ECoG brain signals. Data from the same
experimental paradigm but recorded on different days (or even in differ-
ent sessions on the same day) are likely to exhibit significant differences.
Additionally, the noisy superposition of the electrical activity of large pop-
ulations of neurons as measured on the scalp (EEG) or on the brain surface
(ECoG) can mask the underlying neural patterns and hamper their detection.
Besides the variability in neuronal activity, the user’s current mental state
may affect the measured signals as well: Stress, excessive workload, bore-
dom, or frustration may cause temporary distortions of EEG/ECoG activity.
User adaptation to the BCI, as well as the changing impedance of EEG sen-
sors during recording, contribute to making the recorded signal statistically
nonstationary.

Pattern recognition and machine learning algorithms play a crucial role in
recognizing ERP/ERD/ERS patterns in noisy EEG/ECoG signals and trans-
lating them into control signals. Pattern recognition methods are sometimes
broadly categorized as performing classification or regression. Classification
involves assigning one of N labels to new brain signals, given a labeled train-
ing set consisting of previously seen signals and their corresponding labels.
Regression typically involves mapping brain signals directly to a continuous
output signal, such as position or velocity of a prosthetic device.

The standard training of a classification or regression algorithm consists
of collecting data from a user prior to BCI use and analyzing it offline to
find user-specific parameters. A major drawback to this procedure is that
the brain signal patterns of a user typically change over time as a result of
feedback during BCI use, making parameters learned offline suboptimal. This
problem is an active research area and is currently being addressed through
the development of online adaptation methods (Shenoy et al., 2006; Vidaurre
et al., 2007) as well as research on features that remain stable over users and
time (Shenoy et al., 2008).

In the next few sections, we review the three main components of signal
processing in EEG/ECoG BCIs: preprocessing, feature extraction, and clas-
sification. We conclude by summarizing research on feature subset selection
and visualization.
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10.2.2.1 Preprocessing
Preprocessing methods are typically applied to EEG/ECoG signals to detect,
reduce, or remove noise and artifacts. The goal is to increase the signal-to-
noise ratio (SNR) and isolate the signals of interest. One very common but
also very subjective approach is to visually screen and score the recordings. In
this setting, experts manually mark artifacts and exclude this data from further
analysis. While this may work well for offline analysis, visual inspection is
not practical during online BCI use.

A number of online preprocessing methods have been utilized in BCIs
to date. These include notch filtering (e.g., to filter out 60-Hz power line
interference), regression analysis for the reduction of eye movement (EOG)
artifacts, and spatial filtering (e.g., bipolar, Laplacian, or common average
rereferencing). Spatial filtering aims at enhancing local EEG activity over
single channels while reducing common activity visible in several channels
(McFarland et al., 1997; Wolpaw et al., 2002). The more complex method of
common spatial patterns (CSP) transforms the EEG signal in such a way that
the resulting variance is maximally discriminative between different classes.

We discuss some commonly used spatial filtering methods below. A com-
prehensive review of methods for detecting and removing EMG/EOG artifacts
can be found in Fatourechi et al. (2007).

Spatial Filtering: Bipolar, Laplacian, and Common Average
Rereferencing
A simple way to perform spatial filtering is to rereference EEG recordings
as follows. Let si denote the EEG or ECoG signal from channel i. One can
then extract bipolar signals s̃i, j = si − sj to enhance the electrical potential
differences between the two electrodes of interest (i and j).

A second spatial filter method, orthogonal source Laplacian filtering
(Hjorth, 1975), highlights local activity at electrode i by subtracting the
average activity present in the four orthogonal nearest-neighbor electrodes�:

s̃i = si − 1

4

∑
i∈�

si

This causes common activity such as EMG activity to be subtracted away
from the electrode of interest. A closely related type of spatial filtering, com-
mon average rereferencing, enhances local activity at electrode i by subtracting
the average over all electrodes:

s̃i = si − 1

N

N∑
i=1

si
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Spatial Filtering: Common Spatial Patterns
The method of common spatial patterns (CSP) designs spatial filters in such a
way that the variances in the filtered time series data are optimal (in the least
squares sense) for discrimination (Koles, 1991; Müller-Gerking et al., 1999;
Guger et al., 2000; Ramoser et al., 2000).

We are given input data
{
Si

c

}K
i=1 denoting EEG/ECoG data from trial i for

class c ∈ {1,2} (e.g., hand versus foot motor imagery). Each Si
c is an N × T

matrix, where N is the number of EEG channels and T the number of samples
in time per channel. We assume that the Si

c are centered and scaled.
The goal of CSP is to find M spatial filters, given by an N × M matrix

W (each column is a spatial filter), that linearly transform the input signals
according to

sCSP(t)= WTs(t)

where s(t) is the vector of input signals at time t from all the channels. In order
to find the filters, the class-conditional covariances are first estimated as

Rc = 1

K

∑
i

Si
c

(
Si

c

)T

for c ∈ {1,2}. The CSP technique involves determining a matrix W such that

WTR1W =�1

WT R2W =�2

where the�i are diagonal matrices and�1 +�2 = I (I is the identity matrix).
This can be done by solving a generalized eigenvalue problem given by

R1w = λR2w

The generalized eigenvectors wj that satisfy the above equation form the
columns of W and represent the CSP spatial filters. The generalized eigen-
values λj

1 = wT
j R1wj and λj

2 = wT
j R2wj form the diagonal elements of �1

and �2, respectively. Since λj
1 + λj

2 = 1, a high value for λj
1 means that the

filter output based on filter wj yields a high variance for input signals in
class 1 and a low variance for signals in class 2 (and vice versa); spatial
filtering with such filters can thus significantly enhance discrimination abil-
ity. Typically, a small number of eigenvectors (e.g., six) are used as CSP
filters in BCI applications. A more detailed overview of the CSP method
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can be found in Blankertz et al. (2008), and various enhancements to boost
robustness and applicability are given in Lemm et al. (2005), Dornhege et al.
(2006), and Grosse-Wentrup and Buss (2008). Although CSP has not been
extensively studied in the context of ECoG, there have been some reports
of poor generalization performance for CSP when applied to ECoG signals
(Hill et al., 2006).

10.2.2.2 Feature Extraction
The goal of feature extraction is to transform the acquired and preprocessed
EEG/ECoG signal into a set of p features x = [x1, . . . ,xp]T ∈ X p that are
suitable for subsequent classification or regression. In some cases, the prepro-
cessed signal may already be in the form of an appropriate set of features (e.g.,
the outputs of CSP filters). More typically, some form of time or frequency
domain transform is used.

The most commonly used features for EEG/ECoG are frequency domain–
based. Overt and imagined movements typically activate premotor and
primary sensorimotor areas, resulting in amplitude/power changes in the
mu (7–13 Hz), central beta (13–30 Hz) and gamma (>30 Hz) rhythms in
EEG/ECoG. These changes can be characterized using classical power
spectral density estimation methods such as the digital bandpass filter, the
short-term Fourier transform, and wavelets. The resulting feature vectors
are usually high dimensional because the features are extracted from several
EEG/ECoG channels and from several timesegments prior to,during, and after
the movement. The computation of a large number of spectral components
can be computationally demanding. Another common and often faster way
to estimate the power spectrum is to use (adaptive) auto-regressive ((A)AR)
(Schlögl, 2000) models, although the model parameters have to be selected a
priori.

Features that are extracted in the time domain include (A)AR parame-
ters (Schlögl, 2000), (smoothed) signal amplitude Hjorth parameters (Hjorth,
1975), the fractal dimension (FD), and common spatial patterns (CSP; dis-
cussed previously). Hjorth parameters are a set of parameters that characterize
wideband-filtered signal power, mean frequency, and change in frequency
(Hjorth, 1975). The FD quantifies the complexity and self-similarity of the
input signal. The temporal average from movement trials has also been used as
a template to detect movement-related potentials through correlation/template
matching (Levine et al., 2000).

Finally, features estimated in the phase domain have not received much
attention in EEG/ECoG-based BCIs, although coherence and phase-locking
values (Brunner et al., 2006) have been explored as potential features.
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10.2.2.3 Classification
Classification is the problem of assigning one of N labels to a new input signal,
given labeled training data of inputs and their corresponding output labels.
Regression is the problem of mapping input signals to a continuous output
signal. Given the limited spatial resolution of EEG/ECoG, most BCIs based
on EEG/ECoG rely on classification to generate discrete control outputs (e.g.,
move a cursor up or down by a small amount by detecting left- versus right-
hand motor imagery). BCIs based on neuronal recordings, on the other hand,
have utilized regression to generate continuous output signals, such as position
or velocity signals for a prosthetic device. Given our emphasis on EEG/ECoG
BCIs in this chapter, we focus primarily on classification methods used in
BCIs.

A useful categorization of classifiers into various types (not necessarily
mutually exclusive) was suggested in Lotte et al. (2007):

• Generative classifiers learn a statistical model for each class of inputs.
For classification of an input, the likelihood of the input within each class
is computed and the most likely class is selected (e.g., hidden Markov
models (HMMs), Bayes classifiers).

• Discriminative classifiers attempt to learn a boundary that best discrimi-
nates between input classes (e.g., linear discriminant analysis (LDA)).

• Linear classifiers use a linear function to approximate the boundary
between classes. This is the most commonly used type of classifier in
BCI applications (e.g., LDA, linear support vector machine (SVM)).

• Nonlinear classifiers attempt to learn a nonlinear decision boundary
between classes (e.g., k-nearest neighbors (k-NN), learning vector quan-
tization (LVQ), kernel SVMs, HMMs).

• Dynamic classifiers capture the temporal dynamics of the input classes and
use this information for classifying a new input time series of data (e.g.,
HMMs, recurrent neural networks).

• Stable classifiers are those that remain robust to small variations in the
training data (e.g., LDA, SVM).

• Unstable classifiers are those whose performance can be significantly
affected by small variations in the training data (e.g., neural networks).

• Regularized classifiers incorporate methods to prevent overfitting to the
training data, allowing better generalization and greater robustness to
outliers (e.g., regularized linear discriminant analysis (RDA)).

We now briefly review four of the most common classification methods
used in BCI applications: LDA, RDA, quadratic discriminant analysis, and
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SVM. We begin by noting that the task of a classifier is to assign class
labels y ∈ Y to a p-dimensional feature vector x. The most simple case is
Y = [−1,+1]—that is, to discriminate between two classes (binary classifi-
cation). Note, however, that these methods can be applied to multi-
class classification as well (see the subsection Multiclass Classification in
Section 10.2.2.3).

Linear Discriminant Analysis
Linear discriminant analysis (LDA; sometimes also called Fisher’s linear dis-
criminant) is a linear classifier that projects a p-dimensional feature vector
onto a hyperplane that divides the space into two half-spaces (Duda et al.,
2000). Each half-space represents a class (+1 or −1). The decision boundary

[
w1, . . . ,wp

]T [
x1, . . . ,xp

] + w0 = wT x + w0 = 0

is characterized by the hyperplane’s normal vector w and the threshold w0.
Given a new input vector x ∈ X p, classification is achieved by computing

y = sign(wT · x + w0)

and assigning the resulting class label y = −1 or y = +1 to the input x. During
online BCI experiments, the (signed) distance to the hyperplane, given by
d(x)= wTx + w0 (assuming ‖w‖ = 1), is sometimes also used to provide
feedback to the user.

To compute w, LDA assumes that the class-conditional distributions
P(x|c = 1) and P(x|c = 2) are normal distributions with mean µc and covari-
ance �c for c ∈ {1,2}. It can be shown that the optimal classification strategy
is to assign inputs to the first class if the log likelihood ratio log[P(x|c =
1)/P(x|c = 2)] is above a threshold (and to assign them to the second class
if below). Since the two distributions are Gaussian, this reduces to the
comparison

(x − µ1)
T �−1

1 (x − µ1)− (x − µ2)
T �−1

2 (x − µ2) > T (10.1)

where T is a threshold. If we now make the assumption that the class
covariances are equal (i.e., �1 = �2 = �) and have full rank, we obtain

wT x> c where w = �−1 (µ1 − µ2) (10.2)
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The threshold c is often defined to be in the middle of the projection of the
two class means:

c = wT (µ1 + µ2)/2

It can be shown that the above choice for w defines a decision boundary that
maximizes the distance between the means of the projected data ỹ = wT x
from each class while minimizing its within-class variance. Further details
can be found in Duda et al. (2000).

LDA has been a popular classifier in BCI research because it is simple
to implement and can be computed fast enough for online use. In general,
it has been found to produce good results, although, because of the strong
assumptions made in its derivation, factors such as non-Gaussian data distri-
butions, outliers, and noise can adversely affect LDA performance (Mülller
et al., 2003).

Regularized Linear Discriminant Analysis
Regularization techniques are typically used to promote generalization and
avoid overfitting, especially when the number of parameters to be estimated
is large and the number of available observations is small. For example, in
the case of LDA we might have insufficient data to accurately estimate the
class mean µc and the class covariance �c. In particular, �c can become
singular. Regularized linear discriminant analysis (RLDA) (Friedman, 1989)
is a simple variant of LDA where the common covariance � (see earlier) is
replaced by its regularized form:

�λ = (1 − λ)� + λI

where λ ∈ (0,1) denotes the regularization parameter and I is the identity
matrix. By adding small constant values to the diagonal elements of�, one can
ensure nonsingularity and the existence of �−1

λ , which is needed to compute
w as in Eq. (10.2). The regularization parameter λ can be chosen via model
selection techniques to allow better generalization.

Although more robust in general, RDA has not been extensively used in
BCI applications. Comparisons suggest that the classification results using
RDA are similar to those achieved by LDA (Vidaurre et al., 2007).

Quadratic Discriminant Analysis
Quadratic discriminant analysis (QDA) begins with the same assumptions as
in LDA—that is, the class-conditional distributions P(x|c = 1) and P(x|c = 2)
are normal with mean µc and covariance �c for c ∈ {1,2}, assuming
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multivariate normal distribution N(μc ,�c). It differs from LDA in allowing
different covariance matrices (�1 and �2) for the two classes. This results in
a quadratic decision boundary (see Eq. (10.1)) based on (the square of ) the
Mahalanobis distance (Mahalanobis, 1936) between the new observation x
and the class mean µc:

mc(x)= (x − µc)
T�−1

c (x − µc)

Classification is performed as in Eq. (10.1) by comparing the difference
between the two distances with a predetermined threshold T :

y = sign(m1(x)− m2(x)− T)

Support Vector Machine
Recall that LDA selects a hyperplane wTx + w0 = 0 based on the assump-
tion of Gaussian class-conditional distributions with equal covariance. This
hyperplane is only one among a potentially infinite number of hyperplanes
that could separate the two input classes. It can be shown (Vapnik, 1995) that
among such hyperplanes, the best generalization is achieved by selecting the
one with the largest separation (“margin”) between the two separable classes.

The support vector machine (SVM) (Vapnik, 1995) is a classifier that finds
the separating hyperplane for which the margin between the samples of the
two classes is maximized. Since the width of the margin is inversely propor-
tional to ‖w‖2

2 (Duda et al., 2000),1 the search for the optimal w can be framed
as a quadratic optimization problem, subject to the constraint that each train-
ing data point is correctly classified. However, because of the nature of EEG
and ECoG data, one cannot assume that the data will be linearly separable. In
this case, one might try to separate the training data with a minimal number
of errors. To allow for misclassifications and possible outliers, the soft margin
variant of the SVM (Cortes and Vapnik, 1995) uses slack variables ξi to mea-
sure the degree of misclassification of an input i. The resulting optimization
problem for the linear soft margin SVM is given by Cortes and Vapnik (1995):

min
w,ξ ,w0

{
1

2
‖w‖2

2 + C

K
‖ξ‖1

}

1We use ‖ ·‖2 to represent the Euclidean (or L2) norm and ‖ ·‖1 to represent the L1 norm (e.g.,
‖w‖1 = ∑ |w|).
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subject to

yi
(
wT xi + w0

) ≥ 1 − ξi

with

ξi ≥ 0 for i = 1, . . . ,K

Here, xi denotes input feature vector i,K is the number of inputs, and yi ∈
{−1,+1} is the class membership.

Linear SVMs have been successfully applied in a large number of BCI
applications (e.g., Blankertz et al. (2008) and Shenoy et al. (2008)). In cases
where linear SVMs are not sufficient, it is possible to utilize the “kernel trick”
(Boser et al., 1992) to achieve a nonlinear mapping of the data to a sufficiently
high-dimensional space where the two classes are linearly separable. The most
commonly used kernel in BCI applications is the Gaussian or radial basis
function kernel (Lotte et al., 2007). Further information regarding nonlinear
SVMs can be found in Burges (1998).

Multiclass Classification
The classifiers discussed thus far were designed for assigning data to one
of two classes. In BCI applications, the number of desired output signals is
frequently greater than two, requiring methods for multiclass classification.
There are several strategies for applying binary classifiers to the multiclass
problem. One is to apply majority voting to pairwise classification. Given NY
classes, a total of NY (NY − 1)/2 binary classifiers are trained, one for each
binary combination of classes. For classification, a given input is fed to each
of these classifiers and the class with the most votes (i.e., the one detected
most often) is selected as the output.

An alternate strategy for multiclass classification using binary classifiers
is the one-versus-the-rest approach: For each class, an individual classifier is
trained to separate the data belonging to it from the data in the other classes.
Classification is achieved by running each of these NY classifiers on the given
input and choosing the class with the highest output value (the distance of the
input to the hyperplane in the case of LDA).

Learning Vector Quantization and Distinction-Sensitive Learning
Vector Quantization
Multiclass classification can also be accomplished directly through methods
that are true multiclass classifiers. One such method that has successfully
been applied to EEG and ECoG BCIs is learning vector quantization (LVQ)
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and its variant, distinction sensitive learning vector quantization (DSLVQ)
(Pregenzer et al., 1994; Pregenzer, 1997). LVQ and DSLVQ differ from
the methods discussed above in that they combine feature selection and
classification within a single framework.

In learning vector quantization (LVQ), classification is based on a small
set of labeled feature vectors {mi,Yi}N

i=1 (also known as codebook vectors)
with labels Yi ∈ [1, . . . , NY ]. Classification of a new sample is achieved by
assigning to it the label Yk of its closest codebook vector mk . How close a
codebook vector is to an input sample is determined using, for example, the
Euclidean distance between vectors. The codebook (or feature) vectors mi and
their labels are initialized randomly. Learning proceeds by adapting the code-
book vectors to the training data. The closest codebook vector is selected for
each training sample. If it correctly classifies the sample, the vector is moved
closer to it; otherwise, it is moved away to make it less similar to the sample.

Note that in LVQ each codebook or feature vector contributes equally.
A more common scenario in BCI is one in which we are given a fixed set of
features fi (e.g., power spectral features) but want to weight them differently in
terms of their discriminative ability. A variant of the LVQ algorithm, DSLVQ
(Pregenzer, 1997), can be used in this case. DSLVQ employs a weighted
distance function:

dw,x,m =
√√√√ N∑

n=1

(wn · (xn − mn))
2

to differentially weight features in classification. The weights vectors w are
adapted in a manner similar to that for adapting codebook vectors in LVQ (see
Pregenzer (1997) for details). An application of DSLVQ to a BCI system is
illustrated in Section 10.3.

Evaluation of Classification Performance
In BCI applications, as in other applications in which classifiers are used,
it is important to evaluate the accuracy and generalization performance of
the (feature/classifier) combination selected for use. We briefly review some
of these evaluation techniques and refer the reader to Schlögl et al. (2007),
Bianchi et al. (2007), and Mason et al. (2006) for more comprehensive reviews
of BCI performance measures.

A useful measure of classifier performance is the NY × NY “confusion”
matrix M, where NY denotes the number of classes, with the rows represent-
ing the true class labels and the columns representing the classifier’s output.
Binary classification (NY = 2) is considered in Table 10.1. The resulting four
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Table 10.1 Confusion Matrix for 2-Class
Problems

Classification

“True” class Positive Negative

Positive TP FN

Negative FP TN

entries provide information on the number of true positives (TP), or correct
positive classifications; the number of false negatives (FN), or missed positive
detections; the number of false positives (FP), or incorrect positive detections;
and the number of true negatives (TN), or correct rejections. The diagonal ele-
ments mi,i of the matrix represent the number of correctly classified samples.
The off-diagonal elements mi, j show how many samples of class i have been
misclassified as class j.

Classification accuracy, ACC, is defined as the ratio between the number of
correctly classified samples and the total number of samples. It can be derived
from the confusion matrix M as follows:

ACC = TP + TN

TP + FN + FP + TN
=

N∑
i=1

mi,i

N∑
i=1

N∑
j=1

mi, j

We can then define the error rate as err = 1 − ACC. When the number of
samples for each class is the same, the chance level is ACC0 = 1/NY .

Another useful performance measure is the kappa coefficient (Cohen’s κ):

κ = ACC − ACC0

1 − ACC0

By definition, the kappa coefficient (which lies between −1 and +1) is inde-
pendent of the number of samples per class and the number of classes, so κ = 0
means chance-level performance and κ = 1, perfect classification. κ = −1
means that all samples are assigned to the wrong class.

Perhaps the most commonly reported performance measure for BCIs is
the information transfer rate (ITR):

B = log2(NY )+ p0 · log2(p0)+ (1 − p0) log2(1 − p0)/(NY − 1)



350 CHAPTER 10 Statistical Pattern Recognition and Machine Learning

measured in bits/trial (dividing B by the trial duration in minutes gives the rate
in bits/min) (Wolpaw et al., 2002). Here, NY denotes the number of classes
and p0 = ACC. Since a BCI can be regarded as a communication channel,
quantifying its ITR makes sense in an information-theoretic context. The
equation for B is derived from the classification error rate, but the assumptions
made are not always fulfilled; thus B only provides an upper limit on the
performance that can be achieved (Schlögl et al., 2007).

A final but important issue that we briefly discuss here is the error rate, err.
To obtain a true estimate of err, classifiers are typically tested on “test data,”
which are different from the data used to train the classifier. One approach is
to simply partition a given input data set into two subsets, one for training and
one for testing, but this strategy is sensitive to how the data is split. A more
sophisticated method is K-fold cross-validation, in which the data set is split
into K subsets of approximately equal size: K − 1 subsets are used to train the
classifier and the remaining subset is used for testing. The classifier is trained
and tested K times, resulting in K different error rates, errk . The final “true”
error rate is computed by averaging the individual errk:

err = 1

K

K∑
k=1

errk

Variations of this procedure exist. For example, leave-one-out cross-validation
is an extreme form of K-fold cross-validation where K is set equal to the
number of training samples. Also, to minimize the effects of specific partitions
of the data, K-fold cross-validation can be repeated N times, yielding N · K
individual error rates, erri, with the final one being the average over these
N · K values.

In many applications, it is common to split the training data set into three
subsets: a training subset to find the parameters of the classifier, a validation
subset to tune these parameters, and a test subset to test the optimized classifier.
Although these procedures are computationally costly, they play an important
role in improving the classifier’s ability to generalize.

10.3 APPLICATIONS
To illustrate the applications of the methods reviewed in this chapter, we dis-
cuss two EEG-based BCI systems developed by the authors and their collabo-
rators. The first system is based on the detection of an event-related potential
(ERP) known as the P300. The second is based on detecting event-related
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desynchronization/synchronization (ERD/ERS) caused by different types of
motor imagery. These two systems exemplify the two major paradigms in
EEG/ECoG BCI research:

Cue-guided BCIs. The BCI detects the change in brain activity caused
by a stimulus or cue generated by the BCI—for example, an unexpected
presentation of a visual stimulus.

Self-paced BCIs. After a period of training, the user autonomously and vol-
untarily modulates brain activity each time a message needs to be sent to the
BCI.

From a machine learning point of view, cue-guided BCIs are easier to
train because the brain patterns generated are typically robust and stereotyp-
ical and, since the pattern is locked to stimulus onset, the time window of
analysis is clearly defined. Self-paced BCIs, on the other hand, require anal-
ysis and interpretation of EEG/ECoG signals throughout the entire period
of BCI operation. The on-demand mode of control offered by self-paced
BCIs in general makes them more versatile than their cue-guided counter-
parts. These advantages and disadvantages of the two paradigms become more
apparent in the context of actual applications such as the two BCI systems
discussed next.

10.3.1 P300-Based Control of a Humanoid Robot
We discuss in this section an EEG-based cue-guided BCI system for control-
ling a humanoid helper robot (Bell et al., 2008). The system utilizes the P300
visually evoked potential to select high-level commands, which the robot exe-
cutes autonomously. The robot has the ability to autonomously move and pick
up/release objects. It also possesses some computer vision capabilities, such
as being able to segment objects on a table and use vision to navigate to a
destination. The BCI was designed to command the robot to navigate to a spe-
cific (known) location and transmit images of objects it sees at that location,
to allow the user to select an object for pickup, and, finally, to command the
robot to bring the object to the user or transport it to a different location (see
Figure 10.2 for an example).

EEG signals were used to select the two main types of commands for the
robot: which object to select among the ones whose images were transmitted
by it, and which location to choose as the destination from among a set of
known locations. The images of the possible choices (objects or destination
locations) were scaled and arranged as a grid on the user’s computer screen.
Figure 10.2 illustrates the case of two objects, one medium gray and one light
gray, and two locations (two dark gray tables, one with a white square in the
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Robot
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FIGURE 10.2

BCI for controlling a humanoid helper robot. The top row shows images of the humanoid
robot in action. The bottom row depicts the user’s computer screen. The user receives a live
feed from the robot’s cameras (image 1), thereby immersing her in the robot’s environment
and allowing her to select actions based on objects seen in the robot’s cameras (computer
screen in image 2). Objects are found using computer vision techniques. The robot
transmits the segmented images of the objects (light gray and medium gray colored boxes
in these images) and queries the user about which one to pick up. The selection is made
by the user using a P300 BCI as described in the text. After picking up the object selected
by the user (image 3), the robot asks the user which location to bring the selected object
to. Images of possible locations (dark gray tables on the left and right sides) from an
overhead camera are presented to the user (image 4). Again, the selection of the
destination is made by the user by means of the P300. Finally, the robot walks to the
destination selected by the user and places the object on the table at that location
(image 5). Please see this figure in color at the companion web site: www.elsevierdirect.
com/companions/9780123750273

center). According to the oddball paradigm used to evoke the P300 response
(Figure 10.3), the user focuses his or her attention on the image of choice
while the border of a randomly selected image is flashed every 250 ms. When
the flash occurs on the attended object, a P300 can be expected; this response
is then detected by the BCI and employed to infer the user’s choice. To focus
their attention, users were asked to mentally count the number of flashes on
their image of choice.

Thirty-two EEG channels were recorded from electrodes placed according
to the standard 10-20 system of EEG electrode placement. A linear soft-
margin classifier (Section 10.2.2.3) was trained to discriminate between the
P300 response generated by a flash on a desired object and EEG responses due
to the other flashes. The feature vectors used in classification were based on a
set of spatial filters similar to CSP filters. As with LDA (see Section 10.2.2.3),
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FIGURE 10.3

Using the P300 response to infer the user’s choice. (a) When the robot finds objects of
interest (in this experiment a medium gray and a light gray box), segmented images are sent
to the user and arranged in a grid format in the lower part of the user screen. (b) The oddball
paradigm is used to evoke the P300 response. The dark and medium gray boxes at the top
show a random temporal order of flashed images. EEG segments of 0.5-s duration from flash
onset are spatially filtered and classified by a soft-margin SVM into segments containing a
P300 and those not containing a P300. After a fixed number of flashes, the object associated
with the most P300 segments is selected as the user’s choice. Please see this figure in color
at the companion web site: www.elsevierdirect.com/companions/9780123750273

these spatial filters were chosen to maximize the distance between the means
of the filtered data from each class while minimizing the within-class variance
(see Bell et al. (2008) for details). The first three such filters were selected
(Figure 10.4). They were applied to data segments of 500-ms duration from
the onset of each flash.

To learn the filters and train the classifier for a given user, a 10-minute data
collection protocol was used prior to BCI operation. Four different images,
arranged in a 2 × 2 grid, were presented on the computer screen. To collect
labeled data, the user was instructed to attend to a preselected image while the
borders around the four images were flashed every 250 ms in random order,
with ten flashes per image. This procedure was repeated four times for each
of the four image positions.

After training on the labeled data, the BCI was used to infer the user’s
choice regarding an object or destination location. The choices (objects or
locations) were presented in a grid format (e.g., a 2 × 2 grid for four object
images) and the borders were flashed in random order. The EEG data for
the 500-ms duration after each image flash was classified as a P300 response
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Filter 1 Filter 2 Filter 3

FIGURE 10.4

Spatial filters used in the P300 BCI. Shown are the first three spatial filters learned from the
data across all subjects (medium gray denotes high positive values; dark gray denotes high
negative values). The spatial filters are smoothly varying and are focused on the occipital
and parietal regions, which are appropriate for a visuospatial attention task such as the one
utilized by the P300 BCI discussed in the text. Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273

or a non-P300 response (see Figure 10.3, right panel). The image with the
highest number of P300 classifications after all flashes was selected as the
user’s choice.

The results, based on nine able-bodied subjects, show that an accuracy
of 95% can be achieved for discriminating between four classes (note that
the theoretical chance classification level for four classes is 25%). With the
implemented rate of four flashes per second, the selection of one out of four
options takes 5 seconds, yielding an ITR of 24 bits per minute, which is
comparable to rates achieved by other EEG-based cue-guided BCIs.

10.3.2 Motor Imagery−Based Control of Virtual Environments
We next describe a self-paced BCI based on sensorimotor rhythms that can
discriminate between three motor imagery classes from ongoing EEG and
use this output to navigate in virtual worlds (Scherer et al., 2008). In partic-
ular, the user operates the BCI by imagining left/right hand, foot, or tongue
movements: It is well-known that such motor imagery causes ERD/ERSevents
(Pfurtscheller and Aranibar, 1977; Pfurtscheller and Neuper, 2006), which can
in turn be detected by a classifier. The system was designed using a two-step
process: First, a 3-class classifier was learned from cue-guided motor imagery
data; the classifier was then enhanced to support self-paced navigation based
on three commands: rotate left, rotate right, and move forward.

Features used to quantify the EEG activity were computed by band-
pass filtering, squaring, and averaging the samples collected over the prior
one second. To achieve 3-class classification, a committee of three binary
LDA classifiers with majority voting was used (see the subsection Multiclass
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Classification in Section 10.2.2.3). Each LDA discriminated between two of
three motor imagery classes and the class chosen by the majority of LDAs
was selected as the output class (e.g., in Figure 10.5, “Right Hand” imagery
was chosen by both LDA 1.1 and LDA 1.3). To make the distribution of the
feature values more Gaussian and thus better suited for linear methods, the
logarithm of the feature value was used.

For the initial calibration of the 3-class BCI, 22-channel EEG signals
(Figure 10.5) were recorded during cue-guided left-hand, right-hand, feet,
and tongue motor imagery (MI). In each trial, the subject was instructed to
start imagining, upon presentation of a cue, the movement corresponding to it.
For each class, data from 144 trials, each of four seconds duration, were col-
lected. For each subject, individual 4-class DSLVQ classifiers were learned,
with band power features extracted at different time lags from cue presenta-
tion. For each time lag and each EEG channel, 15 nonoverlapping band power
features between 6 and 36 Hz with a bandwidth of 2 Hz were computed. The
most relevant BP features were selected by examining the weights for them
computed by the DSLVQ algorithm (Section 10.2.2.3). From among the four
possible MI types, the three MI tasks with the highest classification accura-
cies were selected for each subject using cross-validation (see the subsection
Evaluation of Classification Performance in Section 10.2.2.3) and employed
for online experiments.

The first BCI experiments conducted were cue-guided feedback experi-
ments in which subjects learned to reliably generate the three MI patterns to
control the BCI. The plot in the upper right panel of Figure 10.5 shows the
average accuracy of 120 MI feedback trials (40 per class) as a function of time
from cue onset. Figure 10.6 shows four log band power features during single
trials of left-hand, right-hand, and tongue MI, respectively. Note that the fea-
tures exhibit examples of both ERD (decrease in power) and ERS (increase
in power); these characteristic changes in power are detected by the classifier.
The final output from majority voting is shown at the bottom of Figure 10.6.

Results from the cue-guided BCI experiments were leveraged to build
a self-paced BCI. The first problem faced was detecting when the subject
was engaged in motor imagery in order to issue a command. After the online
accuracy for each subject reached 80% in the cue-guided experiments, an addi-
tional LDA classifier was trained for each subject to discriminate between MI
and non-MI patterns (LDA 2 in Figure 10.5). Thirty-one band power features
(1-Hz overlap) of 6–36 Hz with a bandwidth of 2 Hz were extracted from each
channel and analyzed via DSLVQ. The six most relevant were selected as input
to the LDA. The LDA was trained using data from the last cue-guided feed-
back training session (all MI classes were pooled). The non-MI samples for
training were obtained from a 2-min EEG segment recorded at the beginning
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FIGURE 10.5

A self-paced BCI for navigation in a virtual environment. The 22-channel EEG montage used in
the initial calibration experiments is shown at the lower left (top down view of the head). Three
bipolar channels (top left) are selected from these channels and band power features are
computed on a sample-by-sample basis from the ongoing EEG recorded from the channels. The
MI class (left hand, right hand, or feet in this example) is classified by a committee of three LDAs
using majority voting. Each LDA discriminates between two classes (symbolized by the black
squares; e.g., LDA 1.1: left-hand versus right-hand imagery). The output of each is marked with
an X. The class detected by the majority of the LDAs (right-hand imagery in this example) is the
detected class. The curve in the upper right plot shows the average 3-class online accuracy during
a cue-guided experiment. Self-paced operation is achieved by using a different LDA (middle, LDA
2) to detect the onset or end of motor imagery. A state transition from non-MI to MI (or vice versa)
is triggered only after the threshold (medium gray line) is exceeded for predefined transition times
(dark gray). The user employs the self-paced BCI to navigate through a virtual environment
(middle photograph). An example trajectory is shown in the photograph on the right. The user’s
task is to navigate through the environment and collect a set of coins (white objects) distributed
within the environment. Please see this figure in color at the companion web site:
www.elsevierdirect.com/companions/9780123750273

of the session, during which subjects were asked to sit relaxed without moving.
After training, a state switch between non-MI and MI (and vice versa) was
triggered only when the LDA distance exceeded a subject-specific threshold
for a subject-specific time. This threshold was chosen to be the value that
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FIGURE 10.6

Classification of left-hand, right-hand, and tongue motor imagery by a committee of three
LDA classifiers using majority voting. The upper plots show the logarithmic band power
features during example trials involving cue-guided left-hand, right-hand, and tongue
motor imagery. The lightest gray area indicates the period during which the user receives
feedback. The output of the classifier is shown at the bottom for each example trial. In each
case, about one second after cue onset, the classifier correctly classified the EEG samples
as left-hand, right-hand, and tongue MI, respectively. Please see this figure in color at the
companion web site: www.elsevierdirect.com/companions/9780123750273

would maximize the number of TP detections (see the subsection Evaluation
of Classification Performance in Section 10.2.2.3) within the feedback period
and, at the same time, minimize the number of FP detections.

The self-paced BCI was built by combining (1) the LDA classifier for
detecting MI/non-MI and (2) the committee classifier for determining the
imagery class. Both were applied to the recorded EEG signals on a sample-
by-sample basis—that is, for each new EEG sample, a classification was
performed (the sampling rate was 250 Hz). When the MI/non-MI LDA
detected motor imagery, the output from the committee classifier was used as
the BCI output; otherwise, the committee output was ignored.

To evaluate the self-paced BCI, three subjects participated in a study
where the task was to use the BCI to navigate in a virtual environment (VE)
and collect coins that were scattered within it (see Figure 10.5). Left-hand,
right-hand, and foot (or tongue) MI were translated into the navigation
commands rotate left, rotate right, and move forward, respectively. After
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about five hours of cue-guided feedback training, during which the classifier
was trained to the subject’s brain patterns, all three subjects successfully
navigated through the VE and collected the coins (see Figure 10.5 for
an example trajectory). Computation of classification accuracy (Section
10.2.2.3) for self-paced BCIs is difficult because the true intent of the sub-
ject at any point in time is unknown. However, in post-study interviews,
all three subjects reported that the BCI correctly detected the MI and non-
MI periods and allowed satisfactory control of navigation within the virtual
environment.

10.4 DISCUSSION
This chapter introduced basic concepts pertaining to brain–computer inter-
faces (BCIs) based on EEG/ECoG. We reviewed some of the most common
statistical signal processing and pattern recognition methods used in these
interfaces. In particular, we provided an overview of the different signal pro-
cessing stages typically used in EEG/ECoG BCIs: signal preprocessing, fea-
ture extraction, classification, and performance evaluation. The preprocessing
step helps in increasing the signal-to-noise ratio and removes signals that do
not originate in the brain, such as muscle-related artifacts. Feature extrac-
tion transforms the preprocessed signal into a low-dimensional set of features
that characterize the underlying brain signal of interest. These features are
subsequently classified using linear or nonlinear classifiers. We also briefly
discussed basic performance measures for BCIs and methods used to estimate
generalization performance.

The noisy nature of EEG and the fact that brain activity patterns are
typically subject-specific means that signal processing and subject-specific
optimization are essential. Statistical methods are well suited to tackling this
problem. They can be used to derive both filters (e.g., CSP) and classifiers tai-
lored to a given user. The nonstationarity and inherent variability of the EEG,
along with limited sample size and limited knowledge about the underlying
signal, makes this a challenging domain for statistical methods. Linear clas-
sifiers such as LDA or linear SVM have been popular given their simplicity
and the availability of off-the-shelf software packages. The SVM is the most
frequently used classifier in the field (Lotte et al., 2007).

The two example systems we presented reflect the two major trends in
EEG-based BCIs:

• Using a large number of channels and sophisticated signal processing
methods such as CSP and SVM to achieve good performance in a limited
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amount of time; the drawback here is usability, practicality, and the cost
of using a large number of electrodes.

• Using only a few electrodes (e.g., three bipolar electrodes in Section
10.3.2) and very basic signal processing methods. The drawback here is a
longer training time because users have to learn to more reliably generate
the brain patterns to be detected.

Compared to EEG, the ECoG signal appears to be more robust, not only with
respect to artifacts but also with respect to the induced brain activity patterns.
We have evidence that in ECoG, band power features in the high-frequency
band (“high gamma”) produce the best results (compared to the low-frequency
band features used in EEG) and remain stable over time (Shenoy et al., 2008;
Blakely et al., 2009). Methods that achieve good results with EEG, such as
common spatial patterns (CSP), may not necessarily work well with ECoG
(Hill et al., 2006). These results suggest that consideration of the physiological
properties of the recorded signals is important in choosing the appropriate
signal processing and pattern recognition methods for BCI construction.

Much past research focused on cue-based BCIs, where mental states are
more or less well defined. An important challenge for the future is the design
and implementation of self-paced BCIs, where a number of distinct patterns
must be reliably detected in ongoing brain activity. Although there have
been several prototype systems (Millàn and Mourino, 2003; Bashashati et al.,
2007; Scherer et al., 2007) based on statistical classifiers (one such system
was described in Section 10.3.2), there is room for improvement. A partic-
ularly important open issue is developing useful performance measures for
quantifying the performance of self-paced systems.

An important challenge for statistical pattern recognition and machine
learning methods for BCIs is the co-adaptation of brain and machine. Promis-
ing preliminary results have been obtained using adaptive classifiers or
“general” features for BCIs, but an overarching co-adaptation theory remains
to be developed. Such a theory would entail finding statistical methods that
can predict changes in brain activity and adapt in sync with the human user to
achieve the common goal of brain-based control. Developing such methods
remains an active area of BCI research.
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11.1 INTRODUCTION
In the United States, Spinal cord injury (SCI) paralyzes approximately 11,000
individuals every year. SCI leaves patients partially or entirely unable to acti-
vate muscles that are innervated by nerves below the level of injury. Roughly
half of SCIs occur above the sixth cervical vertebra, thereby affecting all four
limbs and leaving the individuals unable to grasp objects effectively with their
hands. Injuries as high as C2 also affect the muscles of respiration, requiring
that these patients be artificially ventilated.

Although there are important changes to both the muscles and the brain
that occur as a result of either the injury or subsequent disuse, the essen-
tial problem is that motor commands, still formulated in the brain, can no
longer reach the muscles. Toward the end of the eighteenth century, Luigi
Galvani demonstrated that muscles are electrically excitable and can be made
to contract by the application of appropriate electrical current (Galvani, 1791;
Piccolino, 1998). Following this basic principle, functional electrical stimu-
lation (FES) has been used for nearly five decades in an attempt to restore
some level of motor function to paralyzed individuals through electrical stim-
ulation of muscles (Liberson et al., 1961; Peckham and Knutson, 2005). FES
has successfully been applied to provide appropriately timed dorsiflexion for

Statistical Signal Processing for Neuroscience and Neurotechnology. DOI: 10.1016/B978-0-12-375027-3.00011-9
Copyright © 2010, Elsevier Inc. All rights reserved.

369

http://dx.doi.org/10.1016/B978-0-12-375027-3.00011-9/


370 CHAPTER 11 A Novel Application of a Brain-Machine

patients suffering foot drop as a result of SCI or stroke (Vodovnik et al., 1978;
Weber et al., 2004), and other systems provide some support for stance or
walking (Popovic et al., 1989; Solomonow et al., 1997; Graupe and Kohn,
1998). Stimulation of the phrenic nerve has been used in the case of high-
level injuries to replace or augment the use of an external ventilator (Creasey
et al., 1996), and systems have been devised to provide bowel and bladder
control (Johnston et al., 2005).

Most patients with injuries at the C5 and C6 levels report that, more
than any other function, regaining the ability to grasp objects would provide
them with the greatest benefit (Anderson, 2004). For this reason, consid-
erable effort has also been devoted to the development of FES systems to
restore voluntary grasp. Probably the most clinically successful of these has
been the Freehand prosthesis, which has been implanted in several hundred
patients since 1986 (Keith et al., 1989). An earlier version was tested in 1980
(Peckham et al., 1980).

One of the primary limitationsof the Freehand and related grasp prostheses
is the very limited means of control available to patients. Even if it were
possible to provide fully articulated and forceful muscle activation, dexterous
voluntary control would not be possible through the existing control channels.
The problem becomes even more severe for patients with higher-level injuries,
who have greater needs for replaced function, with less available control.
Fortunately, the advent and rapid development in this decade of the brain-
machine interface (BMI) provide an exciting new means by which a prosthesis
with more degrees of freedom might be controlled.

Currently, virtually all BMI applications extract kinematic information
from the brain. The approach typically involves recording a training data set
including both neural discharge and limb position as a monkey makes a series
of normal movements. These data are used to compute a mapping between the
neural data and hand position that can be used to transform subsequent neural
recordings to produce “predictions” of movement intent. If these predictions
are made in real time, they can be used to allow an experimental subject
voluntary control of an external device.

However, there is considerable evidence that M1 also encodes information
about the forces and dynamics of movement (Hepp-Reymond et al., 1978;
Thach, 1978; Cheney and Fetz, 1980; Kalaska and Hyde, 1985; Georgopoulos
et al., 1992; Riehle and Requin, 1995; Sergio et al., 2005). A small num-
ber of groups have begun to pursue the possibility of using this dynamics
information as a real-time control signal, through the prediction of grip force
(Carmena et al., 2003), joint torque (Fagg et al., 2009), and muscle activ-
ity (Pohlmeyer et al., 2007b). We have also shown preliminary evidence that
monkeys can easily learn to modulate the magnitude of isometric wrist flexion
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torque produced through cortically controlled FES following peripheral nerve
block (Pohlmeyer et al., 2007a, 2009). Similar results have been reported by
another group that operantly conditioned monkeys to modulate the activity of
individual neurons that directly controlled the FES (Moritz et al., 2008).

In this chapter we describe our continuing work on developing a neuropros-
thesis that uses real-time predictions from an ensemble of recorded neurons
to provide voluntary control of hand use following peripheral nerve block.

11.2 BACKGROUND
Several systems have been developed to provide rudimentary hand grasp
through FES. Most of these rely on surface stimulation, and all require that
the stimulus waveforms be preprogrammed to accommodate the very limited
range of voluntary control available to a patient with a mid-cervical lesion.
Clearly, even an unimpaired individual is unlikely to be able to modulate inde-
pendently the large number of muscles needed to form a natural grasp through
any but the normal means. Fortunately, a fairly wide range of grasping behav-
iors can be represented by a much lower-dimensional coordinate system. One
study used principal component analysis to determine the dimensionality of
hand shape as subjects grasped a series of objects having different size and
shape (Santello et al., 1998). Only two components were needed to reconstruct
80% of the variance in hand shape. It should be noted that a later study found
that two to three times as many components, or “movement synergies,” were
required to reconstruct more complex movements (Todorov and Ghahramani,
2004). These results suggest that at least simple functional grasps may be
accomplished with a low-dimensional controller.

The current Freehand consists of an implanted stimulator and electrodes
implanted in 12 muscles of the forearm and hand (Figure 11.1). The stimulator
communicates via a short-range RF link to an external controller that delivers
preprogrammed stimulus waveforms to the full set of muscles. These patterns
are customized for each patient in a series of sessions with an occupational
therapist, who determines the threshold level of stimulation necessary to pro-
duce force in each muscle and the maximal stimulation that avoids “spillover”
to adjacent muscles with different mechanical actions. Having determined this
mapping from stimulus intensity to muscle force, the therapist determines the
pattern of stimulation necessary to produce either a power grasp or a lateral
grasp. This process accomplishes a mapping from the high-order space of
hand muscles to a single control variable.

Control of the FreeHand requires discrete signals for switching between
grasp patterns and a continuous signal for controlling hand opening and
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FIGURE 11.1

Freehand® neuroprosthesis developed to provide functional grasp to patients with C5/C6
tetraplegia due to spinal cord injury. Implanted stimulation electrodes cause the paralyzed
muscles to contract in preprogrammed patterns, using signals sent from an external
controller. The patient controls the system through residual proximal limb movement or
muscle activity.
Source: Used with the permission of the Cleveland FES Center.

closing within a specific grasp (Scott et al., 1996; Hart et al., 1998). A number
of discrete control signals have been used that depend on the user’s abilities and
preferences. These include switches mounted on the wheel chair or elsewhere,
EMGs from one or more muscles, and voluntary movements such as those
from a joystick mounted on the contralateral shoulder. Once a specific grasp
is selected, continuous control of hand opening and closing is determined by
a single degree-of-freedom (DOF) signal directly under the patient’s control.
Common sources of continuous control signals include external sensors that
detect residual motion of the shoulder or wrist and implanted electrodes that
sense EMG in muscles remaining under voluntary control. When the desired
force level is achieved, the patient can use the discrete command signal to
lock stimulation, thereby maintaining the grasp without additional conscious
effort. He can then move his hand and the grasped object.

In a multi-center study to evaluate the safety, efficacy, and clinical impact
of the FreeHand on fifty patients with spinal cord injuries (Peckham et al.,
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2001), it was found that the neuroprosthesis produced increased pinch force
in every patient. Additionally, in a test of grasp and release ability (Wuolle
et al., 1994), 49 of the 50 participants moved at least one more object with
the neuroprosthesis than they could without it. More than 90% were satisfied
with the neuroprosthesis, and most used it regularly.

In addition to the Freehand, a number of other grasping FES systems are
in use or have been tested (Popovic et al., 2002; Popovic, 2003; Peckham and
Knutson, 2005). Although these systems share many underlying principles,
they vary in several respects. Many of them rely on surface stimulation rather
than implanted electrodes. This approach has the advantage that it can be
adopted relatively soon after the injury. The Bionic Glove is designed simply
to amplify the passive finger flexion movements caused by active wrist move-
ments (tenodesis grip) for those patients with injuries at the C6 level. It uses
surface stimulation to cause the fingers to flex when sensors in the glove detect
wrist extension and to extend when it detects wrist flexion (Prochazka et al.,
1997; Popovic et al., 1999). The Handmaster is another orthosis that uses
surface stimulation (Snoek et al., 2000; Alon and McBride, 2003). However,
it is intended for C5 spinal injuries in which there is limited or no voluntary
control of the wrist. The patient pushes buttons to trigger preprogrammed
stimulation patterns.

At least two systems have been designed in an effort to provide limited
reaching functionality as well as grasping for patients with C4-level injuries.
The Belgrade Grasping-Reaching System allows control of hand opening
and closing simply by the push of a button. A goniometer is used to measure
shoulder motion so triceps muscle stimulation can be modulated appropriately
during reaching motions (Popovic et al., 2002; Popovic, 2003). The NEC FES-
Mate, a multi-channel FES system that uses percutaneous electrodes, is also
intended to control reaching as well as grasping. It uses amplitude modulation
to control contractile force, modeled on averaged EMG signals recorded from
able-bodied individuals. The predetermined stimulation patterns are triggered
through a combination of voice control, head switches, sip-puff, and shoulder
movement (Handa and Hoshimiya, 1987; Hoshimiya et al., 1989).

To provide an alternative control signal for severely paralyzed patients,
several attempts have been made to employ electroencephalic (EEG) signals
recorded noninvasively from the scalp. In one case, a patient using the Free-
hand device learned to modulate the amplitude of beta-band activity in order
to control the rate of change in stimulus-driven grip force (Lauer et al., 1999).
Modulation above one threshold caused gradually increasing flexion force,
while extension was provided when the signal dropped below a minimum
level. Achieving adequate control of EEG modulation required 20 sessions of
practice over a period of several months. Subsequently, another group used
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bursts of beta-range signals generated by imagined foot movements to control
the transition between four distinct phases of stimulation (Pfurtscheller et al.,
2003). These phase transitions were quite slow (by design, greater than 5 sec-
onds duration), but they did allow the patient to grasp a cylindrical object
using lateral prehension.

Although even this 1-DOF control significantly improves a range of func-
tional activities for most patients who have used it, it is clearly desirable to
remove the requirement that grasp patterns be preprogrammed. This might
allow the patient to grasp an irregularly shaped object more reliably, or to
orient the hand through motion at the wrist rather than the shoulder or the
entire trunk. The ability to predict the activity of individual muscles in real
time provides a possible means by which this preprogramming stage might
be completely avoided.

11.2.1 BMIs as a Potential Control Solution
The earliest demonstration of BMI technology actually used recordings from
a human patient with amyotrophic lateral sclerosis who was nearly completely
“locked in,” retaining only the ability to move her eyes (Kennedy and Bakay,
1998). The patient could modulate the discharge of neurons recorded from
the primary motor cortex (M1) adequately to control a simple binary switch.
Several subsequent patients learned to move a cursor up or down and to slowly
spell out words using a progressive menu selection system. The most success-
ful patient eventually learned to communicate at a rate of approximately three
letters per minute.

Research approaches to the study of BMIs can be divided into two major
categories that we will call open-loop and closed-loop. Open-loop approaches
refer to the prediction of a control signal based on recordings from the brain
while the subject makes a series of normal limb movements. This signal
may or may not be used to affect movement. The important point is that the
subject remains unaware of the signal, such that it cannot affect subsequent
movement commands. In many cases these predictions are made only offline
using previously recorded data.

In contrast, closed-loop approaches use the predicted control signal to
effect movement of a device. Information about that movement is fed back
to the subject within tens of milliseconds (in nearly all cases through natural
vision), so that it becomes possible for him to correct errors and guide the
movement in something of a normal manner. Under these conditions, it is not
necessary for the subject to move his own limb, and in many cases he does not.

Any useful control must be closed-loop, but the advantages of the open-
loop approach to development include its relative simplicity and the fact that
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many different “decoding” algorithms can be tested and compared using a
single data set. Quantitative comparisons of different approaches can be made
by computing an error metric (e.g., the coefficient of determination, or mean
square error) between the actual and the predicted movements. Such compar-
isons are not meaningful in the closed-loop state because the subject’s natural
limb movements (assuming they are made at all) may be influenced by the
predictions.

In a sense, single-electrode recordings from the time of Evarts (1968) rep-
resent the open-loop approach to understanding how individual neurons in
motor areas of the brain encode limb movement. The dichotomy between
“muscle” and “movement” control has been explored in this manner for sev-
eral decades (Evarts, 1968; Phillips, 1975; Georgopoulos et al., 1982; Scott
and Kalaska, 1997). In 1970, Humphrey and his colleagues used multiple
electrodes to record simultaneously from several neurons, thereby increasing
the accuracy with which force- and movement-related signals could be pre-
dicted during wrist movements (Humphrey et al., 1970). In 1969, in what is
often credited as the first closed-loop BMI, Fetz and Finocchio trained several
monkeys to modulate the discharge of single neurons in M1 using auditory or
visual feedback (Fetz and Finocchio, 1975).

In 2000, Nicolelis and colleagues chronically implanted large numbers of
electrodes in several different motor areas of two owl monkeys (Wessberg
et al., 2000). They used both a linear filter model and a nonlinear neu-
ral network model to fit ten minutes of data recorded from 100 neurons
to single components of hand trajectory during a three-dimensional reach-
ing task. The result was an R2 as high as 0.5 or 0.6 between the actual
and predicted trajectories of test data sets, with little difference between the
linear and nonlinear approaches. Two years later, another group used simi-
lar linear filter methods to allow several monkeys to control the movement
of a cursor viewed on a computer screen (Serruya et al., 2002). Although
the movements were considerably slower than normal, the animals were
able to make purposeful movements and detect and correct errors. The
open-loop predictions in this experiment were similar to those achieved by
Wessberg et al. (2000).

Rather than compute filters between input and output, Georgopoulos
and his group used an approach based on the concept of neural preferred
directions (the direction of hand movement yielding the greatest discharge)
(Georgopoulos et al., 1982). They proposed the computation of a population
vector that could be used to compute the mean direction of hand move-
ment. Each neuron was characterized in terms of its preferred direction,
and the preferred direction vectors were summed, weighted by the magni-
tude of discharge of the corresponding neuron during a movement. With this
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approach, several monkeys learned to control the movement of a cursor in
three dimensions using a virtual reality display (Taylor et al., 2002).

As in the studies just described, the most prevalent BMI approach has
been decoding of the entire movement trajectory, generally using recordings
made in the primary motor cortex. An alternative approach, taken by sev-
eral groups, has been to decode the final location of the monkey’s intended
reach. One study compared these two approaches using recordings made in
either M1 or the dorsal premotor cortex (PMd). They concluded that the M1
recordings provided more trajectory-related information but that PMd was a
better and earlier source of information about the intended movement target
(Hatsopoulos et al., 2004).

One of the most successful examples of target prediction was demonstrated
recently by Shenoy’s group, which employed maximum likelihood methods
using either Gaussian or Poisson models of the spiking statistics of neurons
recorded from PMd to classify the intended reach target (Santhanam et al.,
2006). While selecting among 8 or 16 targets, one monkey achieved infor-
mation transfer rates above 6 bits per second (roughly equivalent to typing
15 words per minute) using signals recorded from 96 chronically implanted
electrodes. Most groups use 500 to 1000 ms of spiking history to make con-
tinuous predictions of movement trajectory. However, to achieve such a high
transfer rate in this experiment, the classifier was based on only 60 to 130 ms
of spike data, making the result even more remarkable.

Recordings from the posterior parietal cortex have also been used to clas-
sify the intended reach target. The parietal reach region (PRR) is an area within
the medial wall of the intraparietal sulcus and the dorsal aspect of the pari-
etooccipital area that is thought to represent the goal of a reaching movement
in visual coordinates (Batista et al., 1999). Discrimination accuracy among
eight targets of about 65% was achieved using a relatively small number of
neurons (Musallam et al., 2004). Interestingly, it was also possible to decode
information about the monkeys’ expectation of the likelihood or magnitude
of the anticipated reward from the same signals. It is worth noting that PRR
and, to a lesser extent, PMd, may undergo fewer functional changes following
spinal cord injury than M1. For this reason, it may be a particularly attractive
cortical site for clinical consideration.

11.2.2 BMIs for Control of Dynamics
A virtual device (a cursor for example) can simply be instantaneously repo-
sitioned based on the predicted endpoint position. Controlling a robotic
limb is more difficult and typically accomplished with a PD (proportional-
derivative) controller, which compares the intended state variables (position
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and/or velocity) to the current state of the limb. The PD controller drives the
production of appropriate torques to reduce measured limb state errors. Its
parameters typically are adjusted to optimize performance under particular
dynamical situations. Consequently, if the mass of the plant changes signifi-
cantly, as when the subject must grasp and apply force to an object in order to
push it, the change in system dynamics can result in the controller behaving
suboptimally. For the most part, this problem has not yet been faced in current
BMI applications, which have been limited to a single dynamical condition.
The purely kinematic BMI faces further limitations if the subject must apply
controlled forces, as when grasping and manipulating an object.

There have been very few studies of M1 discharge and force-related vari-
ables using large numbers of chronically implanted electrodes. In one of these,
monkeys learned to control the force of a gripper together with its position in
two dimensions, first using actual hand movements and then using real-time
force and endpoint velocity predictions (Carmena et al., 2003). The accuracy
of offline prediction of grip force was significantly higher than that of either
hand position or velocity. Another group showed that shoulder and elbow
torque could be predicted during planar limb movements with an accuracy
nearly as high as the corresponding kinematic signals (Fagg et al., 2009).

Likewise, we have shown that EMG signals for both arm and hand muscles
can be predicted during reaching and grasping movements with an accuracy
as high as or higher than that of most studies of kinematic signals (Pohlmeyer
et al., 2007b). This was particularly surprising given the relatively noisy,
stochastic nature of the EMG signal. We have since used these predictions as
real-time inputs to a four-channel stimulator controlling the level of contrac-
tion of four flexor muscles. Two monkeys used the system to control isometric
wrist flexion force despite temporary paralysis induced by a peripheral nerve
block. One, using input from approximately 80 neurons, achieved sufficient
precision to track a target that moved among three different levels (Pohlmeyer
et al., 2009).

Fetz and colleagues adopted an approach inspired by his classic work,
using the discharge of individual, voluntarily modulated neurons to control
FES activation of individual muscles (Moritz et al., 2008). Their monkeys
typically learned to control isometric wrist force in either the flexion or the
extension direction after practice of only several tens of minutes.

11.3 METHODS
Most current BMIs control movement kinematics: a cursor on a screen or a
robotic arm driven by a PD controller. However, signals recorded from the
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FIGURE 11.2

Cortically controlled FES for grasp implemented in an experimental monkey. The monkey’s
forearm muscles were temporarily paralyzed by injections of lidocaine to the motor nerves.
Signals recorded from an intra-cortical microelectrode array implanted in primary motor
cortex were used to predict the EMG activity during the monkey’s attempted movements.
These predictions were used to modulate the intensity of stimulation, much as with the
Freehand neuroprosthesis in Figure 11.1. Our system allows the monkey voluntary control
of the paralyzed muscles.

motor cortex should also be well suited to the control of movement dynamics,
including the activity of muscles. We have begun experiments designed to
harness the body’s natural control signals as a means to control paralyzed
muscles through FES. As a simple model of some of the deficits resulting
from spinal cord injury, we temporarily paralyzed the forearm musculature
with lidocaine injections (Figure 11.2). We recorded from the hand area of
the primary motor cortex using chronically implanted 100-electrode arrays.
We also implanted epimysial electrodes on a variety of muscles of the arm
and hand that were used both to record EMG signals and to stimulate the
muscles electrically. We used real-time predictions of EMG activity to con-
trol the input to a multi-channel FES stimulator that caused contractions of
the paralyzed muscles. (All animal care, surgical, and research procedures
were consistent with the Guide for the Care and Use of Laboratory Animals
and were approved by the Institutional Animal Care and Use Committee of
Northwestern University.)

11.3.1 Isometric Wrist Torque Tasks
The monkeys were initially trained to sit in a primate chair that faced a com-
puter monitor. All of the behavioral tasks required them to interpret force
feedback information that was represented by a moving cursor displayed
on the monitor. Once the monkeys learned this basic association, they were
trained on several specific tasks that were used for the FES experiments. One
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was an isometric wrist task in which the monkey was required to move the
cursor from a central target at zero force to a peripheral target using various
combinations of force generated along the flexion/extension and radial/ulnar
deviation axes. The monkey’s upper arm was restrained by a custom-fitted
cast that maintained his elbow at a 90-degree angle. Force was measured
by a 2-axis strain gauge mounted between casts on the monkey’s hand and
forearm. Cursor movement distance was proportional to the measured torque
along each axis.

After holding in the center for 0.5 second, an outer target appeared. The
monkey was required to move the cursor to the target within 5 seconds and
to maintain that torque for 0.5 second in order to receive a juice reward.
In some cases, cursor movement was constrained to the horizontal (flexion/
extension) axis. In other cases, the monkey was required to control torque
along both axes. In the one-dimensional version of the task, as many as five tar-
gets were presented along the flexion/extension axis. The most distant targets
required torques of approximately 35–50% of the monkey’s maximum volun-
tary contraction (MVC). In the two-dimensional task, eight targets, separated
by 45 degrees, were presented on the circumference of a circle, analogous to
the center-out movement task adopted by many groups since its introduction
(Georgopoulos et al., 1982). These tasks allowed us considerable control over
the time course and direction of the torque exerted by the monkey.

11.3.2 Hand Grasp Tasks
Although the isometric task was well controlled and stereotyped, other tasks
we studied were based on more functional movements. In the least constrained
of these, the monkey was required to pick up a ball from a small tray and place
it in a tube with a 60-mm opening. The balls were of a variety of diameters
and weights: 40-mm, 130 g; 40-mm, 95 g; and 24-mm, 60 g. The monkey
started each trial by placing his hand on a touchpad for 0.2 second. A “go”
tone indicated the beginning of a 5-second reach time period during which
the monkey attempted to pick up the ball from the tray. An infrared sensor in
the device tray detected the monkey’s initial grasping attempts. Removing the
ball from the tray began another 5-second interval during which the monkey
was required to place the ball in the tube. A successful ball return earned the
monkey a juice reward. The next trial was initiated when the monkey returned
his hand to the touchpad.

11.3.3 Surgical Methods
Following several months of training, when the monkeys reached a suitable
behavioral criterion, a sequence of two surgical procedures was performed to
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implant the necessary recording and stimulation electrodes. (All surgery was
conducted under aseptic conditions using Isoflurane inhalational anesthesia.
Antibiotics (Amoxicillin or Cephazolin) and Dexamethasone were given pre-
and postoperatively. Analgesics (Buprenex and Meloxicam) were also given
postoperatively.)

11.3.3.1 Electrode Array Implantation Surgery
A single array composed of 100 silicon microelectrodes in a 10 × 10 grid
(Blackrock MicroimplantableSystems, Inc.) was chronically implanted in the
hand area of the primary motor cortex (M1). A craniotomy was performed
above M1, and the dura was incised and reflected. The electrode array was
positioned on the crown of the right precentral gyrus, approximately in line
with the superior ramus (medial edge) of the arcuate sulcus. In most cases, we
used interoperative stimulation of the exposed cortical surface to determine
the optimal implant site. A piece of artificial pericardium was applied above
the array, the dura was closed using 4.0 Nurolon sutures, and another piece
of pericardium was applied over it. The excised bone flap was replaced, and
the skin was closed.

11.3.3.2 Limb Implants
In a separate procedure, electrodes (either epimysial or intramuscular) were
implanted on a variety of muscles in the forearm and hand. The electrode leads
were routed subcutaneously to a back connector using published methods
(Miller et al., 1993). The electrodes were used for both bipolar recordings and
monopolar stimulation. The full list of muscles included

• Those responsible for motion of the wrist: the extensor and flexor carpi
ulnaris, the extensor and flexor carpi radialis (ECU, FCU, ECR, and FCR),
and the palmaris longus (Pal).

• The common digit muscles: the extensor digitorum communis (EDC), the
flexor digitorum superficialis (FDS), and the flexor digitorum profundus
(FDP).

• The intrinsic hand muscles: the flexor pollicis brevis (FPB) and the first
dorsal interosseous (1DI).

Both FDS and FDP were implanted with electrodes located in both the
ulnar and radial compartments.

In the same procedure, custom-made nerve cuffs were implanted around the
median, ulnar, and radial nerves at sites just proximal to the elbow. The cuffs
were connected via cannulae to subdermal injection ports (Mentor Injection
Domes) implanted in the upper arm. In this way, a block of all three nerves
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at the elbow caused paralysis of the wrist and hand muscles. To achieve the
nerve block, we injected lidocaine or other local anesthetics into each port,
providing a temporary means to paralyze the limb and mimic some of the
effects of a C5-C6 spinal cord injury. The EMG activity was negligible after
5 to 20 minutes. (The details of this method have been published (Pohlmeyer
et al., 2009)).

11.3.4 Data Collection
Data were simultaneously recorded from the EMG electrodes and the intra-
cortical array while the monkey performed one or more of the motor tasks
described earlier. A torque signal was also recorded during the isometric
wrist task. The data were recorded using a 128-channel Cerebus system
(Blackrock Microsystems, Inc.). Action potential waveforms and their cor-
responding timestamps were saved for later offline spike discrimination using
Offline Sorter (Plexon Neurotechnology Research Systems, Inc.) or streamed
to separate computers for real-time analysis and control. These methods are
described in greater detail later.

The EMG signals were amplified, band-pass-filtered (4-pole, 50−500 Hz),
and sampled at 2000 Hz. Subsequently, EMG was digitally rectified, low-pass-
filtered (4-pole, 10-Hz Butterworth), and subsampled to 20 Hz. Subsequent
analysis was carried out primarily using MATLAB (The Mathworks, Inc.)
and is described in greater detail in a later section.

11.3.5 Linear Systems Identification
We used a linear decoder to predict EMG activity in each muscle using the
set of available neural recordings. The selection of a linear decoder was based
on previous studies demonstrating only small improvements in performance
with more complex decoding algorithms for estimating both EMG signals
(Pohlmeyer et al., 2007b) and limb kinematics (Gao et al., 2003; Lebedev and
Nicolelis, 2006). The selection was also based on our motivating rationale
that the use of a muscle-based decoder would further simplify the decoding
of motor cortical recordings. It should be noted that most BMI applications,
including ours, span a relatively small portion of the animal’s natural motor
behavior. As this range is expanded, nonlinear decoders are likely to become
more important (Shoham et al., 2005).

The implemented decoder assumed that the EMG in each muscle could
be described by Eq. (11.1), in which xk (t) is the N-point vector of neural
recordings from electrode k; hk (t) is the M-point finite impulse response
function (FIRF) relating xk (t) to the muscle EMG z(t). w(t) is a random
process accounting for measurement noise, nonlinearities, and contributions
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from unmeasured inputs.

z (t)=
N∑

k=1

M−1∑
τ=0

hk (τ)xk (t − τ)+ w (t) (11.1)

The linear filters relating cortical recordings (input) to muscle activity

(output) were efficiently estimated according to Eq. (11.2), in which �̂h is the
vector of estimated FIRFs relating each input to the output;�XX is the matrix
of correlation functions between all inputs; and ��Xz is the vector of cross-
correlations between each input and the output. Further details on the structure
of these matrices can be found in Westwick et al. (2006).

�̂h =�−1
XX

��Xz (11.2)

This identification process was repeated separately for each muscle in
which EMG was recorded. We previously assessed the influence of FIRF
length on EMG prediction accuracy (Pohlmeyer et al., 2007b) and found that
500-ms filters produced reliable and consistent predictions. That is the filter
length that was used throughout this study. The FIRFs were estimated using
10–20 minutes of training data. When these numbers of data are available,
we have found, Eq. (11.2) can be used directly and all available inputs can be
incorporated into the identification. When fewer data are available, the identi-
fication process can be made more robust by restricting it to an optimal set of
inputs (Sanchez et al., 2004; Westwick et al., 2006; Pohlmeyer et al., 2007b)
and by using robust techniques to perform the matrix inversion required in
Eq. (11.2) (Westwick et al., 2006).

One problem with using linear filters to predict EMG is the difficulty of
accurately estimating periods of muscle quiescence. Low levels of noise in
the estimates may substantially reduce the precision of control. This is true for
both kinematic and EMG-based BMIs. However, it is a particularly important
problem when using EMG predictions to drive FES because even low levels
of continuous stimulation can increase the rate of muscle fatigue. We have
demonstrated that nonlinear cascade models consisting of the linear FIRFs
described earlier, followed by a static nonlinearity with characteristics sim-
ilar to those of a threshold function, can enhance prediction of periods of
muscle quiescence (Pohlmeyer et al., 2007b). Such models can be estimated
from experimental data using published techniques (Bussgang et al., 1974;
Hunter and Korenberg, 1986). In a closed-loop system as described in this
chapter, the problem can be solved as well by employing a simple threshold
function between the predicted muscle activations and the muscle stimulation
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commands. Such a threshold is commonly incorporated into FES systems to
prevent small changes in the command signal to each muscle from triggering
the onset of stimulation. Because our FES system incorporated such a thresh-
old, we found it unnecessary to incorporate an additional static nonlinearity
in our identification process; the use of two similar nonlinearities would have
been redundant and would have led to unnecessary system complexity. The
process of setting this threshold for FES stimulation is described below.

11.3.6 Nerve Block Effectiveness
It was important to assess the level of nerve block in these experiments, but
compensating for changes in the monkey’s level of motivation complicates
an accurate assessment. However, we took advantage of our ability to predict
the level of EMG activity to improve our estimates. We recorded 30-second
segments of EMG activity together with the corresponding M1 discharge
at frequent intervals throughout the experiment, both before and after nerve
block. Since in most cases, the monkey was unable to complete the task under
block, he was rewarded simply for attempting to do so. We computed the
ratio between the predicted and the actual EMG activity as a measure of nerve
block effectiveness. The percent block was expressed simply as

Percent Block = 100

(
1 − EMGActual

EMGPr ed

)
(11.3)

11.3.7 Stimulation
In order to use cortical recordings to control an FES system in real time, the
basic EMG predictions need to be mapped into appropriate stimulator com-
mands to cause the desired muscle activation. Our typical closed-loop FES
experiments involved the stimulation and control of four to six muscles using
a 16-channel stimulator with a common return electrode (FNS16, CWE).
The stimulator output consisted of pulse width–modulated trains of biphasic
pulses of fixed current and frequency. Stimulus frequency was common to all
channels, typically 25 or 30 Hz, which was high enough to achieve nearly com-
plete fusion of muscle twitches yet low enough to minimize fatigue effects.
In a separate set of experiments for each monkey, we determined the current
(typically 2–10 mA) necessary for each muscle such that pulse widths in the
50–100-µs range provided near-maximal muscle force. Using this stimulus
frequency and current, we determined the threshold pulse width necessary
to produce detectable force, as well as the pulse width at which significant
nonlinear “spillover” effects were noted in the relation between pulse width
and force. In any given session, we mapped the point at which the EMG
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prediction exceeded the noise floor by approximately two standard deviations
to the stimulus threshold, and the peak EMG prediction to the spillover point
or 200 µs, whichever was smaller.

Exceptions to these rules occurred when, during a closed-loop experi-
ment, muscle fatigue significantly affected task performance. To compensate
for the decreasing stimulation-evoked muscle force, we often increased the
stimulation frequency to 30 Hz and, if needed, increased the currents by 25%
or 50%.

11.3.8 Real-Time Control
Online sorting was performed to discriminate action potential waveforms
based on the waveform clustering in principal component feature space.
We made some effort to identify waveforms that appeared to result from
single neurons, based on standard criteria: well-defined waveform clusters
and a minimum inter-spike interval greater than 1.5 ms. However, the over-
lapping activity of well-modulated multiple units recorded from a single
electrode were also included in our neural signal population despite failing
the requirements for single-unit classification.

As soon as an action potential was discriminated, the Cerebus sent a UDP
packet with the timestamp and neuron identification data encoded. A pro-
cess running on a real-time Linux system received the packets and sorted the
timestamps into different circular buffers for each neuron. The circular buffers
were converted into the binned firing rates and passed to the linear filter that
generates the predicted EMG activation. The EMG predictions were mapped
to stimulus pulse width commands, as described above, and sent to the stimu-
lator over a serial connection. The stimulator used these new values to update
the stimulus pulses delivered on subsequent clock cycles.

11.4 RESULTS
The following subsections describe the results we achieved in our FES
experiments.

11.4.1 Offline Signal Prediction
The data for our experiments were collected from two monkeys. One (EO)
was trained to do both the 1D isometric wrist task and the ball grasp task. The
other (OR) was trained to do the isometric wrist task under both 1D and 2D
conditions. EMG predictions for the 1D task were based on seven sessions
from monkey EO and 5 from monkey OR. EMG predictions for the 2D wrist
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task were based on five sessions with monkey OR. Grasp task results were
from 17 sessions with monkey EO.

11.4.1.1 Isometric Wrist Tasks
Torque during the isometric wrist task was generated primarily by the flexor
and extensor carpi radialis and ulnaris muscles. These muscles each pull
roughly in the directions suggested by their names. Radialis and ulnaris refer
to the radius and ulna bones of the forearm, situated on the thumb and lit-
tle finger sides, respectively. These muscles were differentially modulated
during the torques to the different targets. Both the neural signals and the
EMG activity were well modulated during the 1D isometric wrist task, as can
be seen by comparison with the torque signal (Figure 11.3). We were able
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FIGURE 11.3

EMG predictions for four wrist muscles that generate isometric wrist torque. Predictions
were based on the activity of 74 neurons. The discharge rate of each neuron was
normalized to its maximum firing rate within this period. The corresponding
flexion/extension torque signal is overlaid. Please see this figure in color at the companion
web site: www.elsevierdirect.com/companions/9780123750273

http://www.elsevierdirect.com/companions/9780123750273/
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FIGURE 11.4

EMG prediction accuracy for each of the implanted muscles during the 1D wrist task. Bars
show mean +/−1SD (one standard deviation) of the multi-fold, cross-validation predictions
calculated across 14 data sets.

to use information from the neural signals and simple linear filter models
to predict the modulation of each muscle quite accurately. In this example,
we used approximately 10 minutes of activity recorded from 77 neural signals
to compute the filters. The predicted EMG signals shown here were computed
from test data that were not used for generation of the decoder models. We
quantified the accuracy of the predicted signals by computing the R2 value
between the actual and predicted EMG signals across the seven data sets col-
lected from monkey EO. With a single exception (FCU), the average multifold
cross-validation R2 values for the task-relevant muscles were at or above 0.80
(Figure 11.4).

In a similar fashion, we used information from more than 100 neural signals
recorded from monkey OR to predict EMG activity that occurred during the 2D
task. In this task, the spatial patterns of muscle activity necessary to reach each
of the targets were more varied than were those for the simple 1D task. The
different combinations of EMG activity corresponding to the eight targets can
be readily appreciated from Figure 11.5. In this example, prediction accuracy
of the ulnaris muscles was somewhat lower than that of the examples shown
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Predicted EMG activity for the 2D center-out isometric wrist task computed from more than
100 neural signals. Large arrows at the bottom of the figure indicate the direction of the
target presented to the monkey during the period indicated by the gray shaded regions.
Please see this figure in color at the companion web site: www.elsevierdirect.com/
companions/9780123750273

for the 1D task. However, this did not appear to be a function of the higher
dimensionality of the task. The predicted EMG signals were somewhat less
accurate for both versions of the wrist task for data from monkey OR compared
to monkey EO. There were, however, no consistent differences between the
tasks for monkey OR (Figure 11.6).

11.4.1.2 Grasp Task
The grasp task differed from the isometric wrist task in several respects. It
involved more complex muscle activation patterns, including co-activation,
rather than reciprocal activation of antagonistic muscles of the wrist and fin-
gers. A mix of brief, phasic bursts and longer tonic patterns of EMG activity
typically appeared in a rapid sequence, making this task much less stereotypic
than the isometric wrist task from trial to trial. Figure 11.7 is an example from

http://www.elsevierdirect.com/companions/9780123750273/
http://www.elsevierdirect.com/companions/9780123750273/
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EMG prediction accuracy during the 2D wrist task for a single, representative day. There
was no systematic difference in prediction accuracy between the 1D and 2D tasks.

monkey EO of three EMG signals recorded from finger and wrist flexors
and their corresponding activity predicted from 106 neural signals. Flexor
digitorum profundus (FDP), the main flexor muscle of the digits, was charac-
terized by a relatively simple, several-hundred-ms burst that occurred during
the time the ball was being grasped (“pick up”). The accuracy of this pre-
dicted signal was similar to that of the best signals during the isometric task.
Flexor digitorum superficialis (FDS), on the other hand, was more complex,
with briefer bursts that occurred somewhat less predictably, sometimes with
repeated bursts within the grasp, and occasionally with short bursts between
trials when the monkey was returning his hand to the touchpad. FDS was
predicted with considerably lower accuracy than during the isometric task
(Figure 11.3), but with values that were still close to those typically reported
elsewhere for kinematic reaching signals. The wrist flexor FCR had perhaps
the most complex pattern of activity and yet, in this example, it was predicted
with an accuracy between that of FDP and FDS.

The results shown in Figure 11.6 are representative of the overall results
from the grasp task. Predicted EMG signals typically had R2 values some-
what lower than those of the isometric wrist task. The average multifold
cross-validation R2 values computed from 17 training data sets ranged
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Grasp-related raw data: (a) the firing rates of 98 neuronal signals and (b) the corresponding
actual and predicted EMG activity during a series of three normal grasps. The neuronal
signals were strongly correlated with the bursts of muscle activity around the time the
monkey began to reach toward (“Go”) and grasp the ball (“Pick up”). The R2 values
calculated between the actual and predicted EMG signals for these muscles are reported
on each graph. Please see this figure in color at the companion web site:
www.elsevierdirect.com/companions/9780123750273

between 0.40 and 0.76 for six wrist and finger flexor muscles, with an average
of 0.53.

11.4.2 Real-Time FES Control
The brain-controlled, real-time FES results from the isometric wrist task were
based on seven experimental sessions with monkey EO. For the grasp task, the
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prediction results were from 17 model-building sessions with EO, and those
for real-time FES control were from 20 experiments.

11.4.2.1 Isometric Wrist Task
As described above, the primary muscles involved in the isometric wrist
task are the wrist flexors FCU and FCR and the extensors ECU and ECR.
Because of the relatively weak forces generated by electrical stimulation and
the substantial problem of fatigue (described later), we also stimulated the
digit flexors FDS and FDP as well as the digit extensor EDC to increase the
available force. Figure 11.8 illustrates the amount of wrist torque that could be
generated by the monkey under blocked conditions and with BMI-controlled
FES in the flexion and extension directions. While flexion torque reached 75%
of normal, extension torque was limited to about 50%. However, the decreased
magnitude of wrist torque was not the only control limitation imposed by FES
activation. The stability of the torque was also less than normal, for at least
two reasons.

For one, even with a stimulus frequency of 30 Hz, the muscle contractions
were typically not completely fused since FES causes synchronous activation
of motor units. This created a small ripple in the muscle force. In addition,
there were lower-frequency fluctuations in the applied force, which may have
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Maximum voluntary contraction (MVC) wrist torque under nerve block and FES conditions
as a percentage of normal. The nerve blocks resulted in greatly diminished wrist strength.
Cortically controlled FES allowed both monkeys to generate much greater torque voluntarily
during the block.
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been due to inadequacies in the predictive models of EMG or perhaps due to
the loss of normal proprioceptive feedback that would also have been caused
by the nerve block.

Furthermore, as noted later (Figure 11.10), FES-generated force was rather
quickly reduced through fatigue—a consequence of abnormal motor unit
recruitment, in this case because electrical stimulation preferentially recruited
the large, fatigable fibers. Because fatigue was greater in the flexor muscles
than in the extensors, the net result was that the practical operating torque
range in both directions was limited to about 25% of normal. Consequently,
the monkey’s ability to reach targets at various levels was fundamentally lim-
ited by the precision with which the torque could be controlled and by the
maximum torque that could be sustainably generated.

We chose the target size under FES control such that two nonoverlapping
flexion targets could be presented within the monkey’s assisted range. This
target size was approximately twice that used under normal conditions. If
the FES force range was divided into three different targets, the monkey was
typically unable to control the torque level with sufficient precision. It was
rarely possible to use more than one extension target. An example of three-
target, cortically controlled FES performance is shown in Figure 11.9. To
reduce theeffects of fatigue,we used twiceas many low-flexion as high-flexion
targets. For all three targets, the monkey was able to generate appropriate
torque. As under normal conditions, a successful trial required a 0.5-second
hold time. In this one-minute segment of data, all of the FES-assisted trials
were successful (light gray targets). However, catch trials were introduced
in random trials, in which the stimulators were turned off unexpectedly at
the time of the go cue. These trials served to demonstrate that the FES was
necessary for the monkey to be able to complete the task. Two of these occurred
within this series of trials (dark gray targets). During these trials, the monkey
was essentially unable to produce any useful torque. However, although his
attempts were unsuccessful, it is important to note that the neural discharge
patterns could be used to indicate that he was still trying to complete the task.
Note the discharge that occurred at the beginning of the two catch trials in
Figure 11.9 at 547 and 573 seconds. Indeed, the activation during the second of
the two catch trials was as strong as or stronger than that during any of the other
FES trials. Similar results were obtained over the seven experimental sessions
with monkey EO. Over these sessions, the monkey was unable to complete
a single catch trial in 71 attempts. Under FES conditions, he performed at a
65% success rate compared to 95% under normal conditions.

Muscle fatigue is a serious problem in all FES applications, as elec-
trical stimulation essentially reverses the normal motor unit recruitment
order. Much of the force is produced by the activation of the largest, most
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FIGURE 11.9

Cortically controlled 1D isometric wrist task during paralysis. (a) Firing rate plot of the neural
activity that was used to control muscle stimulation. (b) Rectangles indicate the torque
targets, including successful (medium gray) and failed (dark gray) trials. The cortically
controlled FES system was operating only during the shaded periods. Note that the failures
occurred during catch trials when the FES was turned off. However, the firing rate shows
that the monkey was trying to do the task during these periods. Please see this figure in
color at the companion web site: www.elsevierdirect.com/companions/9780123750273

fatigable muscle fibers. We found that as little as 5–10 minutes of trials
under brain-controlled FES caused a significant force reduction. In addition
to the direct effects on performance, fatigue also adversely affects the mon-
key’s motivation. We quantified the amount of fatigue that occurred over a
typical FES experimental session by stimulating with fixed trains (10 mA,
200µs for 3 seconds) at the beginning and end of the session. The results for
five such sessions are shown in Figure 11.10. The decrease in flexion torque
was considerable, dropping to 33% of its initial value. The change in exten-
sion torque was much less pronounced, probably because there were fewer
extension targets, of lower torque in the course of a typical FES session.

11.4.2.2 Grasp Task
Real-time FES experiments for grasp were carried out under median and ulnar
nerve block, with the radial nerve intact. This paralyzed the wrist and finger
flexors but left the extensors under the monkey’s normal control. Thus, the
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Fatigue resulting from FES at the end of the experimental session. There was a significant
decrease in the torque generated by a standard stimulus train between the beginning and
end of a typical FES session.

monkey was capable of opening his hand to prepare to grasp the ball or to
release the ball without the assistance of the FES, but he needed FES assistance
to closehis hand to complete the grasp.Each experimental session began with a
period of data collection under normal conditions in order to establish baseline
performance and muscle activation levels. An example of one such block is
shown in Figure 11.11. We injected lidocaine to block the median and ulnar
nerves at time 0. After 15 minutes, the block was essentially complete, as
determined by the loss of flexor muscle EMG activity (see Section 11.3) and
the onset of significant motor deficits. The remainder of the session consisted
of a series of 10-minute blocks in which the monkey attempted to complete
the grasp task either with or without FES assistance. In most of the blocks, the
monkey was not successful in any of the unassisted catch trials. He completed
only 4 out of 57 catch trials, primarily by adopting adaptive strategies to scoop
the ball in his hand using unblocked muscles and passive forces. In contrast,
the average success rate in this session with FES assistance was 80%.

The success rates over 20 experimental sessions during normal-condition,
closed-loop control and catch trials are summarized in Figure 11.12(a). FES
assistance improved the rate by a factor of 7. We also quantified the mon-
key’s performance in terms of the time required to complete a successful
trial. We measured the time from the monkey’s initial contact with the ball
to the successful ball grasp for all three conditions. Under nerve block, the
closed-loop FES system significantly improved the speed at which the mon-
key successfully completed trials (Figure 11.12(b)). It is important to note
that the catch trial times represent only the successful trials, achieved mostly
through an alternate motor strategy. The great majority of these trials were
not successful.
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Summary of grasp task performance during median and ulnar nerve block. (a) Success
rate for the seven experimental data sets for both FES trials and randomly inserted catch
trials during which the stimulators were turned off. The monkey was essentially unable to
pick up the ball during the catch trials, completing only 4 of 57 attempts. (b) Both nerve
block effectiveness and stimulus effectiveness for FDPu and FDPr were tested at frequent
intervals during the experiment. Please see this figure in color at the companion web site:
www.elsevierdirect.com/companions/9780123750273

11.5 DISCUSSION
The following subsections discuss the successful outcomes of our FES
experiments as well as the limitations of FES those experiments revealed.

11.5.1 Successful Proof of Concept
Our results demonstrate the feasibility of using a motor cortical BMI to control
an FES system for restoring hand and wrist function following paralysis.
Specifically, we demonstrated its utility for controlling the wrist in one and
potentially two degrees of freedom, and for controlling simple hand grasp.
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Summary of the results of 20 FES experimental sessions. (a) Success rates for normal,
FES, and catch trial conditions comprising nearly 6000 trials. The monkey completed 77%
of the trials with FES but only 11% when the stimulators were turned off. (b) Speed at
which the successful trials were completed was significantly different for all three
conditions (p < 0.0001, two-tailed Mann Whitney test). The great majority of catch trials
failed as a result of the 5-second time-out.

In contrast to previous BMI studies, ours focused on decoding the intended
muscle activation patterns rather than limb kinematics or torques. This greatly
simplifies the use of a BMI for FES control, since the goal of an FES system
is specifically to control the activation of paralyzed muscles. This approach
allows us to harness the computational power of the brain for controlling
the dynamics of movements; we do not have to rely on neuromechanical
simulations to infer the most appropriate muscle activation patterns from a
decoded movement trajectory.

11.5.2 Limitations in the Control of Complex Motor Tasks
The simple linear models used here yielded remarkably accurate EMG sig-
nal predictions, accounting for over 80% of the EMG variance during the
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isometric wrist task. The somewhat lower R2 values in the ball grasp task
may have arisen from the task’s greater complexity. However, if this were the
case, we would have expected to see a similar drop in the quality of predicted
signals in the two-dimensional isometric wrist task compared to that in the
one-dimensional task, was not the case.

In earlier work, we showed that decoders developed from training data
collected in one task often did not generalize well to muscle activity recorded
in a separate task, despite the fact that signals from either task could be accu-
rately predicted independently (Pohlmeyer et al., 2007b). This phenomenon
of limited task generalization may also have been at play when we used the
cortical recordings to predict muscle activity during real-time control of hand
grasp using FES. The EMGs recorded normally during the ball grasp task
were transient, occurring only for brief periods associated with the ballis-
tic nature of the movements used when unimpaired monkeys completed this
task. However, the M1 and EMG activity used for decoder training data also
included considerable sustained muscle activity resulting from the fact that
the monkey often gripped a bar on the primate chair between successive ball
grasps. The decoders constructed from this sustained activity appeared to have
had somewhat poorer predictive power for the transient EMG recorded from
FDS during the ball grasp task.

In addition to its dimensionality, the grasp task differs in another impor-
tant way from the isometric wrist task. The latter was performed under FES
control with patterns of predicted EMG that were very similar to patterns
of normal EMG (Pohlmeyer et al., 2009). Although success rates were a bit
lower and torque rise time a bit slower, behavior under FES was qualitatively
normal. This was not the case with the grasp task. Although FES made it
possible for the monkey to grasp the ball successfully despite paralysis, the
movements were not normal. The overall posture of the hand was affected,
and the strategies used differed noticeably from the norm. This was likely due
to the fact that only a subset of the paralyzed muscles were activated by FES,
requiring the monkey to adapt his motor strategies so that the grasping task
could be completed. Hence, the real-time EMG predictions under FES con-
ditions may have essentially involved generalization not unlike that between
explicitly different motor tasks.

There are at least two important factors unrelated to the use of FES that
may lead to problems with generalization. The first involves the high correla-
tion of muscle activation patterns across many common tasks. Although the
primate motor system is highly redundant with respect to the number of mus-
cles available to control the skeletal degrees of freedom, activity within these
muscles is highly correlated. These correlations lead to significant challenges
when developing a robust neural decoder capable of generalizing to motor
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tasks other than those of the training data. Cortical neurons that contribute
primarily to the activation of one muscle may nonetheless give excellent pre-
dictions of the activity of a second muscle, provided that both muscles remain
well correlated. However, a decoder generated from such data would fail to
generalize to novel tasks in which these two muscles were not used syner-
gistically. This potential problem emphasizes the need for a robust training
set that encompasses the range of muscle activation patterns relevant to the
functional tasks of interest.

A second issue is that multiple neural pathways contribute to the activity
of a given muscle. As one example, consider the role of peripheral feedback,
which may alter muscle activity independent of descending commands. Pro-
prioceptive feedback varies substantially with the environment a user interacts
with. Unless the properties of this environment are also available as inputs
to the decoder, generalization to interactions with different environments are
not reliable.

A related challenge is that the role of motor cortical neurons can vary
in a task-dependent manner, as demonstrated by Muir and Lemon (1983).
These researchers identified motor cortical neurons whose relationship to the
activity of their target muscle varied depending on whether a precision grip
or a power grip was being performed. Similarly, Tanji and Evarts observed
a differential role for motor cortical neurons in feedback control of distal
arm muscles depending upon whether precision or ballistic movements were
performed (Fromm and Evarts, 1981). Each of these findings illustrates the
task-dependent role of the motor cortex in the generation of muscle activation
and the corresponding challenges in developing a robust decoder for muscle
activity based on recordings from a limited number of motor cortical neurons.

11.5.3 Limitations Related to the Use of FES for Control
There may be advantages to our approach as a result of the dynamical sim-
ilarity between motor cortical discharge and muscle activity. However, the
use of FES presents a number of formidable technical difficulties. Most are
related to the efficacy with which muscles can be stimulated electrically and
how well that stimulation can be used to replicate natural control.

One of the challenges encountered when using FES is fatigue, which can
lead to a changing relationship between motor cortical activity and muscle
activation. Electrical stimulation tends to invert the normal recruitment order,
activating the fast fatigable fibers before the slow, fatigue-resistant fibers. In
many of our experimental sessions, fatigue was evident within 5–10 min-
utes. Muscle fatigue is a complex process to which multiple mechanisms
can contribute (Enoka and Stuart, 1992). These range from changes in the
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contractile properties of muscle to changes in descending motor cortical
commands. Mechanisms with a peripheral origin, as in this case, alter the rela-
tionship between muscle stimulation and force, introducing an error between
the intended motor output and that achieved by the FES system. The problem
of fatigue may be mitigated somewhat in a chronic application because chron-
ically stimulated muscles develop some level of fatigue resistance (Peckham
et al., 1976; Kernell et al., 1987). Also, it may be true that most real-world
applications would not require the intensive stimulation within a relatively
short period of time that was typical of our experimental sessions.

FES also is limited in its ability to re-create the dexterity of movement
observed in natural control. This limitation arises from the number of mus-
cles that can be implanted in a given subject and the efficacy with which those
muscles can be stimulated. At most, we stimulated six muscles in these exper-
iments, which was sufficient to restore a rudimentary form of palmar grasping
but much less than what would be needed for more dexterous control. While
stimulators with more channels exist, they may not be sufficient to restore
natural control because of the many challenges associated with controlling
muscle force electrically.

The first of these challenges is associated with the difficulty of fully recruit-
ing the fibers within a given muscle. We used electrodes to activate each of
the FES target muscles in our experiments. These have the advantage of being
highly selective, at least at low stimulation levels. However, it is difficult to
activate an implanted muscle fully, since the high-stimulation currents needed
to achieve full activation often spread to neighboring muscles, resulting in
“spillover” stimulation that degrades the fidelity of individual muscle control.

Cuff electrodes, placed around the nerves innervating each target muscle,
can be used to generate much more complete muscle activation with substan-
tially lower currents. However the recruitment order problem remains. This
technique works well for larger muscles, but is not feasible for smaller ones,
many which have restricted access to their isolated motor nerves. Further-
more, beyond the multiple heads that are recognized in some muscles, many
(in particular the extrinsic digit muscles) have multiple compartments that
preferentially affect individual digits.

An alternative is to use multicontact electrodes placed more proximally
on peripheral nerves innervating multiple muscles of interest. We have begun
to test this approach using both multicontact flat interface nerve electrodes
(FINE) (Leventhal and Durand, 2003) and the multi-electrode Utah “slant”
array (Branner et al., 2004). These technologies hold the promise of effective,
selective activation of muscles or musclecompartments, including the intrinsic
hand muscles. However, their utility for dexterous control of the primate hand
during functional tasks has yet to be demonstrated.
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11.6 FUTURE DIRECTIONS
Although our present results demonstrate the feasibility and promise of
a muscle-based decoder for FES-controlled hand grasp, there are a num-
ber of areas in which the current system might be expanded or improved.
Each presents interesting applications and challenges in the area of signal
processing.

11.6.1 Control of Higher-Dimensional Movement Using Natural
Muscle Synergies

Control of more complex, higher-dimensional grasping movements through
FES will certainly require refinements in our ability to activate many muscles.
However, generating the necessary control signals that can be expected to
remain robust across a variety of movements will also present considerable
challenges. There are at least 30 muscles with insertions distal to the elbow
that are involved in the control of hand movements. Despite this fact, the
kinematics of even rather complex manipulation tasks can be predicted with
only six or seven components (Santello and Soechting, 2000; Todorov and
Ghahramani, 2004). A number of studies have reported that several different
groups of muscles appear to be activated synergistically across a broad range
of movements. This inferred organization is based on spinal cord stimulation
as well as recordings from groups of muscles during behavior (Kargo and
Giszter, 2000; d’Avella et al., 2003; Ting and Macpherson, 2005; Tresch and
Jarc, 2009). The groups appear to act as a basis set for the construction of
more complex movements.

This organization also seems to be reflected in the central nervous system,
where it has been shown that that individual neurons in M1 nearly always
project to more than one muscle (Fetz and Cheney, 1980; Schieber, 1996).
It is possible to describe the “muscle space” preferred directions of individual
M1 neurons in terms of the muscle or muscles with which a given neuron’s
activity is correlated. Neurons tend to cluster within restricted regions of this
muscle space, in areas that correspond to groups of synergistically activated
muscles (Holdefer and Miller, 2002; Morrow et al., 2007). The appeal of
these results is that they suggest dimensionality reduction may occur within
the nervous system, perhaps at the spinal level, to reduce the complexity of
control at the central level.

Although there remains some debate as to the role or even existence of
muscle synergies in the control of natural movement, such an approach may
provide a useful tool for controlling movements through FES. Importantly,
the use of synergies that exploit the natural dynamics of the musculoskeletal
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system may be used to simplify control without substantially sacrificing motor
performance or flexibility (Berniker et al., 2009). By specifically decoding the
activation patterns for groups of muscle synergies rather than individual mus-
cles, it may also be possible to increase the robustness of an FES controller.
This increase would arise from the reduced chance of erroneously predicting
the activation of an individual muscle, since muscles with a relatively small
weighting in a given synergy would have the benefit of being associated with
the commands to muscles with a deeper modulation and therefore an increased
signal-to-noise ratio. A number of computational techniques have been used
to estimate muscle synergies, including principal component analysis, inde-
pendent component analysis, and non-negative matrix factorization (see the
comparison of algorithms in Tresch etal. (2006)). The last has the benefit of
restricting muscle activations to non-negative values, which can be directly
mapped to muscle stimulation commands.

11.6.2 Adaptation
While we stress the utility of simple linear decoders, it is possible that further
performance gains may be made with adaptive decoders. Such decoders are
likely to be beneficial for the implementation of practical BMIs, in which
training data is generally not available (Hochberg et al., 2006; Kim et al.,
2008). Just as the learning of complex motor tasks requires substantial adap-
tation at the cortical, subcortical, and peripheral levels of the neuromuscular
system, it is likely that the challenges just identified will be partially met by a
system in which the user has the ability to adapt neural commands as needed
to obtain the desired motor output. Indeed, in our experiments we did not
find a strong correlation between our ability to predict EMG signals offline
and the online, closed-loop performance of the same decoder. This suggests
that the monkeys were able to adapt their motor commands to compensate
for changes in the relationship between their intended movements and those
actually produced by the FES.

A co-adaptive BMI controller that benefited from both motor learning and
algorithm adaptation was described several years ago (Taylor et al., 2002). In
that case, the decoder was modified after trials containing errors so that the
pattern of recorded neural discharge would generate the desired movement.
More recently, investigators tested the ability of human subjects to learn to
control a two-dimensional cursor using a 19-dimensional digit movement
signal recorded from a data glove. They discovered that small changes in the
transform between digit movements and cursor movements that only partially
corrected errors led to a more rapid increase in performance than did either
a fixed decoder or large changes that fully corrected the errors (Danziger
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et al., 2008). A similar approach applied to higher-dimensional FES control
signals that lacks fixed kinematic targets will present new challenges. It may
be beneficial to combine this approach with the muscle synergy-based control
outlined earlier.

Several more extreme examples of adaptation have been reported, in which
monkey subjects were able to learn to adapt even to decoders that had been
intentionally scrambled (Jarosiewicz et al., 2008; Ganguly and Carmena,
2009). In one case, monkeys were able to learn, over a number of days, two
different decoders and to switch rapidly between them. Their performance on
a fixed decoder was actually better after several days than their performance
when a decoder was recomputed from new training data at the beginning
of each session (Ganguly and Carmena, 2009). The investigators suggested
that optimal performance would be achieved by allowing the monkeys simply
to learn the properties of a fixed decoder. However, they did not attempt to
modify the decoder optimally.

These results, demonstrating the importance of neural adaptation, are in
accordance with our general philosophy of using relatively simple decoders
and relying on the computational power of the brain to use them to their
fullest potential. It remains to be seen if more complex, adaptive decoders
will exhibit a substantial improvement in performance during tasks involving
more degrees of freedom than those used in the present study. If so, they are
likely to require adaptive algorithms tailored to the behavior and learning rates
of each subject.
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BCIs, see Brain-computer interfaces
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Bipolar filtering, 340
Bivariate auto-regressive model, 135
Blind source separation (BSS)

approach, 37–38
fewer sources than mixtures, 38–42
more sources than mixtures, 42–58

BMI, see Brain machine interface
Brain-computer interfaces (BCIs), 10,

335, 336
basic components, 337

cue-guided, 351
pattern recognition and machine

learning, 339–350
self-paced, 351, 354–358
signal acquisition and signal types,

337–339
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evaluation of performance, 348–350
Co-adaptive BMI controller, 400
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Complex motor tasks
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Conditional entropy, 84
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analysis of, 202–205
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Data preprocessing, 116–118
Data processing theorem, 95–99
DBNs, see Dynamic Bayesian networks
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behavior task, 115
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Differential entropy, 79, 82
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Directed transfer function (DTF)

approach, 135
Direct method, for entropy estimation,
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Discrete-valued random variable, 79
Discrete wavelet packet transform
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Discriminating component, 324

constructing, 325
Discriminative classifiers, 343
Distinction sensitive learning vector
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classifier, 355
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Dynamic Bayesian networks (DBNs),
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performance of, 149, 150, 153, 154
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structure of, 141
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Effective connectivity, 131, 138–142
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Electroencephalogram (EEG)
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Electroencephalography (EEG)
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challenges in acquisition, 313–318
components, 326
constructing fMRI regressors in,

324–326
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multivariate analysis, 312, 330
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predicting, 382–384

accuracy, 386, 388
wrist muscles, 385

signals, 377, 381
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Event-related potentials (ERPs), 338
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spike detection and sorting in, see

Spike

F
Factor analysis (FA) methods, 242–245
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Factor analysis (FA) models, 250
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Fisher’s linear discriminant, see Linear

discriminant analysis (LDA)
Fixed-interval smoothing algorithm,

200
Flexion torque, 390, 392
Flexor digitorum profundus (FDP),

380, 388
Flexor digitorum superficialis (FDS),

380, 388
fMRI, see Functional magnetic

resonance imaging
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Functional connectivity, 131

identification of, 157–159
Functional connectivity inference

graph-based, 142–146
Functional electrical stimulation (FES),
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Functional magnetic resonance imaging
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Functional spike train representation,
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Gaussian-process factor analysis
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Gaussian distribution, 321
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Graphical-model-based approach, 164
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H
Hand grasp tasks, 379
Handmaster, 373
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modeling of, 104, 125
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analysis
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multiscale clustering algorithm for,
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Information-theoretic (IT) methods,
133–134

Information processing, 11
Information theory, 75, 76
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Inner products for spike trains, 274,

276–281
distances induced by, 283–285
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Instantaneous steepest descent filtering,
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Invasive electrocorticogram (ECoG),
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Kernel

reconstruction and interpretation of,
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Kirchhoffian account, 319–323

Kolmogorov-Smirnov (KS) test, 113
Kullback-Leibler distance, 96–99

L
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kernel model, 108
Laplace distribution, 321
Laplacian filtering, 340
LDA, see Linear discriminant analysis
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Likelihood ratio test (LRT), 19, 20
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Linear classifiers, 343
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Linear discriminant analysis (LDA),
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classifier, 355, 357
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Linear filter, 226, 227
Linear filter model, 375
Linear Gaussian models, 228
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Linear systems identification, 381–383
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M
Machine learning, 339–350
Machine learning methods, 266

supervised learning, 294–300
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Markov chain Monte Carlo methods
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Markov chain theory, 203
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choose of, 154
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of signal subspace invariance
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Matrix representation, 320
Maximum entropy model (MaxEnt),
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algorithm, 134
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for goal-directed movements,
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Mono-synaptic connectivity, 152–153
Moore-Penrose pseudo-inverse, 321
Motor imagery-based control

of virtual environments, 354–358
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continuous decoding for, 225–227
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mPFC, see Medial prefrontal cortex
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system, 7
Multi-resolution analysis of signal
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change in, 125
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Multiple-input, single-output (MISO)
neuron model, 6

Multiple single unit activity (MSUA),
36, 129

Multiscale clustering algorithm, 164
Multivariate (MVAR) model, 135
Multivariate spiking model, 68
Muscle fatigue, 391, 397
Mutual information, 83
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N
Natural muscle synergies, 399–400
Nerve block effectiveness, 383
Neural activity, 219

in delayed reach task, 222, 223, 233,
244

movement, 222–225
plan, 222–225

Neural decoding
challenges of, 255–257

Neural population dynamics
multiple-input, multiple-output

(MIMO) model for, 107
nonlinear model of, 105

Neural prosthetic systems
operating principle of, 219, 220

Neural receptive field plasticity,
186–190

Neural signals
spatial and temporal characteristics

of, 2
Neural spike train decoding, 180–186
Neural spiking activity, 176
Neural trajectory, 255, 256
Neuromechanical simulations, 395
Neuron, 375

discharge rate, 385
Neuronal signals, 389
Neuroprosthesis, 373
Neuroscience recording technology

revolution in, 175
Noise, 38, 42

in extracellular neural recordings, 19
sources of, 19, 338
white, 21, 27

Noise kernel, 20, 25
Noisy channel coding theorem, 86
Noisy superposition, 339
Noninvasive electroencephalogram

(EEG), 337
Nonlinear classifiers, 343
Nonlinear cross-intensity (nCI) kernel,

280
Nonlinear model of neural population

dynamics, 105
model configuration, 106–109
model estimation, 109–111
model selection, 111–112
validation and prediction, 113–115

Nonlinear neural network model, 375
Nonparametric model, 103–104
Notch filtering, 340

O
Observation equation, 177, 179
Observation model, 37, 177, 228, 232,

233
Offline signal prediction, 384

grasp task, 387–389
isometric wrist torque tasks,

385–387
Optimal linear estimator (OLE), 226

P
Parametric model, 103–104
Parietal reach region (PRR), 376
Partial directed coherence (PDC), 132,

135
Pattern recognition, 11, 32–37, 339–350
PCA, see Principal component analysis
PDC, see Partial directed coherence
Plan activity, 222–225, 236, 237, 239

in medial intraparietal area, 241
target information from, 233–235

Point process filter (PPF) algorithms,
180–186, 194

Plasticity, 3, 7–8, 11, 36, 125, 130, 134,
155, 166, 176, 186, 212

Poisson model, 241, 250, 252, 254
Poisson process, 80

probability distribution of, 80–81
Population learning

analysis of, 205–211
Post–Shannon information theory,

94–99
PPF, see Point process filter algorithms
Principal component analysis (PCA),

34, 35, 62, 246, 285, 289–294
derivation of, 285–289

Proportional-derivative (PD) controller,
376

Proprioceptive feedback, 397
Push-pull effect, 330

Q
Quadratic discriminant analysis (QDA),

345

R
Radialis, 385
Random-walk trajectory model

(RWM), 235, 237, 239
Rate-distortion function, 91–93
Rate-distortion theory, 90–94
Real time control, 384

grasp task, 392–393
isometric wrist task, 390–392

Reconstruction method, 90
Recursive Bayesian decoder, 227–230
Regression, 343
Regression algorithm, 339
Regularized classifiers, 343
Regularized linear discriminant

analysis (RLDA), 345
Reproducing kernel Hilbert spaces

(RKHS), 267, 281, 304–305
Response-locked components, 325
Retinal ganglion cells (RGCs), 136, 137
Reversible jump MCMC (RJMCMC),

203, 205
RGCs, see Retinal ganglion cells
RKHS, see Reproducing kernel Hilbert

spaces

S
Scalability, 153–154, 160
Sensible signal models, 59, 61
Separability ratio (SR), 62
Sequential Monte Carlo (SMC)

algorithm, 191, 192, 194
Signal-to-noise ratio (SNR), 21, 23, 24,

30, 34, 64, 335, 340, 358
Signal acquisition, 337–339
Signal processing, 317–323
Signals, 94

encode information, 95
Single-trial analysis

response-locked, 329
stimulus-locked, 329

Single-trial classification, 323
Single-trial variability, 323–326

of EEG, 329
Single-trial variations

of EEG components
linking to bold signal, 323–327

Single degree-of-freedom (DOF)
signal, 372

Single linear Gaussian trajectory model
(STM), 235, 237, 239

Singular value decomposition (SVD),
20, 44, 145

SMC algorithm, see Sequential Monte
Carlo algorithm

SNR, see Signal-to-noise ratio
Soft margin variant, 346
Source coding theorem, 79
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Sparse representation approach, 64
Spatial filtering, 340–342
Spatial filters

used in P300 BCI, 354
Spike, 2

detection of, 16–19
limitations, 26–28
performance, 22
practical implementation, 58–64
transform-based methods, 28–30
wavelet transform in, 28, 30

known spike, 19–25
nonstationary, 24, 27, 34, 36
shape, 24, 27
sorting, 32

blind source separation approach,
37–58

pattern recognition approach,
32–37

performance of, 65
practical implementation, 58–64

sparse representation of, 61, 64
unknown spike, 24

Spike class separability, 59, 64
Spike counts, 243, 244

probabilistic models for, 241
Spike timing–dependent plasticity

(STDP), 133
Spike trains, 265

binning, 265
Fisher’s linear discriminant for,

294–300
functional representations of,

268–274, 277–281
higher-order interactions in,

301–302

inner products for, 274, 276–281
machine learning methods for, 266
methods, 266
principal component analysis for,

285–294
Spiking neural model, 146–149
Spiking noise, 243
Spinal cord injury (SCI), 369
SSRE, see State space random effects
Stable classifiers, 343
State equation, 177
State space covariance algorithm, 200
State space modeling, 175
State space modeling paradigm, 177

Bayes’ rule, 178–179
filtering and smoothing problems,

179
notation, 177

State space models, 142
State space paradigm in neuroscience

applications of, 180
State space random effects (SSRE),

206, 211
State space smoothing, 205–211
Stimulus frequency, 383
STM, see Single linear Gaussian

trajectory model
Supervised learning method, 294–300
Support vector machine (SVM), 346
Surface electroencephalographic

(sEEG) signals, 68
SVD, see Singular value decomposition
Synchronized sampling, 317–318
System identification, 11

T
Threshold-crossing method, 27
Time-rescaling theorem, 113
Torque signal, 381
Tracking spatial receptive field and

particle filtering, 190–196
Trajectory model, 227
Transcranial magnetic stimulation

(TMS), 331
Transfer entropy (TE), 133
Transform-based spike detection, 28

performance of, 30, 31
theoretical foundation, 28–30

Transient signal, 16
True negatives (TN), 349
True positives (TP), 349

U
Ulnaris, 385
Unstable classifiers, 343
Unsupervised learning method,

285–294

V
Volterra model, 106, 123

W
Wavelet transformation, 143
Whitening filter, 20, 21
White noise, 21, 27

Z
Zernike model, 186
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